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Chapter 1

Introduction

The stable marriage (or stable matching) problem is a well-studied problem in graph-
theory. Let G = (M ∪̇W,E) be a bipartite graph. We will refer to its vertex classes M
and W as a set of men and a set of women. We will call a pair of the man m and the
women w accepted if mw ∈ E. We also need a preference relation for each vertex, that
is a strict linear order on its neighbours in G. An instance of this problem is the graph
G with the preference relations of its vertices. We want to create a marriage of men and
women, which is stable in the sense, that no man m and woman w has the interests to
break their current relationship, and marry each other instead.

For the preference relation of a node v ∈M ∪W we will use the notation ≺v. For two
neighbours n1 and n2 of v the expression n1 �v n2 means v prefers n1 over n2. For the
formal definition of stable marriage we define the notion of blocking edges:

Definition 1.0.1 (blocking edge). Let graph G and the preferences be defined as above.
Let S be an arbitrary matching in G. We say that the edge mw ∈ E blocks S if

- mw 6∈ S,
- man m is either unmatched in S, or w �m S(m), where S(m) denotes the vertex
that is matched with m in S, and

- woman w is either unmatched in S, or m �w S(w).

Definition 1.0.2 (stable matching). We call a matching S ⊆ E stable if there are no
blocking edges in E.

Definition 1.0.3 (SMI). In an SMI problem instance we are given a bipartite graph and
preference relations for all vertices. The task is to find a stable matching. ’SM’ stands
for stable matching, while ’I’ refers to incompleteness: G is not necessarily a complete
bipartite graph.

In 1962 Gale and Shapley gave their well-known algorithm [2] in order to solve the
problem SMI. In this thesis we will concentrate mainly on a more general problem, SMTI.
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Definition 1.0.4 (SMTI). In an SMTI problem instance we are given a bipartite graph and
preference relations for all vertices, that is a weak linear order on the vertex’s neighbours.
So in an SMTI-instance a person can prefer some of their neighbours equally. The ’T’ in
the problem’s name refers to the fact that ties are allowed in preferences.

We will interpret the ’�v’ and ’=v’ relations naturally. While in the problem SMI

each stable matching has the same size, furthermore the matched vertices’ set in such a
matching is unique, solutions for problem SMTI can differ a lot. For example let us take
an arbitrary bipartite graph, where each person prefers its neighbours equally. One can
easily see that in such an instance a matching is stable iff it is (inclusionwise) maximal.

Definition 1.0.5 (MAX-SMTI). The problem MAXIMUM SMTI is the finding of a maximum
size stable matching in an SMTI-instance.

We will see that stable matchings in the same SMTI-instance can differ in size. In
most applications we are interested in getting a maximum size stable matching, however
the problem of getting such a matching is NP-hard. In chapter 2 we will show the APX-
hardness of the problem with the proof of M. M. Halldórsson, R. W. Irving, K. Iwama,
D. F. Manlove, S. Miyazaki and Y. Morita, S. Scott. This result is improved by the same
authors in [3]: it is NP-hard to approximate MAX-SMTI within a factor of 21/19. The
strongest hardness results are due to Yanagisama. In [13] the general problem was shown
to be NP-hard to approximate within 33/29. He has shown that an approximation within
a factor of 4/3 − ε implies 2 − ε′ approximation of vertex cover, and this applies for the
case when each tie has length two. If, moreover, ties occur only in the preference lists on
one side only, he proved that an approximation within a factor of 5/4 − ε implies 2 − ε′

approximation of vertex cover.
Each stable matching is a maximal matching, so one can easily see that the size of any

stable matching can contain at most 2 times as many edges as any other stable matching.
Due to this fact, any algorithm for the problem SMTI gives a 2-approximation for the
problem MAX-SMTI. The first relevant result in finding a better approximation algorithm
was shown by Iwama et al. in [7]: they have given a 15/8 = 1.875-approximation algorithm
for this problem. Király [11] improved this factor to 5/3 for the general case and to 3/2
for the case of one-sided ties. For the general case the current best approximation factor,
3/2 is ensured by McDermid’s algorithm [12]. In chapter 3 we will discuss two algorithms
for one-sided ties from [8] and [6]. Iwama et al. in [8] have given one with approximation
factor 25/17 ' 1.4706 with LP techniques. Recently Huang and Kavitha improved the
best proved factor to 22/15 ' 1.4667 [6].

In chapter 3 we will concentrate on the problem MAX-SMTI with one-sided ties. We will
discuss in details the best approximating algorithms, and we will improve the analysis of
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Huang’s and Kavitha’s algorithm, we prove its approximation factor is at most 41/28 '
1.4643. In the last section of the chapter we show worst case scenarios for the execution
of algorithms of Huang et al. and that of Iwama et al. We will show that the former
algorithm may find a stable matching of size 9 while there exists one of size 13, and the
latter may find only a stable matching of size 4 while there exists one of size 5. Thus we
get the lower bounds 13/9 ' 1.4444 and 5/4 = 1.25 for the approximation factor of these
algorithms.

1.1 Notions and concepts
�∪̇�: Disjoint union.

�∪̇ � ∪̇ . . . ∪̇�: Pairwise disjoint union.
G = (V,E): G is a simple graph. The set of its vertices is V , and E denotes its edge

set.
m: The number of edges in graph G.
n: The number of vertices in graph G.

v1 �v v2: Vertex v prefers v1 over v2.
v1 =v v2: Vertex v prefers v1 and v2 equally.

[t]: {1, 2, . . . , t}
E1 ⊕ E2: Union of edge sets. If there is a common edge e in E1 and E2, e will have

have multiplicity 2.
V (E1): The set of vertices that are adjacent to an edge from edge set E1.
opt(I): The optimum value of an instance I of the optimization problem at hand.
S(v): For the vertex v and matching S we denote v’s pair in S as S(v).

We have defined a vertex’s preference as a relation on its neighbours. For a ver-
tex v it is easier to give this relation in the form of a preference list: For example
v : v1, (v2, v3, v4), (v5, v6) means that v’s neighbours are v1 . . . v6, and v1 �v v2 =v v3 =v

v4 �v v5 =v v6.
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Chapter 2

SMTI problem in general

2.1 Approximation complexity

In this section we follow the proof described in [4]. We will prove the inapproximability
of the problem MAXIMAL SMTI unless P = NP . Let us use the inapproximability of the
following problem as a starting point.

Definition 2.1.1 (MAX-IS). ’IS’ stands for Independent Set. What is to be computed is
the size of the largest independent set in a given graph.

In fact we will use only a restricted version of the above problem, MAX-IS(3) which is
the same problem restricted to 3-regular graphs. Our basic APX-hardness theorem is the
following:

Theorem 2.1.2. There exists a constant δIS < 1, such that it is NP-hard to approximate
MAX-IS(3) within 1/δIS. Furthermore there exists a constant cIS < 1, such that it is NP-
hard to decide whether OPTIS ≥ cISn or optIS < cISδISn for a given instance IS of the
problem.

This theorem has been proven in [5]. We will reduce the approximation of MAX-SMTI

to the problem above, through two other problems.

Definition 2.1.3 (MAX-SSS). ’SSS’ stands for Strongly Stable Set. The number to be
computed is the size of a maximal cardinality vertex set in a given graph, that the ele-
ments’ pairwise distance is least 3.

The definition of MAX-SSS(3) is similar to the definition of MAX-IS(3).

Definition 2.1.4 (MIN MAXIMAL MATCHING). What is to be computed is the size of the
minimal cardinality maximal matching in a given graph.
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Figure 2.1: G −→ G′

2.1.1 Preparation

Proposition 2.1.5. There exists a constant δSSS < 1, that the 1/δSSS-approximation of
MAX-SSS(3) is NP-hard.

