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Introduction

In recent years numerous papers and books have discussed the events that led to the
demographic collapse on Easter Island (Rapa Nui) in the 16th and 17th century. When
in 1786 comte de Lapérouse, French explorer stepped on the island as the rst European,
he found only 2000 people with a much less developed civilization than the one which
would have be required to build such big monuments. Another unusual observation was
the lack of trees on the island. In the next centuries, several papers and books tried to
describe the events that could lead to the demographic collapse. Most of them blamed
the irresponsible inhabitants and the reckless consumption of goods on the island. Some
of them even claimed that these events could happen globally, so our increasing growth
will lead to the fall of humanity (see [1]). Since the increasing popularity of the concept
of sustainable development, these theories have gained even more recognition.
In the early 2000s Terry Hunt, historian from the University of Hawai'i arrived on
the island to conrm these theories ([6] and [7]). However, he found no traces of the
long decline of economy proposed in the original theory. The collected data showed a
shorter and much drastic collapse, which led Hunt to the realization that some other
factors could have eects on the events. Because of the numerous rat corpses and chewed
seeds, he proposed a new model involving the Polynesian rats (Rattus exulans). These
animals could have been originally brought to the island by the settlers themselves (some
theories even suppose that these animals were transported to Rapa Nui for food  this
concept was studied in [13], but we will neglect this eect). However, because the rats
ate the seeds of the trees, the reproduction of trees was decreased so dramatically, that
the population of plants could not cope with the constant harvest done by the settlers.
The theories of Hunt were formalized by Basener et al. in three papers. First they
examined the classical theories ([2]), then added the rats to it ([3]). In their third work,
they constructed a spatial model from the previous one, adding diusion terms to the
equations. On the ground of their surprising results, we added a new term to their
equations, and examined the eect of this action. This model is described in chapter
one. In chapter two we try to construct a two dimensional model similar to the one in
the previous chapter. In chapter three we introduce the concept of partial stability and
3

study it in both cases. The last chapter summarises the results of the work and mentions
some possible extensions of the presented models.
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Chapter 1

One dimensional model

As mentioned before, we would like to model the ecological collapse that took place on
Easter Island. For this, we use ordinary dierential equations describing the changes of
population on the island. The theories of Hunt were formalized by Basener et al. ([3])
the following way:



P
dP
= aP 1 −
dt
T

dR
R
= cR 1 −
dt
T

b
T
dT
=
T 1−
− hP
dt
1 + fR
M

(1.1)

in which P , R, T denotes the number of people, rats and trees, and a, b and c are the
birth ratio for humans, the trees and the rats, respectively. Also, f is the destructive
eect of the rats on trees, M is the maximum amount of trees which can live on the
island, and h is the number of trees cut down by a person in a year.
Note that in these models P = 1 means one person, T = 1 means the number of trees
used by a person in a year, and R = 1 is the number of rats which could be supported
by one tree (where one tree means the number of trees described above).
In [4], Basener et al. used the following spatial invasive species model to represent the
dynamics on Easter Island: they thought of Rapa Nui as an island which has a volcano
in the middle, so they split the habitable coast into N regions and labeled them from 1
to N (Figure 1.1). This way, the neighbours of region s (if 1 < s < N ) are the regions
with labels s − 1 and s + 1. Also, the region with label 1 and the one with label N are
next to each other.
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Figure 1.1: The split of the habitable coast into N regions.
They also introduced the Dp and Dr parameters to describe the diusion of people
and the rats. This way, they got the following equations:


Ps
dP s
s
= aP 1 − s + Dp (P s−1 − 2P s + P s+1 )
dt
T


s
dR
Rs
s
= cR 1 − s + Dr (Rs−1 − 2Rs + Rs+1 )
dt
T



dT s
dt

=

(1.2)

b
Ts 
s
− hP s
1
−
T

M
1 + f N Rs
N

where P s , Rs and T s denotes the number of people, rats and trees in region s respectively (s ∈ {1, . . . N }). Also, Dp is the constant diusion of people, and Dr denotes the
movement of rats between the regions.
In their article, it turned out that if we increase either the constant Dp or the Dr , the
system becomes unstable. This was a surprising result, because it is usually supposed
in scientic models that diusion has a stabilizing eect on the system. However, one
can suppose that the source of this instability comes from the system's asymmetry: the
rst two equations involve diusion, while the third one does not. In a closed system like
Easter Island, the movement of seeds (by the wind or on the fur of the animals) cannot
be overlooked. Also, in ecology it is a well known phenomenon that tropical trees tend
to have descents far from themselves, which also shows the necessity of the addition of
this term (this eect is described by the Janzen-Connell hypothesis, originally published
in [5] and [8]).
This way we expand the previous model the way presented on the top of the next
page, in which Dt is the diusion of trees mentioned before.
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dP s
Ps
s
= aP 1 − s + Dp (P s−1 − 2P s + P s+1 )
dt
T


s
Rs
dR
s
= cR 1 − s + Dr (Rs−1 − 2Rs + Rs+1 )
dt
T


dT s
dt

=

(1.3)

b
Ts 
s
− hP s + Dt (T s−1 − 2T s + T s+1 )
T
1
−

M
1 + f N Rs
N

Apart from the trivial equilibriums (where one of the species die out), (1.3) will have
a coexistence equilibrium, which is the same as computed in [3] and has the following
form:

Pε = Rε = Tε =

1 M (b − h)
N b + hM f

(1.4)

for every one of the N systems.
If we linearize the system at equilibrium (1.4), we get the following form:










dP s
dt
dRs
dt
dT s
dt





−a

0

a







−c
 = 0






−f M h(b − h)
−h
b(1 + f M )





s
 P




c
  Rs  +




f M h − b + 2h 
Ts
1 + fM


Dp (P s−1 − 2P s + P s+1 )





s−1
+
− 2Rs + Rs+1 )
 Dr (R

Dt (T s−1 − 2T s + T s+1 )







We decouple the equations using the Fourier transformation. For the rst two equations (with functions x and y ) we get the same results as [4], while the equation of the z
function can be computed the following way:
N
dzr
1 X −2πirs dT s
=
e N
=
dt
N s=1
dt



N
1 X −2πirs
f M h(b − h) s f M h − b + 2h s
s
s−1
s
s+1
−hP −
=
e N
R +
T + Dt (T
− 2T + T ) =
N s=1
b(1 + f M )
1 + fM
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(1.5)

From now on, we will use the following notations

f M h(b − h)
b(1 + f M )
f M h − b + 2h
B :=
1 + fM
With these, we can rewrite the previous expression as follows:
A :=

N

1 X −2πirs 
e N
=
−hP s − ARs + BT s + Dt (T s−1 − 2T s + T s+1 ) =
N s=1
N
N
N
1 X −2πirs s
1 X −2πirs s
1 X −2πirs s
N
N
= −h
e
e
e N T +
P −A
R +B
N s=1
N s=1
N s=1
N
N
N
1 X −2πirs s−1
2 X −2πirs s
1 X −2πirs s+1
+Dt
e N T
− Dt
e N T + Dt
e N T
=
N s=1
N s=1
N s=1

= −hxr −Ayr +Bzr +Dt e

−2πir
N

N
N
X
−2πir(s+i)
2πir 1
1 X −2πir(s−i) s−1
N
N
T −2Dt zr +Dt e
T s+1 =
e
e N
N s=1
N s=1
−2πir

2πir

= −hxr − Ayr + Bzr + Dt e N zr − 2Dt zr + Dt e N zr =



2πr
= −hxr − Ayr + B − 2Dt 1 − cos
zr =
N
h
πr i
zr
= −hxr − Ayr + B − 4Dt sin2
N
Thus, the decoupled system can be written as:









dxr
dt
dyr
dt
dzr
dt



 

− a + 4Dp sin2 πr
0
a

N






 =
0
− c + 4Dr sin2 πr
c


N



−h
−A
B − 4Dt sin2 πr
N



xr







  yr 




zr
(1.6)

If we use the values of the constants from [3], which were a = 0.03, b = 1, c = 10,

M = 12000 and h = 0.25, the matrix from equation (1.6) gets the following shape:




Sr := 





− 0.03 + 4Dp sin2 πr
N
0
−0.25

0


− 10 + 4Dr sin
−2250f
1 + 12000f
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0.03

2 πr
N

10
6000f − 1
− 4Dt sin2 πr
N
2 + 24000f








(1.7)

For example, if we choose the values f = 0.001 and N = 10 (like in [4]), we get










− 0.03 + 4Dp sin2 πr
10
0

0


− 10 +

4Dr sin2 πr
10
9
− 52

−0.25


5
26

0.03



10







− 4Dt sin2 πr
10

(1.8)

for every r = 1, . . . 10 values.
The system is stable, if every matrix is stable. Thus if we want to examine the stability
of the system, we have to examine all the N (in our case, ten) matrices. One region is
stable, if all the eigenvalues of the corresponding matrix have a negative real part. If this
property holds for every matrix, then the system is stable, otherwise it is unstable.
In the next section, we x the f and N parameters and investigate the eect of added
tree diusion to our system.
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1.1 The eect of the diusion of trees
As mentioned in the previous section, in [4] Basener et al. found that the increase of Dp
or Dr makes the system (1.6) unstable. In this section we show that the increase of Dt
has an opposite eect, such that it makes our system stable.
Instead of calculating the eigenvalues of our matrices, we use the Routh-Hurwitz
criterion. For 3 × 3 matrices, the theorem can be formulated as follows.

Theorem 1

([9], [12]).

A matrix S ∈ R3×3 is stable if and only if

• det(S) < 0
• tr(S) < 0
• tr(S) × M2 (S) < det(S)

where det(S) is the determinant of S , tr(S) is the trace of S and M2 (S) is the sum
of the three 2 × 2 principal minors of S .

Theorem 2. Let us suppose that the model parameters satisfy the condition
B 2 − Ac − ah < 0

(1.9)

Then, if (1.7) is stable for Dt = 0, then it is stable for all positive Dt values.
For the proofs of this and the following theorems, see [14].

Remark 1. If the parameters satisfy the condition
max {B 2 , (B − 4Dt∗ )2 } − Ac − ah < 0

(1.10)

for a given Dt∗ > 0 value, then if the matrix in (1.6) is stable for Dt∗ , then it is stable for
every other Dt > Dt∗ values.

Remark 2. The condition (1.9) can be guaranteed for the values in (1.7) if we choose f
to be greater than

−

1 √
107
+
282 ≈ 8.6751 × 10−6
2184000 291200

Theorem 3. Let us suppose that the parameters in (1.6) satisfy the conditions
B < min {a + c, A + h}
B(Ac + ah + (a + c)2 ) < c2 (A + a) + B 2 (a + c) + a2 (c + h)

(1.11)

Then for xed positive Dp and Dr values there is a positive Dt value for which the
system (1.6) is stable for every Dt > Dt value.
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Figure 1.2: The border of stability in the case Dt = 0. The stable points are below the
graph.

Remark 3. The condition (1.11) is satised for the values in matrix (1.7), which means
that for any xed (Dp , Dr ) pair the matrix (1.7) is stable for suciently large Dt values.
On the following pages our goal will be to draw a three-dimensional surface which will
be the border of the stable and the unstable (Dp , Dr , Dt ) triplets for the values f = 0.001
and N = 10 (we call a triplet stable, if the corresponding system is stable, and unstable,
if the corresponding system is unstable).
Instead of calculating the points mentioned previously directly, we will use the bisection method. In this case, we choose one point (x0 ) to be very small (in the algorithm,
we use 0) and the other (x1 ) to be very large (we choose this to be 107 ). If the system is
stable in x0 and unstable in x1 , then the border is in between these two, so we check it in
x0 + x1
point. If it is stable, then the border is above this point, and if it is unstable,
the
2
then it is under this point. Then we continue this iteration while the distance of x0 and

x1 will be small (we usually use 0.0001), and then we say that the border is the mean of
the two endpoints of the last interval. Using this method, we get the graph for Dt = 0
on image 1.2.
On this graph, the horizontal axis is Dp and the vertical axis is Dr . The stable points
are below the graph, and the points on it and above are unstable.
Note that we got the same results as [4]: if Dp = 0, then the system gets unstable if
Dr > 0.15 (0.155 in [4]) and if Dr = 0, then the same happens if Dp > 0.09 (exactly the
same as in [4]).
If we increase the Dt value, we get the graph on gure 1.3. As we can see, the area
of stability gets larger as the diusion of the trees increases. It can also be seen from
further analysis that the system becomes stable if Dt > 0.41 for every Dr and Dp value.
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Figure 1.3: The increasing border of stability in the cases Dt = {0, 0.015, 0.03, . . . 0.15}.
The stable points are below the graph.
It can also give us important information if we examine those Dt points for which
the system changes stability at certain (Dp , Dr ) pairs. For this, we will plot the critical

Dt points as the function of Dp , and plot these borders for previous Dr values. When
Dr → ∞, these borders tend to a certain function, which can be seen on gure 1.4.
From these graphs we can suspect that for any (Dp , Dr ) pair our system is stable if
Dt is bigger than a certain value (probably around 0.51). These results also conrm the
statement of Theorem 3.
We can also use a three-dimensional surface to represent the region of stability. The
graph on gure 1.5 is the border of the stability region. The vertical axis is Dr , the one
going left is Dp and the right one is Dt . We can see that as we increase Dt , the stability
region gets bigger and bigger, until the system becomes stable for every Dr and Dp value.
As we increase Dr , the system becomes unstable after a certain point, unless Dt is bigger
than the value 0.51 discussed above, because in this case the system does not change
stability.
From the previous claims it is clear that there are certain (Dr , Dt ) pairs for which
the change of the diusion of the people will have no eect on the stability, because it
is stable for every Dp value. When Dt and Dr are small, then the increase of Dp will
cause the system to become unstable. For example, if we look at the stability region for
Dr = 0, we get the graph on gure 1.6, where the points above the graph are stable and
under it are unstable.
We can also see that for some other (Dr , Dt ) pairs our system might remain stable
(e.g for Dt > 0.51). However, for certain (Dr , Dt ) values the diusion of people has a
stabilizing eect. For example if we look at the line of (Dr , Dt ) = (100, 0.2), our system
will be unstable for Dp = 0, will be stable for around Dp = 0.15 and will be unstable
again if Dp > 0.2.
12

Figure 1.4: Left: The critical Dt points as the function of Dp . The graphs are plotted
from bottom-up with the values Dr = 50k 2 , k ∈ {1, 2, . . . 10}. Right: the same functions
zoomed in to the [0, 3] interval.

Figure 1.5: The border of stable (Dp , Dr , Dt ) pairs. The stable ones are below our surface,
and the unstable ones are above it.
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Figure 1.6: The border of stabile (Dp , Dt ) points for Dr = 0. The stable points are above
the graph.
In conclusion, we can say that these numerical results support the theorems stated
before. Also, the increase of parameter Dr destabilizes our system, the increase of Dt has
the opposite eect, and Dp can act both ways depending on Dp and Dr .
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1.2 Choosing the parameters f and N
As mentioned before, the values f = 0.001 and N = 10 were chosen in [4], and only
the parameters of diusion were changed (we also used the same method in the previous
section). However, it is not clear how this choice aects the stability of the system. In
the following pages, we will do this analysis: we x the (Dp , Dr , Dt ) triplet and only
change the parameters f and N . This way we will search for those (f, N ) pairs (for a
xed (Dp , Dr , Dt ) triplet) where our system is stable and those for which it is unstable.
From now on, we call an (f, N ) pair stable, if our system is stable at those values
(with a xed diusion parameter triplet (Dp , Dr , Dt )). Similarly, we call it unstable
if our system is unstable for those f and N values. This way, we dene the function

g : N \ {0} → R the following way:
g(N ) := {f : ∀ε > 0, (f − ε, N ) is stable and (f + ε, N ) is unstable}
In other words, we will search for that value f for a xed N where upon increasing

f the system becomes unstable. We will assume that there is at most one such value for
every N . Note that it may happen that g(N ) < 0 or g(N ) = ∞, which means that for
some (Dp , Dr , Dt ) triplets the system will always be either unstable, or stable. From now
on, we will examine those cases when 0 ≤ g(N ) < ∞, because these are the interesting
cases (when stability changes).

Proposition 1. For every xed (Dp , Dr , Dt ) triplet
g(N ) −→ min g(n) as N → ∞
n∈N

The convergence of g(N ) means that if we increase N , after a suciently large N0
the value f where the system changes stability will be almost the same for every value
of N for which N > N0 . Also, because we know the limit, we can choose the value N to
be N = min g(n) and do not have to use a large N (which would mean the calculation of
n∈N

the eigenvalues of N matrices).
For the proof of Proposition 1, we dene the following sequence for every value of f :

(
aN (f ) :=

1, if the system is stable for (f, N )
−1, if the system is unstable for (f, N )

)

Proposition 2. For every f 6= min g(n), aN (f ) converges as N → ∞.
n∈N
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Note that because aN is a function with a discrete range, the convergence means that

∃N0 : ∀n, m > N0 : an (f ) = am (f )
For the proof of proposition 2, see [15]. We will only present here the proof of proposition 1.

Proof. We prove the proposition by contradiction. Let us assume that there is an ε > 0
for which ∀N there exists an n > N for which g(n) − min g(n) ≥ ε. Let us examn∈N




ine aN min g(n) + ε . By the previous proposition, we know that aN min g(n) + ε
n∈N

n∈N

converges. However, because of the rst assumption, it cannot converge, so we get a
contradiction.

The minimum of the function g(N ) may have dierent values depending on the

(Dp , Dr , Dt ) triplet. However, we can state the following proposition about the maximum of this function.

Proposition 3. For every (Dp , Dr , Dt ) triplet
max g(n) = g(1)
n∈N

For the proof, see [15]. Using the method from the proof of proposition 2, we can
compute g(1), which will be g(1) = 1.3353 · 10−3 for every (Dp , Dr , Dt ) value.
For the numerical calculations, we will use the same bisection method as in the previous section. However, now we x the N values and search for those f values where the
system (1.6) changes stability. We get the graph on gure 1.7 for the (Dp , Dr , Dt ) values

(0.1, 0.003, 0.003), where the points above the graph are unstable points, and the ones
below it are stable. This way we got the function g(N ) with the convergence property
proved before.
For (Dp , Dr , Dt ) values (0.1, 0.03, 0.03) we get the graph on Figure 1.8. Note that we
also got the value of g(1) calculated before in both cases.
During our examinations, we tested several values, but found only functions either
constant or with the property g(n) = g(2) for every even n. Because of this, and other
observations connected to the proof of proposition 2, we state the following conjecture:

Conjecture 4. For every (Dp , Dr , Dt ) triplet
min g(n) = g(2)
n∈N
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Figure 1.7: The border of stability (and also the image of the function g(N )) for

(0.1, 0.003, 0.003).

Figure 1.8: The border of stability (and also the image of the g(N ) function) for

(0.1, 0.03, 0.03).
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This way, proposition 1 has the following form:

g(N ) −→ g(2) as N → ∞
Which also leads to the following property of the g(n) function:

g(2) ≤ g(n) ≤ g(1)
Without the conjecture, we only have an upper bound for this function, which means
that for every f > g(1), the system is unstable.
From all this we can conclude that the choice f = 0.001 in [4] is under the value g(1),
so the system can change stability there for some (Dp , Dr , Dt ) values, but not necessarily
(see the (0.1, 0.03, 0.03) case above).
However, we can make a better choice than N = 10 using the previous propositions:
if our conjecture is true, it is enough to examine our system for N = 2. If the conjecture
is false, then we can also use the N = 2 value (it is not worse than N = 10), or we have
to calculate min g(n) for every (Dp , Dr , Dt ) triplet.
n∈N
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1.3 Numerical solution of the equations
In the previous two sections we examined the way the parameters of diusion, or the

f and N values aect the stability of the coexistence equilibrium. However, we do not
know what the instability of this point means: what would happen to our system, if the
initial conditions were not exactly at the equilibrium, but a small distance from it. It is
also still an open question whether the stability of the point (1.4) is global or local. It
can happen that only the orbits in a small neighbourhood of this point tend to the point
as t −→ ∞. This would also mean that even if our system was stable at point (1.4), the
ecological collapse would still occur on the island. This would be the scenario when the
mentioned neighbourhood had a radius smaller than one, because in this case every orbit
would pass the point, and only the coexistence point would be stable.
For the investigation of the mentioned surrounding of point (1.4), we use the vector
v ∈ R3N for initial condition, which is dened as
vi := 1 − randζ

 1 M (b − h)
N b + hM f

(1.12)

where rand is a uniformly distributed random number between 0 and 1, and ζ is a xed
number, describing how much we dier from the equilibrium. When ζ is large, we are
close to the coexistence equilibrium, and when ζ is small, we are (usually) far from it.
For the sake of simplicity, we will use the values f = 0.001 and N = 10 in this section.
We have seen in the previous one that this choice of f is a reasonable one (the system
changes stability here). Although we concluded that the N = 2 is the most cost-ecient
choice, this only applies for the stability of the equilibrium. The larger N values are more
interesting ecologically, because we get some data on the geological distribution of our
species.
First we examine what the stability of our system means in the point of the actual
solutions. For this, we use the fourth order Runge-Kutta method with initial value

v.

First we test if the point (1.4) is stable globally, or at least locally in a surrounding
with considerable sizes. For this, we choose the diusion parameters to be (0.1, 10, 0.1)
which is a stable point (can be seen on gure 1.5). The results for ζ = 10 and ζ = 2
are presented on gure 1.9. As we can see, in both cases the orbits tend to the stable
equilibrium point, although this convergence is slower for points farther.
Now we investigate what exactly the instability of point (1.4) means. For this, we
choose such parameters for which the equilibrium is unstable, in our case (0, 0.8, 0). As we
can see on gure 1.10, the ecological catastrophe can happen for various initial conditions.
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Figure 1.9: The number of people (blue), rats (red) and trees (yellow) in region 1 for
diusion parameters (0.1, 10, 0.1). On the left we used ζ = 10, and on the right ζ = 2.
The orbit of the rats is very close to the one of the trees', thus it is not visible.
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Figure 1.10: The number of people (blue), rats (red) and trees (yellow) in region 5 for
diusion parameters (0, 0.8, 0). As we can see, the collapse can happen for various initial
conditions. The orbit of the rats is very close to the one of the trees', thus it is not visible.
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For the further investigations, we will use another, much more realistic initial condition. Let

w ∈ R3N

be dened as




50 for i ∈ {1, 2}


wi := M
for 3|i
N



0 otherwise
M
trees in every region, and 50 people and rats in the rst sector,
N
which is the moment when the settlers arrived on the island bringing the rats with them.
From now on, we will call our system unstable, if there is a region in which one of the
species die out, and otherwise stable (we will see later that this means that this species
die out in every other region - see lemma 4). This way stability means that our orbit
tends to point (1.4) (so it is globally stable), or to any other attracting set. Also, the
instability dened this way does not imply the instability of the equilibrium point: it
only means that w is not in the stable neighbourhood of point (1.4).
With the initial vector w we examine the way the results of section 1.1 occur in the
terms of the orbits of solutions. For this, we rst investigate the eect of the rat diusion
to our system. As we can see on gure 1.11, the eect of this parameter only inuences
the speed of the rats: for Dr = 0.01, it took the animals two years to get to the other side
of the island - however, for Dr = 1, one year was enough. From the several numerical
tests which were made, it can be concluded that Dr has a negligible eect on the system's
stability, and the other two parameters are the main inuential factors.
Now we examine how the change of Dp aects our system. We have seen in section
1.1 that for well chosen (Dr , Dt ) pairs this parameter has a stabilizer eect. Note that
this eect occurred when the system was unstable for small Dp values. In our case, the
small Dp values mean that people will not diuse, so the instability is caused by the rats.
However, because of the observations in the previous paragraph, the rats will not have
a signicant eect on the stability of our system. This way those points which could
be stabilized by the Dp value are not unstable for small Dp values, but will lose their
stability for large ones. For the numerical tests, we use the pair (Dr , Dt ) = (1, 0.01). As
we can see on gure 1.12, when we increase Dp our system loses stability.
In section 1.1 we have concluded that the increase of Dt makes our system stable
for a suciently large Dt value. For various numerical test we can see that the increase
of Dt does not make the unstable systems stable. Also, the increase of this parameter
makes the stable systems unstable in a way that rst the convergence becomes slower
as a periodic orbit appears. For suciently large Dt values, this orbit vanishes and we
get an unstable system (see gure 1.13). This way we can see that the stability of the
This way, we have
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Figure 1.11: The number of people (blue), rats (red) and trees (yellow) in region 5 for
diusion parameters (0.1, 0.01, 0.1) (left) and (0.1, 1, 0.1) (right).
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Figure 1.12: The number of people (blue), rats (red) and trees (yellow) in region 5 for
diusion parameters (0.02, 0.01, 0.1) (left) and in region 1 for parameters (0.02, 1, 0.1)
(right).
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Figure 1.13: The number of people (blue), rats (red) and trees (yellow) in region 1
for diusion parameters (Dp , Dr ) = (0.02, 0.01), and Dt = 2 (left), Dt = 4.2813 and

Dt = 4.2816 (right). First our system is stable, then it is still stable but converges slower
(there's perhaps a stable periodic orbit around Dt = 4.2814), and then it is unstable.
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coexistence equilibrium does not necessarily correspond to the stability dened for

w.