Proof. Let us reduce the problem to the one in Theorem 2.1.2.
Let G = (V,E) be an arbitrary 3-regular graph. We replace each edge of G with the new
edges and vertices depicted in Figure 2.1, so we get the graph G′(V ∪̇V ′, E ′). Note that
this new graph is also 3-regular. k := optIS(G). We claim that k′ := optSSS(G′) = 3m+ k.
First let us notice that for each stable set S ⊆ V we can easily create a strongly stable
set consists of 3m + |S| element in G′ : add the red vertices on the figure to S. On the
other hand if we have a strongly stable set S ′ ⊆ V ∪ V ′, it can contain only one vertex
from a subgraph marked with a green ring, since in such a subgraph the maximal distance
between vertices is 2, so for each edge in E only 3 "new" vertices can belong to S ′. Thus
|S ′ ∩ V ′| ≤ 3m, whilst |S ′ ∩ V | ≤ k, because old vertices in S ′ trivially have to form a
stable set in G. Now, we only have to calculate the constants c′ and δ′ from c and δ from
Theorem 2.1.2, that satisfy the expressions

k < δcn
?⇐⇒ k′ < δ′c′n′ & k ≥ cn

?⇐⇒ k′ < c′n′

Note that, we only need the "⇐" direction. m = 3/2n, and |V ′| = 14m, so n′ = |V |+|V ′| =
n+ 21n = 22n, and k′ = 3m+ k = 3 · 3/2n+ k = 9/2n+ k, thus

k < δcn
?⇐⇒ 9/2n+ k < 22δ′c′n & k ≥ cn

?⇐⇒ 9/2n+ k < 22c′n
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k < δcn
?⇐⇒ k < (22δ′c′ − 9/2)n & k ≥ cn

?⇐⇒ k < (22c′ − 9/2)n

δc
?= 22δ′c′ − 9/2 & c

?= 22c′ − 9/2

δ′c′
?= 2δc+ 9

44 & c′
?= 2c+ 9

44
The cSSS := c′ = 2c+9

44 , δSSS := δ′ = 2δc+9
2c+9 values satisfy the above expressions. Now we

are done with the proof, since our reduction was polynomial.

Proposition 2.1.6. There exists δMMM > 1, such that the δMMM -approximation of MIN

MAXIMAL MATCHING is NP-hard.

Proof. We reduce this problem to the previous one in Proposition 2.1.5.
Let G = (V,E) be an arbitrary 3-regular graph. We create the graph G′ = (V ∪̇V ′, E ′)
from G by splitting each edge in two with a new vertex v′ ∈ V ′. For each maximal
matching M ⊆ E ′ in G′, we will show a strongly stable set S ⊆ V in G and vice versa,
such that |M | + |S| = n, to prove optMMM(G′) + optSSS(G) = n. Actually the S 7→ M

function works only if there is a vertex from S in each connected component of G, but a
maximal strongly stable set trivially satisfies this condition.

Let S be a strongly stable set in G. Now we create M as follows: The vertices in S
will not be matched in M . For those v ∈ V vertices which are adjacent to an s ∈ S, we
match v to v′ ∈ V ′, where v′ is the splitting vertex of the edge sv ∈ E. In this case the
s neighbour in S is unique, since S is strongly stable. After that, we take those vertices
whose distance is 2 (in G) from at least one vertex s ∈ S, and we match them to a splitting
vertex in the direction of an arbitrary neighbour in S. Then the vertices are next, whose
distance from S is 3, and so on. It is easy to see, that we finally get anM ⊂ E ′ matching.
We have to prove it is maximal. Assume that there is an edge v′v ∈ E ′, that can be added
to M to get a bigger matching. Note that each edge in E ′ is between an "old" v ∈ V and
a "new" v′ ∈ V ′. Each v ∈ V \S is matched, so we can assume that v is in S, though we
matched each neighbours of s in G′ with its respective neighbour in G (which cannot also
be in S), a contradiction.

For the other direction let M be a maximal matching in G′. Define S as the vertices in
V which are not matched in M . We claim that S is a strongly stable set (in G). If there
existed any vertex-pair s and t which are neighbours in G, then the splitting vertex v′ ∈ V ′

of the edge st would be unmatched in M . Vertex s is also unmatched by the definition
of S. Altogether M ∪ {sv′} would also be a matching contradicting the assumption that
M is a maximal one. We have to prove that s and t cannot even be second neighbours.
In this case call v one of their common neighbours in G. Let s′ be the splitting vertex of
sv and similarly t′ be the splitting vertex of tv. Surely t′v /∈ M or s′v /∈ M , so we can
assume t′v /∈ M . Now we know neither t nor t′ is matched in M , so M could not have
been maximal.
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The statement |M |+ |S| = n can be checked easily in each case: every v ∈ V is either
in S, or is matched in M , and every edge in M has exactly one vertex in V .

Similarly to the calculation at the end of the previous proof, we can get the cMMM = 1−cSSS

3 ,
δMMM = 1−δSSScSSS

1−cSSS
factors to satisfy the implications below:

optMMM(G′) > δMMMcMMMm
′ ⇒ optSSS(G) < δSSScSSSn &

optMMM(G′) ≤ cMMMm
′ ⇒ optSSS(G) ≥ δSSScSSSn

The reduction was polynomial again.

Remark 2.1.7. Note that we proved a stronger statement than the claim of the proposition
(i.e., G′ is obtained from a 3-regular graph by subdivision of each of its edge with a new
vertex.)

2.1.2 MAXIMAL SMTI is APX-hard

Proposition 2.1.8. There exists a δMSMTI < 1, such that the 1/δMSMT I-approximation of
MAX SMTI is NP-hard. This holds even if ties occur only on one side, and the biggest tie
contains at most 6 element.

Figure 2.2: G(M ∪̇W,E)

Proof. To reduce this problem, we will use Proposition 2.1.6 with remark 2.1.7.
Let G(M ∪̇W,E) be an arbitrary graph constructed from a 3-regular graph by splitting
each of its edges in two with a new vertex. We will refer to the original vertex set as M ,
and to the set of splitting vertices as W . Let us note that due to the construction of G,
|W | = 3/2|M |, that is |W | = 3s & |M | = 2s for some s ∈ N+. W =: {w1, w2, . . . , w3s},
E =: {e1, e2, . . . , e6s}.

From this graph we will construct a G′(M ∪̇Z∪̇X,W ∪̇W ′∪̇Y,E∪̇E ′∪̇E∗) SMTI instance
as follows: We start with the graph G which is obviously bipartite. We duplicate each
vertex in W with the adjacent edges, so we get the vertex W ′ = {w′1, w′2, . . . , w′3s} set
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Figure 2.3: G′(M ∪̇Z∪̇X,W ∪̇W ′∪̇Y,E∪̇E ′∪̇E∗)
Note: For the relative readability we have drawn all edges only on the left side of the

figure.

and the edge set E ′ = {e′1, e′2, . . . , e′3s}. Afterwards we add the Z = {z1, z2, . . . , z3s} and
X = {x1, x2, . . . , x3s} sets to the vertex class of M . Also we add Y = {y1, y2, . . . , y2s} to
the other part. We add all the edges {miyi| ∀i ∈ [1, 2s] ∩ N} to E∗, and also the edges
zjwj, zjw

′
j, wjxj, for each j in [1, 3s]∩N. To distinguish between the two neighbours of a

vertex w ∈ W in G, we will use the p, q : [1, 3s] ∩ N −→ [1, 2s] ∩ N index sequences that
satisfy the following conditions: ∀j ∈ [1, 3s] ∩ N, {mpj

,mqj
} = ΓG(wj) & pj < qj.