From these results we can see that the stability of the coexistence equilibrium does not
necessarily corresponds to the stability of the system. Because of this, further examination
of the global behaviour of the system would be benecial. The results of these studies
can be found in the next section, and also in chapter 3.
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1.4 Global stability of the equilibrium points
As mentioned at the end of the previous section, the stability of the coexistence equilibrium point does not necessarily corresponds to the stability of the system (which is
dened in the previous section). Therefore it is vital to acquire some properties of the
behaviour in some other ways. One of them is to examine the stability of the equilibrium
points of the Basener system, apart from the previously studied coexistence equilibrium.
Other methods are described in chapter 3.
The island before the arrival of the settlers

First let us consider the case when there are no people and rats on the island, only trees.
This corresponds to the state of the island prior the arrival of the settlers.

Proposition 4. If P = 0 and R = 0, the system has only one equilibrium point, namely
M
.
(P ∗ , R∗ , T ∗ ) = 0, 0,
N

Proof. For an equilibrium point we have the equation

s


s


T 
dT

+ Dt T s−1 − 2T s + T s+1
= bT s 1 −

M
dt
N
for every region s ∈ {1, 2, . . . N }.
If all the T s values are the same, the diusion term is zero, and consequently we get
M
the T s =
values.
Ns
If the T values dier, then (because we have nite many of them) we have a smallest
one - let us denote it with T s . For this, the diusion term T s−1 − 2T s + T s+1 is positive,
which means that


0=

Ts 

bT s 1 −
<0
M
N
M
which can only happen if T s >
. Note that if there are several smallest values, then
N
we choose the one which has a neighbour with at least one bigger value, and then the
diusion term is also positive for this one.
We will also have a largest value, for which the diusion term is negative - we will
0
denote it with T s (also, if there are several ones, we choose one which has a neighbour
with a smaller value).
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From this we get that




s0

which leads to the fact T s
smaller than T s .

0

T 
0 
>0
bT s 1 −
M
N
M
<
, but this is a contradiction because this must be
N

For the next and later examinations we use the linearised equation, which is










dP s
dt
dRs
dt
dT s
dt





Ps





Dp (P s−1 − 2P s + P s+1 )










 = Ss  Rs  +  Dr (Rs−1 − 2Rs + Rs+1 )









s
T
Dt (T s−1 − 2T s + T s+1 )








(1.13)

in which Ss is

(P s )2
2P s
0
a
a
−
a

Ts
(T s )2


(Rs )2
2Rs

Ss = 
c s 2
0
c−c s

T
(T )





s

NT
−bf N
b
2N s
s
−h
T 1−
1−
T
M
(1 + f N Rs )2 1 + f N Rs
M


M
For the equilibrium 0, 0,
the matrix takes the form
N


a 0 0





Ss = 
 0 c 0 


−h 0 −b












(1.14)

(1.15)

Like in the case of the coexistence equilibrium, we apply a Fourier transform to our
system, from which we get the equations










dxr
dt
dyr
dt
dzr
dt










 =






a − Dp Cr

0

0

c − Dr Cr

−h

0
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0



xr







  yr 
0




−b − Dt Cr
zr

(1.16)

The three eigenvalues of the matrix are a − Dp Cr , c − Dr Cr and −b − Dt Cr , which are
all real numbers, so we only have to check whether they are negative or not. It is easy
to see that −b − Dt Cr is always negative, however the other twos are not always. For
example, for the rst one we need that a − Dp Cr < 0 which means a < Dp Cr . However
for r = N the right side is zero, but the value of a is positive, which means that the
system for r = N is always unstable. This way we got the following proposition.


M
is locally unstable, and consequently
Proposition 5. The equilibrium point 0, 0,
N

globally unstable.

This means that with the arrival of the settlers and the rats the system got out of this
equilibrium, and can not get back into it, which corresponds to the events on the island.
The uninhabited island with the rats

Now let us examine the case of P = 0. This corresponds to the hypothetical situation
when there are no people on the island, but the rats live there. Although in the theories
of Hunt the rats are brought by the settlers, our dynamical system will have an equilibria
with such properties.

Proposition 
6. If P =
 0, the system has only one equilibrium point, namely
M
M
(P ∗ , R∗ , T ∗ ) = 0, ,
.
N N

Proof. Note that the division of b by 1 + f N Rs does not change the sign of the term,
which means that the same method can be applied here as in the proof of proposition
4.
We matrix at this point gets the form



a

0




Ss =  0 −c


−h 0



0








c

(1.17)

−b
1 + fM
After the application of the Fourier transform we get the equation









dxr
dt
dyr
dt
dzr
dt










 =







a − Dp Cr

0

0

0

−c − Dr Cr

−h

0
29



xr








c

y

r





−b
− Dt Cr
zr
1 + fM

(1.18)

−b
− Dt Cr ,
1 + fM
which are real values. The second and third one are always negative, but the rst is
positive for r = N , which means that the matrix is unstable.


M
Proposition 7. The equilibrium point 0, 0,
is locally unstable, and consequently
N
The three eigenvalues of the matrix are a − Dp Cr , −c − Dr Cr and

globally unstable.

This means that the rats and the trees cannot survive the extinction of people on the
island.
The equilibrium of the classical theory

Now let us consider the case of R = 0, which corresponds to the original, rat-free models.
In this case the linearised matrix takes the form



−a

0

a




c
0
Ss =  0


−f M h(b − h)
−h
2h − b
b
After the Fourier transformation we get the system









(1.19)




dxr

−a − Dp Cr
0
a
x
 dt 

 r 




 dyr 


0
c − Dr Cr
0

 =

(1.20)
y


 dt 
 r 








 dz 
−f M h(b − h)
r
zr
−h
2h − b − Dt Cr
b
dt
One of the eigenvalues of the stability matrix is c − Dr Cr , which is positive for r = N .
We did not answer the question whether this equilibrium point is unique or not. However,
it is easy to see that the second row of the stability matrix does not depend on which
equilibrium point we study our system (because R = 0). Thus, every such matrix will
have a positive eigenvalue for r = N .


Proposition 8. Every equilibrium point for R = 0 is locally unstable, and consequently
globally unstable.
This also means that the rats cannot die out without the extinction of the other
two species on the island. It is an important remark that although the Polynesian rat
disappeared from Easter island, it was not because of people, but the European rats
brought to the island by the settlers in the eighteenth century - of course, this latter
phenomenon is not described by our model.
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The state of extinction

Now let us consider the phenomenons that occur near the origin in our system. In [3],
Basener et al. only state that this equilibrium is a singular one, therefore cannot be
examined with the previous methods. However, one of the most important states (next
to the coexistence equilibrium) is extinction, which means that the study of this point
cannot be neglected.
It is also not clear whether the origin is an equilibrium point: if we take the limit
dP s
dRs
lim
(or lim
) where Q is the vector of all the P s , Rs and T s values (and here
Q−→0 dt
Q−→0 dt
0
0 means the all zero vector of the same size), we get an term. However, we can dene
0
dQ
the following way.
the value
dt
dP s
First let us discuss lim
. The value of Rs does not aect the examined value,
Q−→0 dt
so we only have to study it on the (P, T ) hyperplane (where P and T are vectors with
length N ). It is clear that as P s−1 , P s and P s+1 tend to zero, the diusion term also
dP s
tends to zero. Let us now x P s at a positive value, and examine the behaviour of
dt
as T s → 0. Let us use the notation P s = αT s . This way we get that

T

dP s
= lim
aαT s (1 − α) = 0
−→0 dt
T s −→0

lim
s

dP s
= 0 for P s = 0, which means that we can dene the value of
We also know that
dt
dP s
at the origin to be zero.
dt
dRs
dT s
A similar procedure can be applied to the equation of
and also
. In the latter
dt
dt
0
case, we cannot study the behaviour only on a hyperplane, but we do not have a term,
0
so we do not really need to use a limit.
Now let us discuss the stability of this equilibrium point. As mentioned above, because
we get indeterminate terms in the Jacobian of this point, we cannot use the methods
applied at the other points. Instead of this, we will use a geometric method also discussed
in the proof of proposition 10.
dT s
> 0.
Proposition 9. There exists a neighbourhood around the origin in which
dt
Proof. We use the notations of the proof of proposition 10. Let us examine the surface
cT
ST . We showed that it crosses the axis T at a positive value, and the axis P at
.
h
dT s
Because of this, we know that at points near the origin
> 0.
dt
Seemingly this result means that the origin is unstable, therefore extinction cannot
happen on the island. This result would also contradict the graphs we got in section 1.3.
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However, it is important to point out that the previous proposition only states that for
dT s
value. Despite
a certain cT value, the neighbourhood of the origin has a positive
dt
of this, it can also be seen from the geometry of the problem that as cT tends to zero
(and as we approach the origin, it does tends to zero), this positive regions gets smaller
and smaller - until we got to the state of cT = 0, in which the whole Q > 0 region has
dT s
value. From the argument of proposition 10 it is also clear that in this
a negative
dt
dP s
dRs
case this region also has negative
and
values.
dt
dt
This way we can state that although there are some values from which there is no orbit
tending towards the origin, but as we approach zero, the area of these values decreases.
This way we got that orbits approaching the orbit from a suitable direction can tend to
it, while others will not. In our numerical solutions we found solutions which had the
convergence property (like on gure 1.10), but some does not (like the orbits on the third
graph of gure 1.13: rst they turn back, but then they get to the origin).
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1.5 A useful result
In this section we present the proposition which is used in sections 1.4 and 3.1.

Proposition 10. Let us consider the following operator F on the vectors Q ∈ R3N
+
(dened in section 1.4):



s
P

s

aP 1 − s − 2DP P s


T 




s


cRs 1 − R − 2DR Rs
Ts 
F (Q) :=




s

b
T 

s

T
1
−

 − hP s − 2DT T s


s
M

1 + fNR
N
Then the equation F (Q) = C has exactly one solution, where C ∈ R3N
+ .

(1.21)

Proof. We prove the proposition by studying the 3N dimensional phase portrait of equation (1.3). Note that if we consider the equations in region s and suppose that the
values of the functions are constant in the neighbouring ones, then we get the equation

F (Q) = C . This way we have to prove that there is only one coexistence equilibrium
point in a region if the functions are constant in its neighbours. In other words, we prove
the unicity and existence of a coexistence equilibrium of the following system:


dP
P
= aP 1 −
− 2Dp P + CP
dt
T


dR
R
= cR 1 −
− 2Dr R + CR
dt
T


dT
dt

(1.22)

b
T 

T 1 −
− hP − 2Dt T + CT
M
1 + fNR
N
in which CP , CR , CT are positive parameters.
For the proof we will calculate three set of points, which are dened as follows.
=

SP := {P :

dP
= 0}
dt

dR
= 0}
dt
dT
ST := {T :
= 0}
dt
We want to prove that SP ∩ SR ∩ ST consists of only one point in the three-dimensional
space.
SR := {R :
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First let us consider the rst equation with CP = 0. If T is xed, the roots of the
equation





P
P
2Dp
0 = aP 1 −
− 2Dp P = aP 1 − −
T
T
a


2DP
are zero and P1 := T 1 −
. For the sake of simplicity, let us suppose that a < 2DP
a
- in this case we know that P1 < 0, which means that we only have to study the other
root. As T increases, this root does not move and stays on the P = 0 line. As we increase
the value of CP , the line starts to move to the right on the (P, T ) plane (i.e. further from
the original P = 0 position). We can even express the values of this line, which is given
in the form
q
a − 2DP
1
+
T 2 (a − 2DP )2 + 4aT CP
SP = T
2a
2a
Note that this does not depend on the values of R, so we get a surface in the three
dR
= 0 in every
dimensional (P, R, T ) space which is constant in the R direction, i.e.
dt
point of the surface.
The case for the second equation is pretty similar, from which we get the following
form describing the surface:
q
1
c − 2DR
+
SR = T
T 2 (c − 2DR )2 + 4cT CR
2c
2c
From the form of the two calculated sets it is clear that their intersection will be a
curve, which can be parametrised by T the following way: the curve at the point T has
the values
q
1
a − 2DP
+
T 2 (a − 2DP )2 + 4aT CP
P (T ) = T
2a
2a
q
c − 2DR
1
R(T ) = SR = T
+
T 2 (c − 2DR )2 + 4cT CR
2c
2c
It is also easy to see that this curve intersects the origin, and gets further from it as T
increases, which will be important later in the proof. From now on, we will call this the
P − R curve.
Now let us consider the set ST . If we
 suppose that CT = 0 and P = 0, then the
M
2DT
two roots of the equation are 0 and
1−
. If b < 2DT , then the smaller root
N
b
is negative, so we only have to consider the bigger one, which is zero in this case. If
we increase the value of P then we can think of this step as the increase of the T axis
on the graph, and we search for not the roots of the function, but the places where it
takes another, positive value. Therefore in the three dimensional space of (P, R, T ) we
can draw the original surface dened by the third equation, but shrank by h. Note that
in this case we still does not have any points in our examined R3+ space.
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When CT takes a positive value, the whole surface is moved parallel to the P axis in
a positive direction. This way the moved surface will intersect the T = 0 plane in the
CT
, which is also a maximum for the surface: there are no points above this
line P =
h
value. This way we got that we have a surface which is bounded by above, intersects the

P = 0 plane at a curve with positive values, and the P − R curve is monotone increasing
starting from the origin. This way there must be an intersection point between the curve
and the ST surface, and there is only one such point.
In the proof we supposed that a < 2DP , b < 2DT and c < 2DR . These were
only supposed for convenient reasons, and the same arguments can be applied if these
conditions does not hold.

Corollary 4.1. The system (1.1) has only one coexistence equilibrium point.
Proof. The proof of proposition 10 can be done the same way presented above for CP =
CR = CT = 0.
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Chapter 2

Two dimensional model

In the previous section we proposed a model in which we looked at Easter island as an
island which has a big vulcano in the middle and only its shore is habitable. However,
Easter island has a shape of an isosceles right triangle with three hills near the three
vertices (see gure 2.1). Therefore, it is more accurate to propose a two dimensional
model.

Figure 2.1: The Island of Rapa Nui with the two uninhabitable volcanos.

2.1 Constructing our model
Because of the shape of the island, the easiest method of splitting is to construct smaller,
congruent triangles. One way to do it can be seen on gure 2.2. Here, we will number
the grids by the number of the triangles which have common edge with the upper side of
the original triangle.

Lemma 1. The number of regions in the grid is N 2 .
Proof. (Proof 1)
We prove the proposition by induction. It is easy to see that for N = 1, the number
of regions is 1, and for N = 2 it is 4.
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Figure 2.2: The grids for N = 1, N = 2, N = 3 and N = 4, respectively.
Now assume that we know that the number of regions for N = n is n2 . We can get
the N = n + 1 case from the N = n step if we draw a new row of triangles on the top of
the rst row of triangles in the N = n case. We will have to draw n squares (which will
be 2n triangles), and another triangle for the right side of the row. This way, we got

n2 + 2n + 1 = (n + 1)2
triangles, so we proved the lemma.

Proof. (Proof 2)
Let us look at an N ∗ N grid of squares, and draw the diagonal in every square in the
same direction (they must be parallel). If we halve our grid by its center diagonal, we
get our triangle grid, which will have

2N 2
= N2
2
regions. Thus, we proved the lemma.
Because the regions are triangles, we will use nine (instead of three) variables to
denote the diusion between them. Let the horizontal diusion be Ek , the vertical Fk
and the diagonal Gk , where k ∈ {P, R, T }. An important remark is that Gk depends
p
on the other two diusion parameters in a way that Gk = Ek 2 + Fk 2 + (ϑ2 − 2) Ek Fk ,
where the value of the parameter ϑ will be discussed later. Despite of this, we will use
the Gk notation for the sake of simplicity. It is also important to note that we will have
dierent types of triangles depending on their neighbours. We will call a triangle an inner

region, if the triangle has three neirhbours. We call one triangle a shore region, if it has
only two neighbours, and we call it a cape region, if it has only one. This way, we got 3
cape regions, 3(N − 2) = 3N − 6 shore regions and N 2 − 3 − (3N − 6) = N 2 − 3N + 3
inner regions (for N > 1). We can also see that we will have two kinds of inner regions the ones which can be constructed from the original triangle by shrinking will be called

upward triangles and the other ones will be called downward triangles.
The next question is how to number the regions. On the next pages, we will see that
it will be easier to use two indices instead of one.
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Figure 2.3: A trivial numbering of the regions of the grid.
2.1.1

Using one index

Let us assume rst that we use a trivial numbering of the regions, starting from the
bottom left region and then count them from left to right in every line, shown on gure
2.3.
Now we will determine the neighbours of an inner triangle. First let us look at an
upward triangle with the index s. We know that it will have neighbours with indices s − 1
and s + 1, and another which is in the row above. An important remark is that we will
nd a square number at the end of every row - this is a trivial corollary of the previous
lemma. To get to the triangle above our examined one (with index s), we will have to
count every region in the row of s which is in its right side, and then count every triangle
which is to the left of the neighbouring triangle. Because we know that there is a square
√
number at the end of the row of s, we will nd (d se)2 − s triangles there. In the row
√
above, we will have to count s − (b sc)2 + 1 triangles, so the dierence is

√
√
√
√
√
(d se)2 − s + s − (b sc)2 + 1 = (d se)2 − (b sc)2 + 1 = 2b sc + 2
where we used that (n + 1)2 − n2 = 2n + 1.
We can also get this term if we realise that the number of triangles between the two
examined ones equals the number of regions in the row of s plus one.
The same method can be applied for the downward triangles. In this case, apart from
the trivial s − 1 and s + 1 neighbours, the third one below the s region will have the
dierence from s:

√
√
√
√
√
s − (b sc)2 + (d se)2 − s − 1 = (d se)2 − (b sc)2 − 1 = 2b sc
which can also be calculated as the number of regions in the row of s minus one.
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From all of these, we got the following equation for variable P s :


Ps
dP s
s
= aP 1 − s + Ep (P s−1 − P s ) + Gp (P s+1 − P s ) + Fp (P f (s) − P s )
dt
T
where s is an index of an upward inner region, and

√
f (s) := s + 2b sc + 2
If we use the Fourier transformation, we get the following equations for xr :
2

N
dP s
dxr
1 X −2πirs
= 2
e N2
=
dt
N s=1
dt
2

N


1 X −2πirs
= 2
e N 2 −aP s + aT s + Ep (P s−1 − P s ) + Gp (P s+1 − P s ) + Fp (P f (s) − P s ) =
N s=1

= −axr + azr − (Ep + Gp + Fp )xr + Ep e

−2πir
N2

2πir

2πir

xr + Gp e N 2 xr + Fp e(f (s)−s) N 2 xr

When the diusion is the same in both directions, we get Dp := Ep = Fp and Gp =

ϑDp . This way we get the equation
dxr
= −((2 + ϑ)Dp + a)xr + azr − 2Dp cos
dt



2πr
N2



2πir

2πir

xr − (1 − ϑ)Dp e N 2 xr − Dp e(f (s)−s) N 2 xr

We can see that because f (s) is not a linear function, we will not have a compact
formula like in the one dimensional case. We can assume that the reason for this is that
our initial numbering was not the perfect one, but we can construct such indexing.
From now on, we will call an indexing sucient, if there exists a C1 , C2 , . . . Cn disjunct
partition of {1, 2, . . . N 2 } where for every si ∈ Ci the dierential equation for P si has the
following form:



dP si
P si
si
= aP
1 − si + Ep (P f1 (si ) − P si ) + Gp (P f2 (si ) − P si ) + Fp (P f3 (si ) − P si )
dt
T
for every i ∈ {1, 2, . . . n}, and f1 (s), f2 (s) and f3 (s) are linear functions in s with slope 1.
Our goal will be to nd a sucient indexing for every N on the constructed grid. For
this, we construct a graph from the original grid the following way: the vertices of the
graph will be the regions (triangles) of the original model, and we connect two of them
if they have a common edge. This way, we get a graph for which every inner region is a
node with the degree of three, the shore regions are 2-degree nodes and the cape regions
are leaves of the graph.
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Using this graph, it is easy to see that the sucient indexing means that if we label
every node from 1 to N 2 , then every inner node from a given class will have the same
neighbourhood in the sense that for any si ∈ Ci node, its neighbours will be si + c1 , si + c2
and si + c3 where c1 , c2 , c3 are pairwise nonequal, nonzero integers.
The next two lemmas show that the only classication of the nodes into two classes
where the indexing can be sucient are the partition into the upward and downward
regions.

Lemma 2. Not every inner node has the same neighbourhood.
Proof. Let us assume that every inner node has the same neighbourhood. For N > 3, we
will have two inner nodes which are connected. Let us give one of them the index s, and
the other one s + a. Because of our initial assumption, the rst one will have a neighbour

s − a, and the second one will have s + 2a. We also know that one of them is connected
to another node, let us say that the second one has a neighbour s + a + b. However, from
the original assumption, the second node must have an s − a − b node, but because it has
a degree of three, it is a contradiction.
This means that we will have at least two classes, in which the nodes have the same
neighbourhoods. The next lemma shows that these two classes must be the upward and
the downward nodes.

Lemma 3. No node can have a neighbour from its own class.
Proof. Let us assume that there is a node (let it be a) that has a neighbour from its own
class (let this be a + k1 ), but the other two neighbours are from the other class (let these
be a − k2 and a − k3 ). Because a and a + k1 are in the same class, a must have a neighbour

a − k1 , which means that k1 = k2 (or k1 = k3 , but this is the same case as this one). We
also know that because a and a + k1 are in the same class, a + k1 has also a neighbour
in k3 distance, which is a + k1 − k3 . It is also true that because a − k1 and a − k3 are
in the same class, a − k3 must have a neighbour which is a − k3 + k1 . This means that
we have two nodes with the same value assigned to them, and these two cannot be the
same, because there are no 4-long cycles in the graph. Thus, we got a contradiction.
So we also got that we need to have at least two classes of nodes, and the classes must
be the upward and downward triangles. Let us suppose that every downward node has
two neighbours which are bigger than itself, and every upward one has two smaller ones.
Let us denote the neighbours of an s downward triangle by s + a, s + b and s − c. From
this, it is clear that the neighbours of a t upward node are t − a, t − b and t + c. Because
of the unicity of the numbers assigned to the nodes, we know that a 6= b, but we do not
know the connection between a and c.
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Because the graph of the grid is made of connected hexagons, we can think about our
graph as long sequences, where the dierences between the members are b and c. These
long lines are connected to each other by edges with the dierence a assigned to them,
which means that we have long numerical sequences, which are the translations of each
other with b. (For a detailed description, see the proof of proposition 17 and gure 3.1.)
It is easy to construct innite graphs with these properties  however, we have a nite
one.