We define the preferences as follows:

mi : (ΓG′(mi) ∩ (W ∪̇W ′))yi (1 ≤ i ≤ 2s) yj : mj (1 ≤ j ≤ 3s)
zj : (wj, w′j) (1 ≤ j ≤ 3s) w′j : zj mqj

mpj
(1 ≤ j ≤ 3s)

xj : wj (1 ≤ j ≤ 2s) wi : zi mpi
mqi

xj (1 ≤ i ≤ 2s)

We will create an S ⊆ E∪̇E ′∪̇E∗ maximal stable matching for every N ⊆ E maximal
matching. Firstly let N be a maximal matching in G. We create S by the following
rules. For all vertex mi ∈M which is unmatched in N , let miyi be in S. For all wj ∈ W
unmatched vertex let zjw′j and xjwj also be in S. In the case there is an edge miwj ∈ N ,
if i = pj, then let miwj and zjw′j be in S, otherwise (i.e., if i = qj), let miw

′
j and zjwj be

in S. We claim that S is stable (it’s obviously a matching). We examine which edges can
be blocking. Each zj ∈ Z is matched and it makes no difference to him which pair is his,
so such an edge cannot end in a vertex in Z. xj ∈ X can only have one pair, wj ∈ W ,
though all vertices in W are matched and they prefer anyone to a person from X. Since
each mi ∈ M is matched in S and mi prefers anyone he knows to yi, the only possible
case for a blocking edge would be if it was spanned by mi and w∗j for some mi ∈ M

and w∗j ∈ W ∪W ′. Observe that ∀j ∈ [1, 3s] ∩ N, {wjmqj
, w′jmpj

} ∩ S = ∅, in other
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words if w∗j is matched with an M -vertex, it’s the one she prefers to the other. We know
w∗j is matched, so it has to be the case that w∗j = wj ∈ W , and wjxj ∈ S. Furthermore if
miw

∗
j is blocking then mi’s pair has to be yi. This means both mi and wj are unmatched

in G, a contradiction.
It is easy to see, that |N | + |S| = |W | + |W ′| + |Y | = 8s, by the definition of S:

every vertex W ∪W ′ is matched in S, a vertex yi ∈ Y is unmatched in S exactly if mi

is matched in N . If N was a minimal cardinality maximal matching, it leads to this:
optMSMTI(G) ≥ |S| = 8s− |N | = 8s− optMMM(G′)⇒ optMSMTI(G) + optMMM(G′) ≥ 8s

To prove the other direction let S be an arbitrary stable matching in G′.
N := {e ∈ E| e ∈ S or e′ ∈ S}, where e′ is the edge which is the copy of e, but ends in
the respective vertex in W ′ instead of W . We claim that N is a maximal matching in
G′. First we have to show, that N is a matching. In fact if there was a vertex wj ∈ W ,
which is a degree-2 vertex in N due to the above definition, it would mean that wj and w′j
are both matched in S to someone in M , but then zj must be unmatched, so zjwj would
be a blocking edge. So N really is a matching, we should prove its maximality. Assume
that miwj∪̇N is also a matching, so N is not maximal. It would cause that miyi ∈ S,
otherwise miyi would be a blocking edge (mi does not have a pair in S in the set W ∪W ′,
because he is unmatched in N). To ensure that there is no blocking edge from zj, either
zjwj ∈ S, but this would mean miw

′
j is blocking, or zjw′j ∈ S, but in this case miwj

blocks S.
Since here it is true again, that a vertex yi ∈ Y is unmatched in S if and only if mi is

matched in N , we get |N |+ |S| ≤ 8s. If S is a maximum stable matching, we can conclude
that optMSMTI(G) = |S| ≤ 8s−|N | ≤ 8s−optMMM(G′)⇒ optMSMTI(G)+optMMM(G′) ≤
8s

To sum up optMSMTI(G) + optMMM(G′) = 8s, so we can calculate our coefficients like
in the proof of Proposition 2.1.5 (n′ denotes the vertex number of one vertex-group, i.e.,
n′ = 8s). We get that cMSMTI = 4−3cMMM

4 , δMSMTI = 4−3δMMM cMMM

4−3cMMM
, which satisfy the

followings:

optMSMTI(G′) < δMSMTIcMSMTIn
′ ⇒ optMMM(G) > δMMMcMMMm &

optMSMTI(G′) ≥ cMSMTIn
′ ⇒ optMMM(G) ≤ δMMMcMMMm

The reduction was polynomial.
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Chapter 3

SMTI, when ties occur on one side
only

In this section we will show different approximation algorithms for this problem MAX-

SMTI. During the analysis of these algorithms we will denote the stable matching given
by the analysed algorithm by S. We will call OPT an arbitrary maximum size stable
matching. A common technique for the analysis of these algorithms is the examination
of the augmenting paths is S ⊕ OPT . We call augmenting paths the odd length path
components in S⊕OPT that starts (and ends) in an edge from OPT . As each component
in S ⊕OPT is either an alternating cycle or an alternating path, only augmenting paths
contain more edge from OPT than edge form S.

It is easy to see that there cannot be a length-1 augmenting path in S ⊕ OPT : Such
a path would be an edge (e) from OPT , so e would block S, since none of its end-points
are matched in S. A length-(2k + 1) augmenting path contains k + 1 edge from OPT

and k edge from S, so by excluding the length-1 ones we have proved |OPT |/|S| ≤ 2. We
will prove better approximation factors by upper bound the density of short augmenting
paths in S ⊕OPT .

Note that an augmenting path c ∈ S ⊕OPT is not augmenting in the sense we could
augment our matching with it: S \ c ∪ (c ∩OPT ) is not necessarily a stable matching.

We will assume in this chapter that men can never have ties in their preference lists.
These algorithms will usually be some modifications of the Gale-Shapley algorithm. Men
will ask women, and we give extra opportunities for those men who are left without a
pair.

The first algorithm we discuss, algorithm GSA1 of Zoltán Király, was introduced in
[10], we will use the naming concepts of a later version [11].
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3.1 GSA1

The basic idea of the algorithm is this: a man does not give up if he has been refused
by all women he knows, but he becomes a bachelor, and after that he starts to make
proposals again from the beginning of his preference list. If a woman prefers two men
equally, she will choose the bachelor over the lad, where lad is the original state of men.

Altogether, the GSA1 algorithm as follows:

While there is any man (m) who has not given up and is not engaged, then let him propose
to the next woman (w) on his list.

If w currently does not have a fiancé, then she accepts the proposal, they become
engaged. If w has already been engaged, she accepts m’s proposal only if she prefers m to
her current fiancé. In this case she refuses her current fiancé, otherwise m will be refused.

If a man’s proposal is refused and nobody remains on his list, then he upgrades his
status (lad -> bachelor, bachelor -> old bachelor). If he becomes an old bachelor, then
he gives up, otherwise he will propose again from the beginning of his list.

If every man either have given up or is engaged, then the algorithm returns the actual
engages as the output.

We will refer to the matching we get by the GSA1 as S. We will use the terms husband
and wife for the pairs matched by S.

For the analysis we will need the following observations:

1, A woman’s rating of her fiancé is monotone increasing during the algorithm.

2, Due to the previous statement if a man is refused by a woman during the algorithm,
he is at most as preferred as her husband.

3, If a man is a bachelor, he has been refused by all women he knows as a lad, similarly
if he has given up, he must have been refused as a bachelor as well.

Remark 3.1.1. Note that, we use the expression "prefer" in two different meaning. There
is the original one from the input SMTI instance, and there is the modified one, which can
change during the algorithm. However this will not bother us during the analysis, since
the modifications are only where ties occur in the original one, so the above observations
hold in both meaning.

Now we can easily prove the stability of our matching. If there was an mw blocking
edge, m would prefer w to his wife, or he does not have a wife. In both cases, w refused
him, so due to observation 2 she has a husband, that she prefers over m. It means mw
does not block our matching.
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Figure 3.1: length-5 augmenting paths for GSA1 algorithm

We can also easily prove that GSA1 gives us a 3/2 approximation for the optimal
solution by excluding the length-3 augmenting paths from S ⊕ OPT , where OPT is an
arbitrary optimal stable matching. Assume that such a path m0 − w0 −m1 − w1 exists,
where {m0w0,m1w1} ⊆ OPT and w0m1 ∈ S. It should be the case that m0 =w0 m1, and
w0 �m1 w1, which follows by S’s and OPT ’s stability. Since m0 is unmatched in S, he
has to be an old bachelor, so he has been refused by w1 as a bachelor. However m1 has
to be a lad, since he has not proposed to w1, who is unmatched in S. Altogether, due
to observation 2 we have a contradiction, because w0 has refused m0 as a bachelor, but
married to w0, who is an equally preferred lad.