Proposition 11. There is no two-class sucient indexing on our triangle grid.
Proof. Because our graph is nite, we will have a longest sequence with b and c dierences.
We know that because of the construction of our graph, every other sequence is (at least)
two members shorter, and also the last member in the second longest sequence (denote
it by d) must be smaller than the second largest member (denote it by e) in the longest
sequence, because e + a = d. Because of this, every element in the graph is smaller than

d, so there will be no elements between d and the largest element in the graph (let us
denote it by f ). This way, we know that d + 1 = f (because we use every number). Also,
because the largest element is a cape node, d will be its only member, and because d is
bigger than every other element in the graph (except f ) and the two neighbours of d are
bigger than every other element (except d and f ), we know that one of them is d − 1,
which means that b = 1 and c = 1.
Let us say that the longest sequence examined before is k long. Then the two neighbours of d are d − 1 and d − k + 1, so a = k − 1. However, the sequence starting at
d − k + 1 will be k − 2 long, which means that its two neighbours will be d − k and
d − k − (k − 2) + 1 = d − 2k + 3, which means that a = k − 3, which is a contradiction.
This way we proved that there is no two-class ("easy") method to assign indexes to
the nodes suciently. It can happen that there are other ways involving more classes,
but those are more complicated than to use two indices.
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2.1.2

Using two indices

In the previous section it turned out that it is easier to use two variables instead of one.
This means, that instead of one, we will assign two variables to every region.
The two variables will be the following: for P s,u , s will be the number of the row where
the region is, and u will be number of the region in the given row. With these notations,
the neighbours of an inner upward triangle with the indices (s, u) will be (s, u + 1),

(s, u − 1) and (s − 1, u + 1) and for a downward triangle, these are (s, u − 1), (s, u + 1)
and (s + 1, u − 1).
Using the notations, we get the following equation for P s,u where (s, u) is an index of
an upward inner region:


P s,u
dP s,u
s,u
1 − s,u + Ep (P s,u−1 − P s,u ) + Gp (P s,u+1 − P s,u ) + Fp (P s−1,u+1 − P s,u )
= aP
dt
T
This way, we can construct the whole system of equations:



dP s,u
P s,u
s,u
= aP
1 − s,u + H1 (P s,u )
dt
T


s,u
Rs,u
dR
s,u
= cR
1 − s,u + H1 (Rs,u )
dt
T


dT s,u
dt

=

(2.1)

T s,u 
b
s,u 
1
−
− hP s,u + H1 (T s,u )
T

M 
1 + f N 2 Rs,u
N2

in which we used
H1 (X s,u ) := Ex (X s,u−1 − X s,u ) + Gx (X s,u+1 − X s,u ) + Fx (X s−1,u+1 − X s,u )
The equation for the downward inner region is also similar:



P s,u
dP s,u
s,u
= aP
1 − s,u + H2 (P s,u )
dt
T


s,u
dR
Rs,u
s,u
= cR
1 − s,u + H2 (Rs,u )
dt
T


dT s,u
dt

=

b
T s,u 
s,u 
T
1
−
− hP s,u + H2 (T s,u )

M 
1 + f N 2 Rs,u
N2

where
H2 (X s,u ) := Ex (X s,u+1 − X s,u ) + Gx (X s,u−1 − X s,u ) + Fx (X s+1,u−1 − X s,u )
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(2.2)

The coexistence equilibrium computed in the one dimensional case is also an equibrillium of these systems, which is

Pε = Rε = Tε =

1 M (b − h)
N 2 b + hM f

for every one of the N 2 systems.
If we linearise the system at this equilibrium, we get the following:










dP s,u
dt
dRs,u
dt
dT s,u
dt





−a

0



a







−c
 = 0






−f M h(b − h)
−h
b(1 + f M )



P s,u




c
  Rs,u


f M h − b + 2h 
T s,u
1 + fM

H1 (P s,u )







 +  H1 (Rs,u )




H1 (T s,u )











(2.3)

where (s, u) is an index of an upward triangle. We get the same system for the downward
triangles with the H2 image of the P s,u ,Rs,u and T s,u variables.
Let us use the following notations:


1
s
ΩN := (s, u) : u ≤ + N + , s, u ∈ Z+
2
2
FrE (ΩN ) := {(s, u) ∈ ΩN : u = 1, s 6= 1, s 6= N }
FrF (ΩN ) := {(s, u) ∈ ΩN : s = 1, 2 - u, 2 < u < 2N }


1
s
FrG (ΩN ) := (s, u) ∈ ΩN : u = + N + , s 6= 1, s 6= N
2
2
Int(ΩN ) := ΩN \ (FrE (ΩN ) ∪ FrF (ΩN ) ∪ FrG (ΩN ) ∪ (1, 1) ∪ (N, 1) ∪ (1, 2N + 1))
Int(ΩN )up := {(s, u) ∈ Int(ΩN ) : 2 | u}
Int(ΩN )down := {(s, u) ∈ Int(ΩN ) : 2 - u}
Like in the one variable case, we will use the Fourier transformation. First, we apply
it to the rst equation in the upward case:

dxv,w
1
= 2
dt
N
=

1
N2

X

e

X

e

−2πi(vs+wu)
N2

(s,u)∈Int(ΩN )up

−2πi(vs+wu)
N2

dP s,u
=
dt


−aP s,u + aT s,u + Ep (P s,u−1 − P s,u )+

(s,u)∈Int(ΩN )up


+Gp (P s,u+1 − P s,u ) + Fp (P s−1,u+1 − P s,u ) =
= −axv,w + azv,w − (Ep + Gp + Fp )xv,w + Ep e
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−2πiw
N2

xv,w + Gp e

2πiw
N2

xv,w + Fp e

2πi(w−v)
N2

xv,w

If the diusion is the same in both directions (with the notation Dp := Ep = Fp ), we
get






−2πiv
2πiw
2πw
dxv,w
2
2
N
N
= −a − (2 + ϑ)Dp + 2Dp cos
+ Dp e
ϑ−1+e
xv,w + azv,w
dt
N2
We can also get the equations for yv,w and zv,w the same way:





−2πiv
2πiw
dyv,w
2πw
yv,w + czv,w
= −c − (2 + ϑ)Dr + 2Dr cos
+ Dr e N 2 ϑ − 1 + e N 2
dt
N2





−2πiv
2πiw
dzv,w
2πw
2
2
N
N
ϑ−1+e
zv,w
= −hxv,w −Ayv,w + B − (2 + ϑ)Dt + 2Dt cos
+ Dt e
dt
N2
in which we used the notations (also used in the one dimensional case):

A :=

f M h(b − h)
b(1 + f M )

f M h − b + 2h
1 + fM
These equations can be written in the form


dxv,w

−a + Dp H3
0
a
 dt 



 dyv,w 


 =
0
−c + Dr H3
c
 dt 




 dz

v,w
−h
−A
B + Dt H3
dt
B :=

xv,w





  yv,w


zv,w









(2.4)

where (v, w) ∈ Int(ΩN )up and


H3 := −(2 + ϑ) + 2 cos

2πw
N2


+e

2πiw
N2



ϑ−1+e

−2πiv
N2



We get a similar system for the downward triangles, except we will use the variable

H4 instead of H3 , which is

H4 := −(2 + ϑ) + 2 cos

2πw
N2


+e

−2πiw
N2



2πiv

ϑ − 1 + e N2



The system of equations is also similar for the shore regions. For (v, w) ∈ FrE (ΩN ),
the new H5 constant is

H5 := −1 − ϑ + e

2πiw
N2



ϑ+e

−2πiv
N2



For the shore regions in FrF (ΩN ), it is


H6 := −1 − ϑ + 2 cos
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2πw
N2


+e

2πiw
N2

(ϑ − 1)

and for the ones in FrG (ΩN ), it is

H7 := −2 + e

−2πiw
N2

+e

2πiw
N2

e

−2πiv
N2

For the cape region (1, 1), the previous constant is


2πi
H8 := ϑ −1 + e N 2
For (1, 2N − 1) it is

H9 := −1 + e

−2πi(2N −1)
N2

and for (N, 1) it is

H10 := −1 + e

2πi(1−N )
N2

This way we got N 2 matrices we should check for stability. We will call a real valued
matrix stable, if all its eigenvalues have a negative real part. However, we will have complex valued ones, so we need to apply a bit dierent method than in the one dimensional
case. We call our system stable if and only if all the N 2 matrices are stable. In the next
section we study these properties.
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2.2 The stability of our system
In this section we discuss the similarities and dierences between the previously mentioned
one dimensional model and the one dened in section 2.1.
One of the parameters that can inuence the stability of the system is the parameter

ϑ. Here we discuss two dierent approaches, which arise from two dierent assumptions.
•

Assumption A: The diusion is proportional to the length of the common edges
between regions.

√

2. However, it is easy to construct cases when this approach
gives us a false interpretation of our problem. On gure 2.4 we can see that if we
change the diagonal common edge to a criss-cross line, the areas of the regions will
not change, but because of the diusion parameter depends on the length of the
edge, it will grow drastically, and thus gives us a false result.
In this case ϑ =

Figure 2.4: If we increase the length of the common edge, we get a false result for diusion.
However, it is also clear that in our model there is no such problem, because every
edge is a straight line.

•

Assumption B: The diusion is proportional to the distance between the centres
of the regions.

1
In this case ϑ = √ , because we assume that the diusion increases linearly as
0.4
the centres are closer to each other. In this case a problem can arise from the fact
that we do not take the shape of the regions into consideration, only their centre.
Note that the two ϑ values are not so far from each other.
To study the region of stability, we will use a complex version of the Routh-Hurwitz
criteria. Before we state the theorem, let us remark the key dierence between the real
and the complex version of the criteria. In the real case we call our system stable if
all the eigenvalues of our matrix have a negative real part. This property arises from
the connection between the stability of a given matrix A and the dierential equation

x0 (t) = A exp(λt). In the complex case, the corresponding dierential equation has the
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form x0 (t) = A exp(iλt), which means that now we need the negativity of the real part
of iλ, which is the same as the positivity of the imaginary part of λ. This way the
Routh-Hurwitz gives requirements which assure the previous condition. We will state the
theorem for three dimensions, but it can be stated for any other case.

Theorem 5

(Routh-Hurwitz criteria, [11], [10]).

Given a polynomial in the form

(a0 + ib0 )λn + (a1 + ib1 )λn−1 + · · · + (a1 + ib1 ) = 0

all of its roots will have a positive imaginary part if and only if the following conditions
are fullled:
(a) b1 is positive
(b) the ∆1 , ∆3 and ∆5 diagonal principle minors of the following matrix are all positive:
a0
b0
0
0
0
0

a1
b1
a0
b0
0
0

a2
b2
a1
b1
a0
a0

a3
b3
a2
b2
a1
a1

0 0
0 0
a3 0
b3 0
a2 a3
a2 a3

Remark 4. The previous two conditions are equivalent to the fact that the even diagonal
principle minors of the previous matrix have alternating signs, i.e. ∆2 < 0, ∆4 > 0 and

∆6 < 0.
In our case, we have to examine the characteristic polynomial of the matrix (2.4),
which is

det(Sv,w −λI) = [−a+Dp Hi −λ]([−c+Dr Hi −λ](B+Dt Hi −λ)+cA)+ah[−c+Dr Hi −λ] =
= [−a+Dp Hi −λ][−c+Dr Hi −λ](B +Dt Hi −λ)+[−a+Dp Hi −λ]cA+ah[−c+Dr Hi −λ] =
= λ3 + P2 λ2 + P1 λ + P0
for every i ∈ 3, 4, . . . 10 where

P0 = (−a + Dp Hi )(−c + Dr Hi )(B + Dt Hi ) + cA(−a + DpHi ) + ah(−c + Dr Hi)
P1 = − [(−a + Dp Hi )(−c + Dr Hi ) + (−c + Dr Hi )(B + Dt Hi )+
+(−a + Dp Hi )(B + Dt Hi ) + cA + ah]
P2 = (−a + Dp Hi ) + (−c + Dr Hi ) + (B + Dt Hi )
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Using the notations of the theorem, we get that a0 = 1, b0 = 0, so one of our conditions
are always fullled. Note that the only imaginary values arise from the Hi expressions, in
which the only complex numbers are the roots of unity. This way for the rst condition
in the theorem, we only have to calculate the imaginary part of P2 , for which we only
have to examine the Hi terms. Note that neither of the constants aect the condition of
positivity, thus this only depends on the value of N .
Let us consider the i = 10 case, which corresponds to the cape region (N, 1):

 2πi(1−N ) 
2π(1 − N )
= sin
Im(H10 ) = Im e N 2
N2
1−N
is negative for N > 1, which means that the imaginary part of the above
N2
expression is always negative, so can never be stable.
The term

Proposition 12. Our two dimensional system is never stable.
One can argue that with the removal of the volcanoes from the island this region
disappears, and thus stability can occur. However, if we study the stability of the inner
regions, we get that H3 has a negative imaginary part for w > v , and H4 has the same
property for v > w. These regions remain on the island, thus the system remains unstable.
Because these results are a bit surprising, one can suppose that our model was not a good
description of the problem. This way it is necessary to construct another grid, which is
discussed in the next section.
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2.3 Another model involving rectangles
In this section we propose a new model in which the regions are not triangles, but rectangles inside the island. The grid can be seen on gure 2.5.