We show two cases when length-5 augmenting paths can occur in S ⊕ OPT (figure
3.1). Unfortunately if our graph is one of these paths, then GSA1 may find only the
size-2 matching, though there exists a size-3 stable matching. Altogether we have shown
GSA1 is a 3/2 approximation algorithm for the problem MAX-SMTI when ties occur on
one side only, and that this approximation factor is strict.

3.2 GSA1-3L

We describe this algorithm because it is the basis of the two improvements of the GSA1
algorithm. We have already seen the advantages of giving one more opportunity to men
who could not get engaged to any woman for the first try. It is a natural idea that
afterwards we could give them a third or more opportunities, to improve our algorithm.

Let us define the GSA-3L algorithm as follows:

Each man starts as a level 0 person.
While there is any man (m) who has not given up and is not engaged, let him propose
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to the next woman (w) on his list.
If w currently does not have a fiancé, then she accepts the proposal, they become

engaged. If w has been engaged already, she will consider the two men (i.e., m and her
actual fiancé), and she refuses the one she prefers less, and accept the other one. If she
prefers them equally she chooses the higher level man. If both the preference and the
level are equal, she chooses randomly.

If a man’s proposal is refused and nobody remains on his list, then he upgrades his
status, he increments his level with one. If he becomes level 3, then he gives up, otherwise
he will propose again from the beginning of his list.

If every man either have given up or is engaged, the algorithm returns the current
engagements as the output.

We will refer to the output matching as S. Let OPT be an arbitrary optimal (i.e.,
maximum size) stable matching. We list a few properties of algorithm GSA1-3L, which
are sufficient to prove the stability of S, and some other statements form augmenting
paths in OPT ⊕ S:

Properties 3.2.1.

(1) If a man is refused by a woman during the algorithm, then she must be married and
he has to be at most as preferred as her husband. If they are equally preferred, the
husband has to be on the same or higher level than the refused man.

(2) If a level k man (k ∈ {1, 2, 3}) has been refused as a level k-1 man by all women he
knows.

(3) A man is either matched or a level 3 person.

(4) A level 0 man is refused by all the women who he prefers to his wife.

It is easy to see that all of these properties are satisfied by the algorithm GSA-3L.

Proposition 3.2.2. If the 4 properties above hold for an algorithm, the algorithm returns
a stable matching.

Proof. Suppose mw is a blocking edge. By Property 1, w has never refused m, since she
prefers m to her husband or she has not got one. By properties 2 and 4 it has to be the
case, m is at level 0, and he prefers his wife to w, or his wife is w herself. In both case
mw cannot be a blocking edge.

Proposition 3.2.3. If the 4 properties above hold for an algorithm, there cannot be a
length-3 augmenting path.
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Proof. Suppose that, there exists an m0-w0-m1-w1 augmenting path, so m0w0,m1w1 ∈
OPT and w0m1 ∈ S, where OPT is an arbitrary optimal matching. By Proposition 3.2.2
we know both S and OPT are stable matchings. No edge of the path can be blocking
with respect to S or OPT , so it has to be the case that m0 =w0 m1, and w0 �m1 w1. By
Property 3 m0 is at level 3, so w0 refused him as a level 2 person, so by Property 1 the
equally preferred m1 has to be level 2. This contradicts the fact that m1 must be level 0
since he could not be refused by w1, who is unmatched.

Proposition 3.2.4. Suppose that the 4 properties above hold for an algorithm, and let
m0-w0-m1-w1-m2-w2 be a length-5 augmenting path, so m0w0,m1w1,m2w2 ∈ OPT and
w0m1, w1m2 ∈ S

(a) m0 is at level 3
(b) m0 ≺w0 m1

(c) m1 is at most at level 1, and w0 ≺m1 w1

(d) m1 =w1 m2

(e) m2 is at level 0, and w1 �m2 w2

Proof. Statement (a) is straightforward from Property 3. We know that S is stable, so
w1 �m2 w2 holds. The man m2 is a level 0 person, since he has never been refused by
w2, thus (e) follows. Let us suppose that m1 is at least level 2. In this case he would
have been refused by w1 as a level 1 person. w1’s husband is m2, so this would mean
m1 ≺w1 m2, but then w1m2 would block OPT . The woman w0 refused m0 when he was
level 2, but now we know that her husband, m1 is at most level 1, which proves (b). This
immediately proves the rest of the statement (c): if w0 �m1 w1, otherwise w0m1 would
block OPT . The only remaining statement is (d). If w1 had strict preference between m1

and m2, m1w1 would block OPT or w1m2 would block S, so m1 =w1 m2.

We have shown that GSA1-3L excludes all but one type of length-5 augmenting paths.
Despite that it is stronger in a sense, it does not have a better approximation factor than
GSA1. To see this take the SMTI instance depicted in Figure 3.1 (a). If w1 chooses m2

instead of m1 when they both are level 0, just like GSA1 it only finds a size-2 matching.
We analysed this algorithm in detail because the following two approaches have the

same basic structure, so we can commonly use the above proved lemmas in their analysis.

3.3 GSA-LP

In this section we describe an algorithm which was introduced by Iwama, Miyazaki and
Yanagisawa in [8]. The algorithm GSA-LP uses the LP relaxation of the following IP
description of the problem SMTI, in order to break up ties.
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For an arbitrary given SMTI instance where ties occur only on the women’s side, let
G(M,W,E) be the representing bipartite graph.

Let us define IP (G) as the following IP problem:

max :
∑

mw∈E
xmw

xmw ∈ [0, 1] ∩ Z, ∀mw ∈ E (3.1)∑
w∈Γ(m)

xmw ≤ 1, ∀m ∈M (3.2)

∑
m∈Γ(w)

xmw ≤ 1, ∀w ∈ W (3.3)

∑
w′�mw

xmw′ +
∑

m′�wm

xwm′ − xmw ≥ 1, ∀mw ∈ E (3.4)

It is easy to see that the allowed solutions are exactly those, for which S ′ := {e ∈
E|xe = 1} is a stable matching. Conditions (3.2) and (3.3) guarantees that S ′ is a valid
matching. (3.4) describes exactly that the edges out of S ′ are non-blocking edges: If
xmw = 1, then 1 + 1 − 1 ≥ 1, or if xwm = 0, then one of the summands in the two sums
must be 1.

We get the LP relaxation LP (G) of IP (G) by removing the assumption about the
variables’ integrality in (3.1). This description of the LP (G) linear programming problem
has polynomial size, so we can get the x∗mw optimal values in polynomial time. We will
use these values during the execution of the algorithm.

In the GSA-LP algorithm we will define an fm ∈ Q value for each m man in M in
order to break up ties. These values will dynamically change during the run of GSA-LP,
and each woman will choose the man with the higher f -value from equally preferred men.
We will also use the level status of men from the previous section, so we will be able to
use proven theorems during the analysis. A man can be level 0, level 1, level 2, or level 3.
If someone is at level 3, it means that he has given up. For a level 0 man m: fm ∈ [0, 1].
For a level 1 one fm = 2 and for a level 2 one fm = 3, so it remains true that a woman
choses the higher level man.

In the beginning ∀m ∈ M fm = 0 (so each man is at level 0). Each level 0 man do
this on his turn: Firstly he proposes to the woman on the top of his list. His behavior
depends on whether it is the first time he proposes to the actual woman, w. If not, he acts
as we have seen in previous approaches: after a refusal he will turn to the next woman
on his list. If it is the first time, before the proposal he increases his f -value with x∗mw.
In this case, after a refusal he will start again from the beginning of his list with his new
f -value. At the moment he is refused for the second time by his least preferred woman,
he becomes level 1, so fm will be set to 2.
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A level 1 or level 2 man propose in the "regular" way: he propose women one after the
other down his list. After the least preferred woman’s refusal he refreshes his status to
the next level, which means giving up for a level 2 man.

In the following pseudocode the pm values represent the position of the next woman
to propose in m’s list.

algorithm GSA-LP(G(M, W, E), preferences) {
Let the {x∗e| e ∈ E} variables be the optimal rational solutions of LP (G)
for (m in M) {pm := 1; fm := 0}
while (∃m ∈M : fm ≤ 3) {

if (pm ≤ |ΓG(m)|) {
w := the pmth member of m’s list
if (m have never proposed to w) {

fm += x∗mw

pm := 1
}
m proposes to w

} else {
if (fm ≤ 1) {

fm := 2
} else {

fm += 1
}
pm := 1

}
}
S := the set of engagements
return S

}

It is easy to see that the engagements in the algorithm satisfy the Properties 3.2.1. So
by Propositions 3.2.2, 3.2.3 and 3.2.4 we have that S is a stable matching that cannot
contain length-3 augmenting paths, and can contain only one type length-5 one. Iwama
et al. have shown in [8] that S’s size is at least 17/25-times the size of an optimal stable
matching. The proof, which is not detailed here, is based on several inequalities for the
x∗mw values.
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3.4 The new approach of Huang and Kavitha

In this algorithm we create a bi-matching instead of a regular matching in the first phase.
Afterwards we get a maximal matching from the bi-matching we created. We will show
that this matching is stable.

Similarly to the previous approaches, men will have 3 active levels and women will
prefer proposals from higher level men, but each man will have two proposals which can
be independently asked for acceptance. Initially each proposal is for the woman on the
top of the list of the respective man. If one is refused, next time the following woman
will be asked in the list in a round-robin manner. A man’s level increases in the moment
either of his proposals is refused by all women he knows in his actual status. A level 3
man gives up his unaccepted proposals, and he became inactive. The algorithm continues
till there are any unaccepted proposals of active men.

A woman can also have two accepted proposals. Until she has not accepted two, she
accepts any new proposal. In the case she already has two, and she receives a new one,
she refuses one of the three which is not preferred to the others. As before, a woman
always prefers the proposal from a man who is on a better place in her list, and she
prefers the higher level man among equally preferred men. From two level 0 men with
equal preferences she prefers the one who was refused by her, given that one was refused
and the other was not.

This phase continues while there is at least one active man, who has an unaccepted
proposal. We will refer to the bi-matching we get after the phase ends as G′. We will
choose a maximal matching from the edges of G′ which match all v ∈ M ∪ W where
|ΓG′(v)| ≤ 2 and output that as the result matching. It is easy to do this, since a
bi-matching contains vertex-disjoint circles and paths only. Let S denote the output
matching. It could happen that there are two respective accepted proposals for one edge
in G′. Indeed, all edges of G′ have this property if there are no ties in the SMTI instance.

We will use the Properties 3.2.1 again to prove stability, to exclude length-3 augmenting
paths and to characterize the length-5 ones.

Proposition 3.4.1. The Properties 3.2.1 all hold for the algorithm.

Proof. (1): If a man is refused by a woman, then at the time of the refusal this woman
accepted two least preferred proposals and she will never accept less preferred ones. Since
she will have two proposals until the end of the phase, she will have a husband, who
cannot be less preferred. (2) holds by the definition of reaching a new level. (3): A man
who is not matched has one or zero accepted proposals at the end of the phase, so he had
to give up a proposal, so he is at level 3. (4): It follows from the fact each proposal starts
from the beginning of the list.
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Corollary 3.4.2. The statements of Proposition 3.2.2, 3.2.3 and 3.2.4 hold.

For further analysis let OPT be an arbitrary stable matching. Let p1, p2, . . . , pt be the
edge sets of the length-5 paths in S⊕OPT . Let us denote the vertices of the ith path by
mi

0 − wi0 −mi
1 − wi1 −mi

2 − wi2. We define a directed graph as follows : Direct each edge
of G′ from men to women, then contract the edges in S ∩ pi for any i ∈ [t], so we get the
graph H. We will denote the contracted edge wi0−mi

1 as xi ∈ H and the contracted edge
wi1 −mi

2 as yi ∈ H. We will refer to xi and yi as ’red’ vertices and the other ones in H
will be called ’blue’ vertices.

Lemma 3.4.3. Both xi and yi are either isolated in H, or has exactly one out-neighbour
and one in-neighbour.

Proof. We only have to prove that both wi0, mi
1, wi1, mi

2 have 2 accepted proposals. For
example wi0mi

1 accepted twice, xi is isolated in H, otherwise xi is connected to the other
neighbours of wi0 and mi

1 in G′. In the cases of the men it is equivalent to that they have
not given up, which we know. In the cases of the women we know wi0 refused mi

0, and wi1
refused mi

1

Lemma 3.4.4. If there is a path ml-wl-mr-wr, where ml is at level 3, mr is at most level
2, and wl �mr wr, then the edge wlmr cannot be in G′.

Proof. The edge wlmr does not block OPT , so ml �wl
mr, but then the fact wl refused

ml as a level 2 man contradicts she have kept the proposal of mr, who is at most level
1.

Lemma 3.4.5. There is no edge from yi to xj in H for any i, j ∈ [t].

Proof. If there was such an edge, it would mean that there is an edge mi
2w

j
1 in G′. Since

mi
2 is at level 0, and wi2 is unmatched, we get that wj0 �mi

2
wi2. Altogether the existence

of the path mj
0-wj0-mi

2-wi2 would contradict Lemma 3.4.4.

We define the good paths in H as the directed paths what start and end in a blue
vertex, and contains at least one red node. By the previous lemma we know that a good
path consists of a blue node followed by some x-vertices, followed by some y-vertices.

Now we can easily categorize the directed components of H what contains an y-vertex.
Vertex yi can either be an isolated vertex, or contained by a cycle of y-vertices, or it can
be in a good path.

Let us call an arc from xi to z in H critical if z �mi
1
wi1. Note that if z is a red vertex

the z preference of mi
1 we mean the preference of the woman in z. Note that a man always

has strict preference list, so the equal preference case occurs iff z = yi.
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Lemma 3.4.6. There is no critical edge from xi to xj in H for any i, j ∈ [t].

Proof. If there was such an edge, it would mean that there is an edge mi
1w

j
0 in G′, and

wj0 �mi
1
wi1 by the definition of criticality. The existence of the path mj

0-wj0-mi
2-wi2 would

contradict Lemma 3.4.4.

It is clear that every critical edge is in a good path, and a good path can contain at
most one critical arc: it could only be the arc from the last x-vertex.

Lemma 3.4.7. All good paths are pairwise vertex-disjoint.

Proof. The intermediate vertices of a good path are all red, so they have exactly one out-
degree and in-degree. Due to this, no other path can join to an other one in a red vertex.
Moreover all red vertices represent edges in the matching S, so the adjacent edges in G′

are out of S. If we assume that there is a common blue vertex of two good paths, then
this vertex is adjacent to two different edges in G′ but unmatched in S. This contradicts
the creation of S from G′, since we tied up a vertex of degree 2 in G′ must be matched in
S. By the same argument no such path can be closed.

We want to lower bound the number of good paths. Now we know, these paths have
two pairwise different blue-vertex end-point, and either of them must be matched in
S since otherwise the preimage of the path in G′ would be an augmenting path in G′

contradicting the maximal cardinality property of S in G′. This matched end-vertex
must be in a component different from a length-5 augmenting path (because it is blue),
so this way we can get a upper bound for the approximation factor immediately. The
following two lemmas will prove that the number of good paths are at least the one third
of the number of length-5 paths, however if we used only this, we could prove only a
58/39 = 1.4871 approximation factor, so we will improve this later.