Figure 2.5: Our island for N = 1, N = 2, N = 3 and N = 4, respectively.
We can see that now we have only one type of inner regions, which makes our system
more simple.

Proposition 13. The number of regions in every case is Ñ :=

N (N + 1)
.
2

Proof. (Proof 1) Let us transform the grid form the previous model into the current one
the following way. Mirror every triangle in FrG (ΩN ) to the shore. This way we get N 2 +N
regions, and now erase every diagonal edge in the grid. This way we got the same number
of regions as in our current model.

Proof. (Proof 2) The number of regions in every case is the N th triangle number, which
can be written in the form

N (N + 1)
.
2

In this case we will have only two directions of diusion, which will have the diusion
parameters Ek (east-west) and Fk (north-south) where k ∈ {P, R, T }.
We can also see that like in the previous case, it is better to use two variables instead
of one.
2.3.1

Using one index

We get the same problems in a case of a trivial numbering as in the previous case. Let
us number the regions starting from the south-western cape, and label them from left to
right, from down to up (see gure 2.6).
For an inner region with label s, the regions to the left and to the right are s − 1 and

s + 1. However, the neighbours to north and south have a bit more complicated labels.
In the previous case we have seen that at every end of a row there was a square number.
In this case, we can see that the property we have here is that every region at the end of
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Figure 2.6: The trivial numbering of the regions.
a row has a triangle number on it. This way let us use the operator ∆ : N −→ N, which
k(k + 1)
is dened the following way: ∆(n) := max{k ∈ N : n ≥
}. Note that ∆(s) is the
2
number of the row region s is in. This way we know that the label assigned to the last
(∆(s) + 1)(∆(s) + 2)
, therefore the number of regions to
region in the row of region s is
2
(∆(s) + 1)(∆(s) + 2)
the right of region s in its row is
− s, and to the left this value is
2
∆(s)(∆(s) + 1)
− 1. This way the dierence between s and the value assigned to the
s−
2
region above s is

s−

∆(s)(∆(s) + 1)
(∆(s) + 1)(∆(s) + 2)
−1+
− s = ∆(s)
2
2

Similarly, the region below s has the label ∆(s) − 1.
This way we get the following equation for P s :


dP s
Ps
s
= aP 1 − s + Ep (P s+1 − 2P s + P s−1 ) + Fp (P s+∆(s) − 2P s + P s−(∆(s)−1) )
dt
T
Using the Fourier transformation, we get a similar equation as in the previous model:
2

N
dxr
1 X −2πirs dP s
=
e Ñ
=
dt
dt
Ñ s=1
2

N


1 X −2πirs
=
e N 2 −aP s + aT s + Ep (P s+1 − 2P s + P s−1 ) + Fp (P s+∆(s) − 2P s + P s−(∆(s)−1) ) =
Ñ s=1


2πir
2πir
= −axr + azr − Ep Cr xr + Fp e∆(s) N 2 − 2 + e−(∆(s)−1) N 2 xr

This way we do not get a compact formula like in the one dimensional case, and
therefore we can suppose that our indexing was not the right one. Like in the previous
model, we show that it is easier to use two variables instead of just one.
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Proposition 14. There is no sucient one class indexing of the nodes of our graph.
Proof. Let us suppose that there is actually a one-class sucient indexing of our graph.
For easier study we write the distances of the labels on neighbouring nodes onto the
corresponding edges.
It is easy to see that there are at least two kinds of numbers are written on the
neighbouring edges of a node. Because we have one class, there are exactly two kinds of
such numbers. This way on our graph we will have edges with a-s written on them, and
others with b-s. Let us call a sequence of a-s connected to each other an a-thread. These
a-threads are connected to each other with b-edges. We also know that these a-threads
cannot turn on the graph, i.e. they must go in a north-south or east-west direction. The
reason for it is that if we suppose that a (c, d) north-south a-edge is followed by an eastwest (d, e) a-edge, then c will have a neighbour f which is connected to c with a b-edge
and has a b-edge to e. (It is easy to see that these (c, f ) and (f, e) edges must be b-edges,
because if one of them is an a-edge, e.g. (f, e), then we know that by one of the values
must be one, a = 1 and b = 3. In this case the dierence of the values in c and f is four however, d has two b edges, consequently has a neighbour which has a dierence of four
from c, which is a contradiction.) This way we get that a = b which is a contradiction.
It is also easy to see that these a-threads must increase in the same direction, e.g. to
the north if they are in the north-south direction. We can also see that the a-threads
follow each other in a certain hierarchy in a way that the rst elements in them form a

b-thread, and also the second elements in them and so on.
First let us suppose that the longest a-thread is also the largest. In this case the
last element in this a-thread is the largest element in this graph. Let us call this edge g
and its only neighbour by h. If we remove this node, the remaining graph has its largest
element in h. This means that a = 1 (because every number must be present in the
indexing). This way we get that the one neighbour of h which is connected to it by a
b-edge has an N dierence from h, hence b = N . However, if we remove the examined
a-thread from the graph and repeat the previous method, we get that b = N − 1 which
is a contradiction.
If the longest a-thread is the smallest in the hierarchy, then with a similar train of
thought we get that b = N and then b = N − 1, which is also a contradiction.
This way we showed that we need at least two types of inner regions if we want to
label them with only one variable. However, unlike in the previous model, we do not
have two types of regions. Thus, instead of creating such an articial classication, we
will use two types of variables to index our regions.
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2.3.2

Using two indices

Like in the previous model, we will use the two indices (s, u) indicating which row and
column the region is in. This way the neighbours of an inner region (s, u) will be (s−1, u),

(s+1, u), (s, u−1) and (s, u+1). This way we can construct the whole system of equations


P s,u
dP s,u
s,u
1 − s,u + H20 (P s,u )
= aP
dt
T


s,u
dR
Rs,u
s,u
= cR
1 − s,u + H20 (Rs,u )
dt
T


dT s,u
dt

(2.5)

b
T s,u 
s,u 
T
1
−
− hP s,u + H20 (T s,u )

M 
1 + f N 2 Rs,u
Ñ

=

in which we used
H20 (X s,u ) := Ex (X s−1,u − 2X s,u + X s+1,u ) + Fx (X s,u−1 − 2X s,u + X s,u+1 )
We get that the coexistence equilibrium computed in the previous model is also an
equilibrium point of this system, which is

P∗ = R∗ = T∗ =

1 M (b − h)
Ñ b + hM f

After linearising at this point, we get the system



dP s,u
−a
0
a
 dt 




 dRs,u 
 0
−c
c



 dt  = 



 dT s,u 

−f M h(b − h) f M h − b + 2h
−h
b(1 + f M )
1 + fM
dt




s,u
 P


  Rs,u



T s,u





H1 (P s,u )







 +  H1 (Rs,u )




H1 (T s,u )






(2.6)

Now we use the Fourier transformation to decouple our system. We use the notation
Int(ΩN ) = {(s, u) : s ≥ 2, u ≥ 2, s + u 6= N + 1}.

dxv,w
1
=
dt
Ñ
=

1
Ñ

X

e

−2πi(vs+wu)
Ñ

X

e

(s,u)∈Int(ΩN )

−2πi(vs+wu)
Ñ

dP s,u
=
dt


−aP s,u + aT s,u + EP (P s−1,u − 2P s,u + P s+1,u )+

(s,u)∈Int(ΩN )up


+FP (P s,u−1 − 2P s,u + P s,u+1 ) =
πv
πw
= −axv,w + azv,w − 4EP sin2
xv,w − 4FP sin2
xv,w
Ñ
Ñ
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If the diusion is the same in both directions, we get with the notation DP := EP = FP
the following:

dxv,w
= −axv,w + azv,w − 4DP
dt



2 πv
2 πw
sin
xv,w
+ sin
Ñ
Ñ

We get similar equations for yv,w and zv,w :



dyv,w
2 πv
2 πw
= −c − 4DR sin
+ sin
yv,w + czv,w
dt
Ñ
Ñ



dzv,w
2 πv
2 πw
= −hxv,w − Ayv,w + B − 4DP sin
+ sin
zv,w
dt
Ñ
Ñ
where we used the notations A and B dened before.
These equations can be written in the form


dxv,w

−a + Dp H21
0
a
 dt 



 dyv,w 


 =
0
−c + Dr H21
c
 dt 




 dz

v,w
−h
−A
B + Dt H21
dt
where

H21



xv,w





  yv,w


zv,w







(2.7)



2 πw
2 πv
+ sin
:= −4 sin
Ñ
Ñ

For shore regions (v, w) ∈ FrE (ΩN ) := {(s, u) : u = 1, s 6= 1, s 6= N } we get a similar
equation with new constant H22 which is dened as

H22 := −4 sin2

2πiw
πv
+ e Ñ − 1
Ñ

Similarly, for shore regions (v, w) ∈ FrF (ΩN ) := {(s, u) : s = 1, u 6= 1, u 6= N } we get

H23 := −4 sin2

2πiv
πw
+ e Ñ − 1
Ñ

The regions in (v, w) ∈ FrG (ΩN ) := {(s, u) : s = N +1−u} are a bit dierent, because
M
2M
(which also changes the values of A and
in this case we write M̃ := 2 instead of
N
N2
B ). Also, the constant is

H24 := e

−2πiw
Ñ

−1+e

−2πiv
Ñ

−1=e

−2πi(N +1−v)
Ñ

For the cape region (1, 1) we have
2πi

2πi

H25 := e Ñ − 1 + e Ñ − 1
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+e

−2πiv
Ñ

−2

The (N, 1) region we use M̃ and the constant

H26 := e

−2πiN
Ñ

−1=0

and the (1, N ) has also M̃ and the following value:

H27 := e

−2πiN
Ñ

−1=0

We call our system stable, if every one of the (v, w) systems is stable. In the next
section we discuss the stability of this system.
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2.4 The stability of the second and any arbitrary model
In this model the matrices for the (v, w) systems can be either real or complex valued.
As we have seen at the previous model, the study of these two types considerably dier
from each other, therefore must be studied separately.
Let us examine the conditions involving the regions in FrG (ΩN ). Like in the previous
model we use theorem 5. For condition

(a), we need to prove for stability that the

following term is positive.







πw πv
πw πv
−2πv
2πw
2πv
−2πw
= −2 sin
cos
=
+sin
= − sin
+ sin
+
−
sin
Ñ
Ñ
Ñ
Ñ
Ñ
Ñ
Ñ
Ñ






 
π
2π
4πv
π
2π
= −2 sin
cos
−
=
(w + v) cos
(w − v) = −2 sin
N
N
N (N + 1)
Ñ
Ñ
 
 

2π
2π
2v
= −2 sin
cos
1−
N
N
N +1
4
2v
4
It can be shown that −1 +
≤ 1−
≤ 1−
, and this way the value
N +1
N +1
N +1
of the cos function is positive. This means that our system is never stable.
This arises the following question: are these two models are just two not so fortunately
chosen ones, or instability is a common phenomenon in the two dimensional models
studied using the Fourier transform? The next theorem answers this question.

Denition 1.

Let us use the following notation: RN := max max |x − y|. We call a

sequence of partitions
are

S∈ΩN x,y∈S

thickening, if RN → 0 as N → ∞. We also say that two regions

of the same type, if they are translations of each other.

Denition 2.

Consider a set of parallel lines on our island. If for every line the sequence

of one of the indices of the regions intersected by the line form a monotone sequence,
then we call that set of lines a monotone

orientation. If there is at least two, non-parallel
monotone orientation on the island, the island has a monotone indexing.