Lemma 3.4.8. If yi is an isolated vertex for some i ∈ [t], there starts a critical arc from
xi. If there exists an yiyj arc in H for some i, j ∈ [t], there starts a critical arc from xi,
or from xj.

Proof. Assume that yi is an isolated vertex in H, and so wi1 accepted both mi
2’s proposals,

and never refused him since he remained level 0. Consequently she could not refuse mi
1

two times. She surely did it once, since mi
1 proposed to the less preferred wi1, thus his

other proposal remained accepted by a woman he prefers to wi1. This proposal will be
critical H.

For the other statement we assume that there exists an edge from mi
2 to wj1 in H, so

also in G′ \S, and that xj is either isolated, or it is the start-point of a non-critical arc in
H. We want to prove that by these assumptions there exists a critical arc from xi.
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Figure 3.2:
mi

2w
j
1 ∈ G′ \ S,

there is no critical arc from xj

The thick edges are in G′,
the red ones are in S ⊆ G′. The
blue signs are what we prove in
the second part of Lemma 3.4.8.

Firstly wj1 �mi
2
wi2, since wi2 is unmatched. Note that, as a level 0 man, mj

1 proposed
twice to wi1, and has been refused both times, since both his accepted proposals are to
a less preferred woman. As mi

2w
j
1 ∈ G′, mj

1 �wj
1
mi

2, but m
j
1 ≺wj

1
mi

2 would mean that
mi

2w
j
1 is blocking OPT , so we get that mj

1 =wj
1
mj

2 =wj
1
mi

2. Since mj
2 and mi

2 are level 0
men, and mj

1 is refused again as a refused level 0 person by wj1, it has to be the case both
mj

2 and mi
2 proposed twice to her, but she refused them only once.

One can easily see that, a level 0 man cannot propose twice to both his neighbours
in G′ (if he has two different), thus after mi

2 was refused by wj1 she proposed to wj1, but
this proposal should never been refused, since mi

2 has never been refused by all women
he knows, and so wi1 ≺mi

2
wj1.

The fact, that wi1 has never refused mi
2 means that she cannot refuse both of mi

1’s
proposals, so if she refuses him once (and she does, since mi

1’s wife is the less preferred
wi0), she will not receive the other proposal of him, or she will keep it. Anyway mi

1 has
a neighbour in G′ \ S who he prefers at least as wi1, so there is a critical arc from xi in
H

Let us define an f : [t] −→ P function, where P is the set of good paths in H, as
follows:

1. If there is a critical arc from xi, f(i) := the good path contains that arc.
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2. If there is no critical arc from xi, but there is an yiyj arc, f(i) := the good path
contains the critical arc from xj

3. If there is no critical arc from xi, but there is an arc from yi to a z blue vertex,
f(i) := the good path contains yiz

By Lemma 3.4.8 exactly one condition of these is true. At most 3 different element
in [t] can have the same image: two for the critical edge from the last x-vertex, and
one for the edge from the last y-vertex, so we have proved the statement |P| ≥ t/3.
∀p ∈ P cost(p) := |f−1(p)|. Now we will redistribute the costs from good paths to
S-matched blue vertices. We will define a function charge : V −→ Q with the following
properties:

1. Σv∈V charge(v) = Σp∈Pcost(p) = t

2. ∀v ∈ V 1.5 ≥ charge(v) ≥ 0.

3. charge(v) > 0⇒ v is matched in S, and no augmenting path contains v.

4. Furthermore if v is the first or the last matched vertex of an augmenting path, then
charge(v) = 0.

First we prove that the algorithm’s approximation factor is at most 22/15 if such a
function charge exists. We will count the number of edges as follows: We will take all
components fromQ, the set of components in S⊕OPT which are not length-5 augmenting
paths. For all such a component q ∈ Q, we will count the edges in q and the length-5
paths charged to a vertex in V (q): how many of them is in S, or in OPT . Let l be the
number of edges in q from S.

Lemma 3.4.9. For all q ∈ Q the above rate is at most 22/15

Proof. If q is not an augmenting path, there is at most l edges in q ∩OPT . There are at
most 3l path from P charged to the vertices in V (q), because all charges are on matched
ones, there are 2l matched vertices in V (q). This way we counted at most 3l · 3 + l in
OPT and 3l · 2 + l edges in S (a length-5 augmenting path has 3 edge in OPT and 2 in
S). So the rate for these edges is at most ≤ 10l/7l = 10/7 ' 1.4285.

If q is an augmenting path. This case only 2l − 2 vertices can have positive charge,
since the last property of charge excluded two matched vertices from the all 2l. Similarly
to the previous case, we get the rate of edges ≤ (3l−3)·3+l+1

(3l−3)·2+l = 10(l−1)+2
7(l−1)+1 . One can easily

see this fraction is monotonic decreasing in l. Since q has a length at least 7, l ≥ 3, so we
get a maximum at l = 3. Altogether we have the rate 22/15 ' 1.4666.

So for want of the proper function charge we have proved the theorem below:
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Theorem 3.4.10. |OPT |/|S| ≤ 22/15 for any (maximal cardinality) matching OPT .

Let us define the function charge as follows: initially let charge ≡ 0. Take all q ∈ Q
one after the other. We will select two vertices to distribute the cost of the path on them.
There is two option possible: the two blue end-vertex are either both matched in S or
exactly one of them is. As we said before if none of them was matched would cause an
augmenting path in G′ to S.

If both are matched, we select the two end-points. (Note that the path is from a man
to a woman.)

If only one of them is matched, the other one (u) is unmatched in S and has degree 1
in G′. We select the matched one but we cannot select u, since we want to charge only
on matched vertices. u has to be an end-point of a path in G′. This path must have even
length, since it cannot be an augmenting to S, so it has same-sex endings. Select this
matched other end-point instead of u. This way we selected again opposite-sex vertices.

Let us denote the selected vertices m and w, respectively to the man and the woman.
Now if cost(q) = 1, charge(w) := 1 and charge(m) := 0, otherwise charge(m) =
charge(w) = cost(q)/2.

Now the only statement remained unproven that the function charge have the 4 above
properties. Clearly the values of charge are in [0, 1.5], and all positive value corresponds
to a matched blue vertex.

We have to prove charge is really a redistribution of cost, so we will show no vertex
is selected twice. We have discussed already that the endings of good paths are distinct
vertices. The end of a good path always is a 2 degree vertex in G′, so it cannot be an
ending in a path component of G′. If we selected a vertex two times as the end-point of
a path in G′ it would mean there are two distinct good path ends in the other end-point
of the G′-path contradicting the fact good-paths are vertex-disjoint.

For the last property of charges on augmenting paths let m∗0-w∗0-m∗1-w∗1-. . .-m∗k-w∗k be
an augmenting path in S ⊕ OPT with at least 7 edges. We want to prove charge(w∗0) =
charge(m∗k) = 0. Firstly we show neither w∗0 nor m∗k−1 ca not be an end-point of a path
component in G′ which contains a good path. Clearly w∗0 has refused m∗0, since he has
given up, so she kept two proposal accepted. If her degree in G′ is 1, then her component
must be the edge w∗0-m∗1, so in this case charge(w∗0) = 0. Similarly m∗k must be level 0,
since he knows the unmatched w∗k, so he can be selected for charge only as an end-point
of a good path.

Now observe the case the q ∈ Q good path ends in w∗0. Let us call the men from the
last red vertex of q m. A red vertex is at most level 1 and w∗0 refused m∗0 as a level 2 men,
but kept m, so m∗0 ≺w∗0 m. As m is in a red vertex, he is matched in OPT . m cannot be
in a y-vertex, or in an x-vertex with a critical arc, since in these cases w∗0 �m OPT (m),
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but that would mean mw∗0 blocks OPT. Thus q must be a good path without y-vertices
or a critical arc, so it is cost is 0, charge(w∗0) = 0.

Assume that the q ∈ Q good path starts in m∗k. m∗k knows the unmatched w∗k, so he
has similar properties to a vertex mj

2, so the proof of that, there is no arc from him to an
x-vertex, is similar to the one of Lemma 3.4.5. m∗k must be level 0, and he prefers any
neighbours in G′ to w∗k. If there was an arc fromm∗k to wi0, the pathmi

0-wi0-m∗k-w∗k would be
a path that cannot exist by Lemma 3.4.4. Consequently q does not contains any x-vertex,
so it does not contains a critical arc, thus cost(q) ≤ 1. In this case charge(m∗k) = 0, since
we charged the whole cost of q, to a woman.

3.5 Improvement of the analysis

In the previous section we have proved 22/15 approximation factor, where the inequalities
could had been strict if we could assign 6 length-5 augmenting path to one length-7 one.
Now we improve this rate by proving at most 5.5 can be assigned to such a path. Since
this result will not necessarily hold for longer augmenting path, we must check them
in a separate case. Similarly to the calculations in Lemma 3.4.9 we have that the rate
for an augmenting path consists of at least 9 = 2l + 1 edges is at most 10(l−1)+2

7(l−1)+1 =
32/22 = 16/11 ' 1.4545. The new rate for the length-7 will be proved to be at most
5.5·3+4
5.5·2+3 = 41/28 ' 1.4643, so we get this as the new lower bound for the approximation
factor for the algorithm.

Proposition 3.5.1. Let m∗0-w∗0-m∗1-w∗1-m∗2-w∗2-m∗3-w∗3 be an augmenting path in S⊕OPT .
If charge(w∗1) = 1.5, then charge(m∗1) = 0.

Proof.

Lemma 3.5.2. m∗1 can never reach level 2.

Proof. Contradicting let us assume that m∗1 is at least level 2. It means he has been
refused by w∗1 as a level 1 person. It is clear that she cannot be selected for charge as an
end-point of a path-component in G′, as she has two accepted proposals, thus there must
be an yiw∗1 arc in H, the last edge of a good path. The preimage of this arc in G′ is mi

2w
∗
1.

Man mi
2 is a level 0 person, so the fact w∗1 has refused the level 1 m∗1, but she have kept

mi
2 implies m∗1 ≺w∗1 m

i
2. On the other hand mi

2 is at level 0, and he could never have been
refused by wi2, we have w∗1 �mi

2
wi2. Altogether mi

2w
∗
1 blocks OPT, a contradiction.

Lemma 3.5.3. (a) m∗0 ≺w∗0 m
∗
1

(b) w∗0 ≺m∗1 w
∗
1
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(c) Neither w1 norm1 can be selected for a positive charge as an endpoint of a component
in G′.

Proof. m∗0 is at level 3, so he has been refused as a level 2 person by w∗0, so she must
prefer strictly m∗1 over m∗0, since w∗0m∗1 ∈ G′ and m∗1 is at most level 1. We are done with
(a) which implies (b), since w∗0 �m∗1 w

∗
1 would mean that w∗0m∗1 blocks OPT. (c): m∗1 is a

level 1 man, so he has two accepted proposals. w∗0m∗1 ∈ G′, so m∗1 proposed w∗1 (who he
prefers over w∗0) who refused him, thus w∗1 has two accepted proposals.

Now let us assume that charge(w∗1) = 1.5, and charge(m∗1) > 0. By the previous
lemma we know they are both the end-points of a good path.

As there starts a good path from m∗1, where we charged some cost to the man (m∗i ),
we know this path must contain at least one x-vertex. Thus there is an arc m∗1yj for some
j ∈ [t]. The preimage of this arc is m∗1w

j
0 ∈ G′. On the other hand charge(w∗1) = 1.5, so

there ends a good path in w∗1, where the last red vertex is an y-vertex. So similarly there
exists a mi

2w
∗
1 ∈ G′ for some i ∈ [t]. Note that it is possible that i = j but the rest of the

proof will not depend on the distinction of i and j. So the sub-graph we are examining
looks as the one on Figure 3.3.

In the previous section we followed the proof of Huang and Kavitha, but we changed
one little detail. In this section it will be important that we only assign the cost of the
ith length-5 augmenting path to the good path which has yi as the last red vertex, if xi is
not critical. This is straightforward from the definition of the function cost. The fact that
mi

1 has two proposals accepted by less preferred women than wi1 means that he proposed
her twice, but wi1 accepted the level 0 mi

2’s proposal, thus he also proposed wi1 twice (and
he has been refused once). The edge mi

2w
∗
1 is also in G′, so mi

2 proposed w∗1 exactly once
(and have never been refused by her). As an aside we get wi1 �mi

2
w∗1 �mi

2
wi2.

Similarly to m∗0 ≺w∗0 m
∗
1, we get that mj

0 ≺wj
0
m∗1, since m

j
0 is at level 3, and m∗1 is at

most level 1. wj0m
∗
1 cannot block OPT, so w∗1 ≺m∗1 w

j
0. Now we know that m∗1 prefers

both his neighbours in G′ over w∗1, so w∗1 refused him at least two times. This means that
mi

2 �w∗1 m
∗
1, but mi

2 ≺w∗1 m
∗
1 would induce mi

2w
∗
1 blocks OPT, so we have mi

2 =w∗1
m∗1.

Altogether w∗1 refused m∗1 two times, but she have kept the equally preferred level 0
mi

2, a contradiction.

Since we charged to each node a half integer value, we have proved

Corollary 3.5.4. Let q ∈ Q be a length-7 augmenting path. charge(q) ≤ 5.5. Altogether
the algorithm gives a 41/28 approximation for MAX-SMTI with one-sided ties.
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Figure 3.3:
figure for the proof of Proposition
3.5.1,

The thick edges are in G′, the
red ones are in S ⊆ G′. The blue signs
are what we show during the proof.
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3.6 Appendix - algorithm scenarios

In this section we show a few SMTI instance with one-sided ties construction, in which
the described algorithms can fail to find a stable matching close in size to the optimal
one.

3.6.1 Constructions for the algorithm of Huang and Kavitha

In the figures we show the optimal solution consists of the edgesmiwi. The edges in G′ are
thick, and the chosen matching S consists of the red edges. To prove that the algorithm
can return the output signed on the figures, we show a scenario of the proposals during
the execution of the algorithm. Since the description of the algorithm is not deterministic
we should choose an implementation. In our implementation in each step we choose the
man whose id is the largest and let him propose women till he will either become a level
3 person, or will make both his proposals accepted.

Each line in the scenario represents a proposal. The lines with the form
« m --p(r.lic)-> w X » means that the mth man proposed the wth woman, who
accepted it. The floating point number r.lic shows how much m worth for w. The
values are the followings:

m: the index of the man who proposes
w: the index of the woman who receives the proposal
p: the index of m’s proposal. (∈ {0, 1})
r: w’s original rating of m
l: m’s level
i: indicator of the fact w refused m, while he was level 0
c: "cheat": we will discuss it later

For example the line «12 --0(2 )-> 10 X, 11 <-1(1.11)-X 10» means that
the 12th man proposed to the 10th woman (with his 0th proposal), where he is at level 0,
and have never been refused by her. She accepted it and she refused her least preferred
proposal: the 11th man’s 1st proposal. The 11th man currently was a level 1 person and
he had been refused by her, but m12 �w10 m10.