Theorem 6. Let us consider the following reaction-diusion equation given on an isocline
right triangle with a homogeneous Neumann boundary condition:
u0 = f (u) + 4u
∂ν u = 0

(2.8)

Now let us consider the space-discretised version of the same problem on a thickening
partition of the region with at most two types of regions, indexed with two parameters
with a monotone indexing:
u0 = F (u) + D(u)

in which D(u) is the discretised version of the Laplace operator.
55

(2.9)

In this case (one of) the coexistence equilibrium(s) of equation (2.9) (which is the one
involving the case D(u) = 0) is always unstable.
Proof. From the two previously proposed models it is clear that after linearising around
the equilibrium does not aect the diusion terms. After the Fourier transformation we
will have complex values at the shore regions, because the diusion into the sea is zero,
therefore the two exponential terms cannot be converted into a cosine or sinus function.
For the

(a) condition of theorem 5, we must study the term in the characteristic

function of the stability matrix which involves the squares of the eigenvalues. These
terms arise from the products of the diagonal elements, and thus their imaginary parts
are only aected by the Hi terms describing the diusion. We can assume that the
diusion is discretised the way we did like in the previous models, and therefore we will
have exponential terms with a negative exponent. This is a corollary of the fact that
there will be a shore of the island where one of the indexes is smaller than the ones in
the neighbouring regions. Consequently we will have a sinus function which must be
evaluated at negative values near zero, and therefore will be negative. Thus, the system
is unstable.

Remark 5. The previous theorem can be extended to arbitrary (bounded) polygons. (And
also for higher dimensions, but these latter are not so benecial for applications.)

Remark 6. The previous theorem is not true for non-monotone indexing. For example,
let us consider a radial indexing in the way that one index corresponds to the distance
of the region from the middle of the island, and the other describes its position on this
circle. Let us start the indexing from the shore regions. In this case the shore regions has
only neighbours with higher indices. However, this method is much harder to implement
than the previous one, and therefore it is more easier to use another method to solve the
problem, for example a nite element one.
This way we can see that the original, one dimensional Basener model cannot be
extended to two dimensions, or at least not the way described in the previous theorem
and two models.
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Chapter 3

Partial stability

In the previous sections we called our system unstable if all the regions of the model were
unstable. However, it is a possible scenario that our populations will not die out in every
region, but there will be some stable parts of the island with a sustainable ecosystem.
For the further examinations, we introduce the following notion.

Denition 3.

Our system for a given (Dp , Dr , Dt ) is called partially

stable, if there is (at

least) one stable region.
In the rst section of this chapter we study the one dimensional case, and then the
two dimensional in the second one.

3.1 One dimensional case
From now on we will examine the cases when our system is partially stable, so we have
at least one stable region on our island. First let us assume that we have a stable
population in the stable region s and extinction in every other one. In this case we will
get the following equation for the region s − 1 next to our stable one:

dP s−1
= 0 + P s + P s−2 = P s
0=
dt
but this is a contradiction. This way we know that instability does not mean extinction
(or at least not next to the stable region). The more likely scenario is that we will have
stable periodic orbits in these regions.
Now let us consider the situation when extinction happens in one of the regions, let
us call it region u. For this region we get the equation
dP u
= P u−1 + P u+1
0=
dt
So both neighbouring regions will have extinction too. With induction we get the following lemma.
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Lemma 4. If extinction happens in one of the regions, then it happens in every other
region.
This way we proved that in our case partial stability means that none of our regions
will have extinction, but perhaps some periodic (or chaotic) behaviour.
Now let us assume that region v is stable, and every other region is unstable. Also,
let us consider the situation when one of its neighbours have a periodic behaviour. If we
consider the equation for region v , we get

0=

dP v
= P v−1 − 2P v + P v+1
dt

which means that if P v (t) = T v (t) = U and P v−1 (t) = U −εP (t), then P v+1 (t) = U +εP (t)
1 M (b − h)
. With this we get that the other neighbour will also
for every t, where U =
N b + hf M
have a periodic behaviour, but reected to the constant U line. Note that this is also true
if the behaviour is not periodic, but chaotic: these two regions will be connected in this
case too. Of course these also hold for the R and T variables, so our system is symmetric
in every variable in the sense discussed before.
The regions next to the regions v − 1 and v + 1 are a bit more complicated. Let us
still suppose that the behaviour in these previous two are periodic. This way one of them
will have a local maximum at a certain t∗ point (let this be region v − 1) and the other
will have a minimum there (region v + 1). Now let us write out the equation for region

v − 1 at this t∗ point:


dP v−1 ∗
P v−1 (t∗ )
v−1 ∗
(t ) = aP (t ) 1 − v−1 ∗
+ P v−2 (t∗ ) − 2P v−1 (t∗ ) + U
0=
dt
T (t )
If we use the notations dened before, we get


(U − εP (t∗ ))
∗
0 = a(U − εP (t )) 1 −
+ P v−2 (t∗ ) − 2(U − εP (t∗ )) + U
U + εT (t∗ )


(U − εP (t∗ ))
v−2 ∗
∗
P (t ) = a(U − εP (t ))
− 1 + 2(U − εP (t∗ )) − U =
∗
M + εT (t )

=a

U 2 − 2U εP (t∗ ) + εP (t∗ )2
+ (a − 2)εP (t∗ ) + U (1 − a)
∗
U + εT (t )

We also know that the derivative of P v+1 is also zero at this point, so we get the
following equation for P v+2 (t∗ ):

P

v+2

∗

∗

(t ) = a(U + εP (t ))
=a




(U + εP (t∗ ))
− 1 + 2(U + εP (t∗ )) − U =
U − εT (t∗ )

U 2 + 2U εP (t∗ ) + εP (t∗ )2
+ (a + 2)εP (t∗ ) + U (1 + a)
U − εT (t∗ )
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This way we get periodic functions if the periods of εP and εT are commensurable,
but this can be supposed. Note that if we observe the value of P v+2 or P v−2 at any other
point, we get similar equations:

P v−2 (t) = a

dP v−1
U 2 − 2U εP (t) + εP (t)2
+ (a − 2)εP (t) + U (1 − a) +
(t)
U + εT (t)
dt

P v+2 (t) = a

U 2 + 2U εP (t) + εP (t)2
dP v+1
+ (a + 2)εP (t) + U (1 + a) +
(t)
U − εT (t)
dt

This way we get that both P v+2 and P v−2 are periodic (because the derivatives in the
regions v − 1 and v + 1 are also periodic). The previous proof can be done the same way
for the R and T variables also, assuming that both εP , εR and εT are commensurable.
Now let us consider the regions v ± 3. If we write up the equation for P v+2 at its local
maximum t1 , we get the following:


P v−2 (t1 )
dP v−2
v−2
(t1 ) = aP (t1 ) 1 − v−2
+ P v−3 (t1 ) − 2P v−2 (t1 ) + P v−1 (t1 )
0=
dt
T (t1 )
Because of the previous claims, it is clear that P v−3 is also periodic. Note that we did
not use the fact that we evaluated the equation at t1 - the previous argument holds for
any t value, because the derivative of a periodic function is also periodic. By induction
we get the following proposition.

Proposition 15. If one of our regions is stable and another one next to it is periodic,
then every other unstable region is also periodic.
Now let us consider the case when we have more stable regions in our model. First
let us examine the case when we have two neighbouring stable regions s and s + 1. If we
write up the equations for s, we get

0=

dP s
(t) = P s−1 (t) − 2P s (t) + P s+1 (t) = P s−1 (t) − P s (t)
dt

from which we get the next lemma by induction.

Lemma 5. If we have two neighbouring stable regions, then every region is stable in our
system.
We can also state an easy corollary of the previous lemma.
 
N
Corollary 6.1. In a system with N regions, if at least
+1
2

every region is stable in the system.
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regions are stable, then

Now let us consider the case when we have a region u with two stable regions as
neighbours. In this case, if we write up the equation for this region u, we get


P u (t)
dP u
u
− 2P u (t) + 2U
(t) = aP (t) 1 − u
dt
T (t)
This means that the behaviour of region u is not aected by any of the other regions
- because of this, we will call it isolated. If this behaviour is periodic, then by proposition
15 every other region is also periodic. The following lemma is also a corollary of the
proposition:

Lemma
6. If region u − 1 and u + 1 are stable, then Qu−2 (t) = Qu+2 (t) for every t where
 

P
 
Q := R.
T

If the population is stable in this region, the equation above has the form

(P u (t))2
0 = −a u
+ (a − 2) P u (t) + 2U
T (t)
It is clear that Q∗ = (U, U, U )T is an equilibrium point of the system, and by proposition 10 there are no other coexistence equilibrium points. Let us examine the stability
of this point by linearisation. We get the matrix



2aP u (t)
(P u (t))2
+ a − 2Dp
0
a
 − u
T (t)

(T u (t))2


(Ru (t))2
2cRu (t)

+
c
−
2D
c
0
−
r

T u (t)
(T u (t))2








−f N b
(T u (t))2 
b
T u (t) 
 u


−h
T
(t)
−
1
−
− 2Dt


M  1 + f N Ru (t) 
M 
(1 + f N Ru (t))2
N
N
∗
If we substitute the equilibrium point Q into the matrix, we get




S=




−2Dp − a

0

0

−2Dr − c

−h

−f N
hU
1 + fNU

a
c
b
1 + fNU



NU
−2
+ 1 − 2Dt
M












Dp


Note that this matrix can be written in the form S = S0 − 2ID, where D =  Dr 
Dt
and S0 is the stability matrix examined in [3]. Consequently, the eigenvalues of S can be
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written in the form λ = λ0 − εD , where εD ∈ R+ and λ0 is an eigenvalue of the S0 matrix
- this way, the conditions for stability stated in [3] are sucient for the stability of the
equilibrium in this isolated region.
Now let us consider the case when we have two unstable regions between our stable
ones, denoted by v − 1 and v + 2. If we write up the equations for them, we get


P v (t)
dP v
v
(t) = aP (t) 1 − v
− 2P v (t) + P v+1 (t) + M
dt
T (t)


dP v+1
P v+1 (t)
v+1
(t) = aP (t) 1 − v+1
− 2P v+1 (t) + P v (t) + M
dt
T (t)
This is a perfectly symmetric system of dierential equations, which proves the next
lemma.

Lemma 7. If region v − 1 and v + 2 are stable, and Qv (t0 ) = Qv+1 (t0 ), then Qv (t) =
Qv+1 (t) for every t > t0 .
For the case when there are three unstable regions between our stable regions w − 2
and w + 2, we get the equations



dP w−1
P w−1 (t)
w−1
(t) = aP
(t) 1 − w−1
− 2P w−1 (t) + P w (t) + M
dt
T
(t)


P w (t)
dP w
w
(t) = aP (t) 1 − w
− 2P w (t) + P w−1 (t) + P w+1 (t)
dt
T (t)


P w+1 (t)
dP w+1
w+1
(t) = aP
(t) 1 − w+1
− 2P w+1 (t) + P w (t) + M
dt
T
(t)
The rst and the third equations are the same, so we can state the next lemma.

Lemma 8. If region w−2 and w+2 are stable, and Qw−1 (t0 ) = Qw+1 (t0 ), then Qw−1 (t) =
Qw+1 (t) for every t > t0 .
By induction we get the following proposition.

Proposition 16. If region z and z + k are stable regions, and Qz+1 (t0 ) = Qz+k−1 (t0 ),
then Qz+1 (t) = Qz+k−1 (t) for every t > t0 .
Note that for regions z − 1 and z + 1 the condition Qz−1 (t0 ) = Qz+1 (t0 ) is never
fullled, but proposition 15 can be applied to them.
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3.2 Two dimensional case
First we study the model proposed in section 2.1. We can state similar propositions as
in the one dimensional case.

Lemma 9. If extinction happens in one of the regions, then it happens in every other
region.
Proof. Write up the equation for the region with extinction, and by induction we get the
result.
Because in this case one region has four neighbours, the results for periodicity are a
bit weaker than in the previous case.

Lemma 10. If one of our regions is stable and two of its neighbours are periodic, then
the third neighbour is also periodic.
The result regarding the stable regions is also weaker, however gives a much richer
dynamics on the island.

Lemma 11. If we have a stable region with two stable neighbours, then the third neighbour
of the middle one is also stable.
Using the lemma, we get the following proposition.

Proposition 17. Let us suppose that N > 1, and denote the number of the stable regions
with Ns and the number of the unstable ones with Nu (which is N 2 − Ns ). Then we can
construct using lemma 14 a partition of the island for every 2 ≤ Nu ≤ N 2 value.
Proof. We give an algorithm with which every Nu case can be constructed.
Let us think about our island as a graph, in which every node corresponds to a region,
and two regions are connected if and only if they have a common edge. (This is the same
graph discussed in the proof of proposition 11). We need to prove that with the property
arising from lemma 14 we can colour the vertices of the graph with two colors. For easier

triangle, if v1 , v2 and v3 are both
connected to v4 . We will also call a {vi } sequence of nodes a strand, if the neighbouring
notation, we will call four nodes v1 , v2 , v3 and v4 a

elements of the sequence are connected by an edge arising from a common edge which is
either vertical or horizontal, but not diagonal (see gure 3.1).
We start our algorithm from the state of Ns = N 2 , which is clearly a possible scenario. It is also clear that for Nu = 1, the only unstable region will be part of a stable
triangle, therefore it cannot be unstable, so we get a contradiction. For Nu = 2, we can
choose regions (1, 1) and (1, 2) to be unstable, which will not contradict the statement
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Figure 3.1: Left: a triangle. Right: some strands in the graph, where the red vertex
represents region (1, 1).
of lemma 14, because we will have two unstable and two stable nodes in the triangle. In
the case of Nu = 3, if we choose (1, 2), (1, 3) and (1, 4) to be unstable, we get a good
colouring (for N = 2, we can choose (1, 1) instead of (1, 4)). For Nu = 4, we can choose

(1, 1), (1, 2), (1, 3) and (1, 4) to be unstable, ad we get a sucient colouring (in the case
of N = 2, we choose all the vertices of the graph). From now on, we suppose that N > 2.
For Nu = 5, we can choose the vertices (1, 2), (1, 3), (1, 4), (2, 1) and (2, 2). For Nu = 6,
the chosen nodes are the same as in the previous case, but we also choose the vertex (1, 1).
Now we present a method constructing the cases Nu + d from Nu . For this, let us suppose
that all of the nodes located on the left side of a strand (e.g. the green one on gure
3.1), including every even node are unstable. This way we know that all the nodes in the
strand to the left (the blue one) are unstable, all the nodes in the strand to the right (the
purple one) are stable. The next is the key step of our algorithm: we change every stable
node in the "border" srand (the green one) to unstable, and every unstable to stable.
Also, we change every even node in the right strand (purple one) to be unstable, and
every odd node in the left strand (blue one) to stable. This way, we got Nu + 2 many
unstable vertices, so we change also the nodes (1, 1) and (1, 2) to be unstable. This way,
we got Nu unstable regions, and the colouring still does not contradict lemma 14. Now
we can change the stable regions on the left side of our previous "border" strand (the
green one) to be unstable one by one.
In the Nu = 6 case we can have a problem when the leftmost triangle (containing
(1, 1)) has only stable nodes, because changing one node to unstable contradicts lemma
14. However, we can "move" one of the stable vertices to the unstable part, namely
changing one of them to be unstable, and one node, e.g. (1, 5) to stable - this way, we
did not change the number of unstable regions. Although now we get a contradicting
colouring, but changing one node in the leftmost triangle gives us a sucient one. Note
that this problem only arises for Nu = 6.
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Continuing the steps described above we get a state when the rightmost strand has
unstable nodes at every even place and stable at every odd one, but we can easily change
the stable ones to be unstable. This way, we got the case when every node is unstable,
thus proved the proposition.
Note that the induction step can also be applied to Nu = 2 to get to the Nu = 4 case,
and we can get to the Nu = 3 case by switching the stability of a carefully chosen pair of
nodes.
Now let us consider the model introduced in section 2.3. Similar lemmas can be
proved like for the rst one.

Lemma 12. If extinction happens in one of the regions, then it happens in every other
region.
Lemma 13. If one of our regions is stable and we know the periodicity of all of its
neighbours except one, then the remaining neighbour is also periodic.
Note that because the graph of this model is not symmetric, the number of neighbours
can be four, three, two or even one depending on the situation of the region.
The result regarding the stable regions is similar to the one in the previous model.

Lemma 14. If one of our regions is stable and we know the stability of all of its neighbours
except one, then the remaining neighbour is also stable.
Using the previous lemma, we get the following proposition, which states that there
are less possible values of Nu than in the previous case.

Proposition 18. Using the model introduced in section 2.3, the numbers of the unstable
N +1
regions can be Nu ∈ {0,
, N, N + 1, . . . Ñ } if N is odd and Nu ∈ {0, N, N + 1, . . . Ñ }
2
for even values of N .
Proof. The Nu = 0 and Nu = Ñ cases are trivial. First we give a way the values Nu ≥ N
can be constructed, then we prove the reason for that the only existing value below that
N +1
.
is
2
For the proof it is easier to think about our problem as colouring the graph of the
vertices of the graph constructed from the set of regions the same way described in the
proof of proposition 17. Let us call the class of colour corresponding to stable regions
the "stable colour", and the other one the "unstable colour". When we colour, the only
forbidden subgraph is the case when the middle region is stable, and exactly one unstable
neighbour. We will call our colouring stable if there is no such forbidden subgraph in it.
It is easy to see that if we colour our graph in a "chess board" way, which means
that unstable regions will have only stable neighbours and the stable ones only unstable
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ones. It is important to note that by this denition there exists two cases for every N
values, but we only consider the ones in which the south-western (or the north-eastern)
cape is unstable. It is easy to see that this colouring is stable in the sense dened above,
N (N + 2)
(N + 1)2
if N is odd and
for even
and the number of unstable regions is
4
4
N values. We can also recolour any number of stable regions and still have a stable
(N + 1)2
value in the odd
colouring, therefore we proved the proposition for every Nu >
4
N (N + 2)
and for every Nu >
value in the even case.
4
For the sake of simplicity we will number the diagonals of the graph the following
way. We say that the regions next to the south-eastern shore are in the rst
regions neighbouring them are in the

diagonal, the

second and so on. This way we get N diagonals.

Let us say that we colour the rst diagonal unstable and every other region stable. This
way we get a stable colouring, and in this case Nu = N . Now we show a method to
construct every other Nu > N case (even the ones proved before).
Let us colour the regions in the second diagonal, and the south-western and northeastern capes unstable. This is also a stable colouring, and Nu = N + 1. If we start to
change the colours of the stable regions in the rst diagonal, we also get stable colourings,
and the value of Nu can be increased until 2N − 1. Now let us change the colours of the
recently changed regions of the rst diagonal to stable again, but let us colour the ones
in the third diagonal unstable. This way the value of Nu does not change, but the colour
of the regions in the rst diagonal can be changed again, therefore a stable colouring can
be constructed for Nu = 3N − 3. By induction we can construct a stable colouring for
every Nu > N value. (Note that this algorithm is similar to the one constructed in the
proof of proposition 17, however much more simple because the simplicity of the graph
of this case.)
Now we show the only value in 0 < Nu < N for which a stable colouring exists, and
prove that there are no other ones. We will call a region

forbidden if it is stable and

has exactly one unstable neighbour. Let us denote the number of them with Nf . In the

0 < Nu < N case the number of stable regions is considerably larger than Nu , so we will
examine the addition of unstable regions to our graph (i.e. recolouring a stable region to
unstable). If we add one unstable region to our graph to an inner region, then we will
have Nf = 4 forbidden regions. Our colouring is stable if there are no forbidden regions,
so we would like to decrease their number to zero. For this, we study the eect of the
addition of further unstable regions. If we colour one of the regions next to the initial
unstable one, one of the forbidden regions will disappear, but another three will appear,
so this step increases Nf by two. However, if we change the colour not in a neighbouring,
but in a region which has distance of two from the initial region, then two forbidden
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regions disappear, and two new appear - this way, Nf does not change. This way we can
see that in the inner regions the ecient movement is the diagonal one. We will call a
series of such diagonal unstable regions a

trajectory.

Now let us consider the steps next to a shore. If we approach the diagonal (southeastern) shore from the inner regions in a way that the trajectory of unstable regions ends
in a region in the rst diagonal (dened above), the forbidden regions will disappear, and
no new ones would appear, so Nf decreases by two. It is also easy to see that in the case
of the other shores, the trajectory can "bounce back" from the shore in a way that a new
trajectory starts from the unstable region next to the shore, which will be perpendicular
to the previous one. In this case the value of Nf does not change. In the case of cape
regions, at the trajectories ending in them the value of Nf decreases by two. By this we
can state the following lemma.

Lemma 15. Every trajectory ends in the rst diagonal, or in a cape region.
From now on, the even and odd cases dier considerably from each other, so we will
handle them separately, although the methods will be similar.
Let us suppose rst that N is odd. We already know that there is a stable colouring for

Nu ≥ N . If we consider the case when we have a single trajectory starting at the northwestern cape and ends at the opposite shore, we can see that this is a stable colouring,
N +1
. We can also see by lemma 15 that we will only
and thus we proved the case of
2
N +1
have unstable colourings in the cases of Nu <
(the trajectories cannot reach the
2
N +1
.
other "endpoint"). Now we show that there is no stable colouring for N > Nu >
2
Assume that there is such stable colouring, and suppose that Nu = c̃. If it has
N +1
a trajectory ending in the north-western cape, then it has an
long part ending
2
at the opposite shore, and some other parts with length Ñ . This way we know that
N +1
N −1
Ñ +
= c < N , which yields to the fact that Ñ <
. However, we showed
2
2
before that there is no such trajectory which is a contradiction.
If the trajectory does not start in the cape, then we know that its length is shorter
than N . However, it can be proved that every trajectory starting and ending at the rst
diagonal has a length at least N , which is a contradiction.
Now let us consider the case when N is even. In this case we can see that the trajectory
starting at the north-western cape does not end in the rst, but in the second diagonal.
N
Therefore there will be no stable case for Nu =
. The other steps of the proof are
2
similar to the previous case.
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Chapter 4

Conclusions, further plans

In the previous pages we extended the model describing the dynamics of Easter Island
originally proposed by Basener et al. In chapter one we studied the way the addition of the
parameter Dt aects the stability of our system at the coexistence equilibrium. We have
seen that while Dt has a stabilizing eect on point (1.4) and Dr has the opposite, Dp can
have a stabilizing one for small, and destabilizing for larger values. We also examined the
best choice of the parameters f and N for interesting results and time-ecient computing.
After these, we investigated the numerical solutions of the original system and the
meaning of the stability of point (1.4) in the terms of the orbits of the points near it. We
have found that both stability and instability have the properties expected before. We
also modelled the scenario which could have happened on the island. We found out that
for some parameter values a stable equilibrium can occur, but the ecological catastrophe
is also possible.
As mentioned before, when the rst European settlers arrived on the island, they
found no trees and very few rats on the island. As we can see on gure 1.10 and 1.11,
the number of people is always larger at the time of catastrophe than the number of trees
and rats. Because of this, we can suspect that after the trees (and rats) disappeared from
our island, the inhabitants looked for other resources on the island, for example tried to
sh from the coast.
One of the remarkable innovations in the theory of Hunt was the fact that the ecological collapse happened much faster than expected. In our numerical test we have seen
that in most cases the collapse happens about 180 years after the arrival of the settlers
(see the right side of gure 1.12). However, with a careful choice of parameters we can
extend this moment for a few hundred years, and can even have a periodic solution (see
gure 1.13), although these happen only for a carefully chosen triplets of diusion, which
is highly unlikely to happen in real life.
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We have also seen that sometimes the numerical results did not correspond to the local
stability of the coexistence equilibrium point. Because of this we studied the stability of
the other equilibria of the system, where we found out that the only other one with a
stable region is the origin, which corresponds to the original ecological model.
In chapter two we extended the previously one-dimensional model into two dimensions.
We proposed two grids, from which both turned out to have an unstable coexistence
equilibrium. We also stated a theorem that the aw was not in our ideas, but in the
construction itself. Because of this, use of another method, e.g. nite elements would be
necessary, which can be the subject of further research.
It is also noteworthy that if our equilibrium point is unstable, it can happen that it
is only unstable in a few regions, but stable otherwise. For this we introduced the term
of partial stability in chapter three. One of the key results of this part is the fact that
the extinction in one region goes hand in hand with the extinction of the other regions.
We also know that there is a constant eastern wind on the island, which could be
included in our model, even in the one dimensional spatial case. For this, the addition
of a convection term would be necessary, and the handling of the problem as a partial
dierential equation. A mentioned before, it would also be useful in the two dimensional
case.
In conclusion we can say that the ecological catastrophe of the island could have been
caused by the rats and the people. Also, if their consumption would have been restrained,
and perhaps the eects of the rats would have been controlled, the collapse could have
been avoided. An important lesson of the events is that sometimes we have to search for
other eects in a problem (the rats) and in some cases the moderation of our actions is
not sucient.
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