We set the original preference values to be integers. The algorithm by its description
does not make difference between two proposals from two men with the same r.li value,
a woman’s decision is not determined here. This value is 1/100 times an integer, thus
if we alter these preference values with a 0 ≤ ε < 1/100 values, we will get a possible
execution of the algorithm. We will simulate the hard luck of the algorithm with these c

∈ {0, 0.001} values.
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Figure 3.4: 13/9 constructions for the algorithm of Hunag et al.
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1 13 --0(0.001)-> 11 X 13 --0(0.001)-> 11 X
2 13 --1(0.001)-> 11 X 13 --1(0.001)-> 11 X
3 12 --0(0.001)-> 11 X X 12 --0(0.001)-> 11 X
4 12 --0(0 )-> 12 X 12 --0(0 )-> 12 X
5 12 --1(0.011)-> 11 X, 13 <-0(0.001)-X 11 12 --1(0.011)-> 11 X, 13 <-0(0.001)-X 11
6 13 --0(0.001)-> 12 X 13 --0(0.001)-> 12 X
7 11 --0(0 )-> 11 X X 11 --0(0 )-> 11 X
8 11 --0(1 )-> 10 X 11 --0(1 )-> 10 X
9 11 --1(0.01 )-> 11 X X 11 --1(0.01 )-> 11 X

10 11 --1(1 )-> 10 X 11 --1(1 )-> 10 X
11 10 --0(0 )-> 10 X X 10 --0(0 )-> 10 X
12 10 --0(0.11 )-> 10 X X 10 --0(0.11 )-> 10 X
13 10 --0(0.21 )-> 10 X X 10 --0(0.21 )-> 10 X
14 8 --0(0.001)-> 7 X 8 --0(0.001)-> 7 X
15 8 --1(0.001)-> 7 X 8 --1(0.001)-> 7 X
16 7 --0(0 )-> 7 X X 7 --0(0 )-> 7 X
17 7 --0(1 )-> 3 X 7 --0(1 )-> 3 X
18 7 --1(0.01 )-> 7 X, 8 <-0(0.001)-X 7 7 --1(0.01 )-> 7 X, 8 <-0(0.001)-X 7
19 8 --0(0.001)-> 12 X, 12 <-0(0)-X 12 8 --0(0.001)-> 12 X, 12 <-0(0)-X 12
20 12 --0(2 )-> 10 X, 11 <-0(1)-X 10 12 --0(1 )-> 6 X
21 11 --0(1 )-> 6 X 6 --0(0 )-> 6 X
22 6 --0(0 )-> 6 X 6 --1(0 )-> 6 X
23 6 --1(0 )-> 6 X X 6 --1(0.11 )-> 6 X
24 6 --1(0.11 )-> 6 X X 6 --1(0.21 )-> 6 X
25 6 --1(0.21 )-> 6 X X 5 --0(0.001)-> 4 X
26 5 --0(0.001)-> 4 X 5 --1(0.001)-> 4 X
27 5 --1(0.001)-> 4 X 4 --0(0 )-> 4 X
28 4 --0(0 )-> 4 X X 4 --0(1 )-> 0 X
29 4 --0(1 )-> 0 X 4 --1(0.01 )-> 4 X, 5 <-0(0.001)-X 4
30 4 --1(0.01 )-> 4 X, 5 <-0(0.001)-X 4 5 --0(0.001)-> 1 X
31 5 --0(0.001)-> 1 X 3 --0(0 )-> 3 X
32 3 --0(0 )-> 3 X 3 --1(0 )-> 3 X
33 3 --1(0 )-> 3 X X 3 --1(0.11 )-> 3 X
34 3 --1(0.11 )-> 3 X X 3 --1(0.21 )-> 3 X
35 3 --1(0.21 )-> 3 X X 2 --0(0.001)-> 7 X
36 2 --0(0.001)-> 7 X X 2 --0(0.001)-> 1 X
37 2 --0(0.001)-> 1 X 2 --1(0.011)-> 7 X, 7 <-1(0.01)-X 7
38 2 --1(0.011)-> 7 X, 7 <-1(0.01)-X 7 7 --1(1 )-> 3 X, 3 <-0(0.21)-X 3
39 7 --1(1 )-> 3 X, 3 <-0(0.21)-X 3 1 --0(0.001)-> 4 X
40 1 --0(0.001)-> 4 X X 1 --0(0 )-> 1 X
41 1 --0(0 )-> 1 X X 1 --0(2 )-> 0 X
42 1 --0(2 )-> 0 X 1 --1(0.011)-> 4 X, 4 <-1(0.01)-X 4
43 1 --1(0.011)-> 4 X, 4 <-1(0.01)-X 4 4 --1(1 )-> 0 X
44 4 --1(1 )-> 0 X X 4 --1(2 )-> 3 X, 7 <-0(1)-X 3
45 4 --1(2 )-> 3 X, 7 <-0(1)-X 3 7 --0(2 )-> 6 X, 6 <-0(0.21)-X 6
46 7 --0(2 )-> 6 X, 6 <-0(0.21)-X 6 0 --0(0 )-> 0 X
47 0 --0(0 )-> 0 X X 0 --0(0.11 )-> 0 X
48 0 --0(0.11 )-> 0 X X 0 --0(0.21 )-> 0 X
49 0 --0(0.21 )-> 0 X X

3.6.2 Construction for the algorithm GSA-LP

In the graph depicted in figure 3.5 the optimal solution consists of the edges miwi. The
matching S consists of the red edges. We wrote the x∗mw optimum values of the LP
problem LP (G) on the respective edges (mw). One can easily check that these values
represent an optimal basic solution for LP (G) (we only outline the proof): it is easy to
check that vector x∗ is a feasible solution. There are five women in this SMTI instance,
so the optimum value of LP (G) is 5. On the other hand it is a basic solution, since
the respective inequalities of the vertices w0,m1, w1,m2, w2,m3, w3,m4, w4 and the edges
m3w4,m4w4 are strictly satisfied by vector x∗. The listed 11 inequalities are linearly
independent, and x∗ is a 11 dimensional vector. The optimal matching has size 5, so the
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integrality gap of this linear programming problem is 1.
To prove that the algorithm can return the output signed in figure 3.5, we show a

scenario of the proposals during the execution of GSA-LP. Since the description of the
algorithm is not deterministic we should choose an implementation. In our implementa-
tion in each step we choose the man whose id is the largest and let him propose women
till he will become either engaged or a level 3 person.

Each line in the scenario represents a proposal. The lines with the form
« m --(r.f)-> w X » means that the mth man proposed the wth woman, who
accepted it. The floating point number r.f shows how much m worth for w. The values
are the followings:

m: the index of the man who proposes

w: the index of the woman who receives the proposal

r.f: it is w’s original rating of m plus fm/10

m0 m1 m2 m3 m4 m5

w0 w1 w2 w3 w4

.5
.5

.5
.5

.5
.5

.5
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>
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>
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Figure 3.5: 5/4 construction for algorithm GSA-LP

1
2 5 --(0.05 )-> 4 X
3 4 --(0.05 )-> 3 X
4 3 --(0.05 )-> 3 X
5 3 --(0.05 )-> 3 X
6 3 --(1.05 )-> 4 X, 5 <-(0.05)-X 4
7 5 --(0.05 )-> 4 X
8 5 --(0.2 )-> 4 X
9 5 --(0.3 )-> 4 X

10 2 --(0.05 )-> 1 X
11 1 --(0.05 )-> 1 X
12 1 --(0.05 )-> 1 X
13 1 --(1.1 )-> 0 X
14 0 --(0.05 )-> 0 X
15 0 --(0.05 )-> 0 X
16 0 --(0.2 )-> 0 X
17 0 --(0.3 )-> 0 X

31



3.7 Theoretical and experimental comparison

In spite of the fact that the best proved approximation factor for the problem SMTI with
one-sided ties is of Huang et al.’s algorithm, we have shown in the previous section that in
special cases this 22/15 factor is surprisingly strict: 22/15 − 13/9 ' 0.022. Furthermore
each of these SMTI instances contains complete matching, and the only basic optimal
solution for the LP (G) problem is this unique complete matching itself. By this GSA-LP
always finds the optimal stable matching.

In [8] Iwama et al. constructed SMTI instance sequences in order to show the integrality
gap between LP (G) and IP (G) can be big. They have shown that there is a sequence
of SMTI instances gn with one-sided ties, that the integrality gap of LP (Gn) approches
1 + 1/e ' 1.3679. For the general problem SMTI this shown instances, that the integrality
gap approches 3/2. The integrality gap usually measures the quality of the optimal
solutions of the LP-relaxation of a given IP problem. We will show that if we are given
an SMTI instance G, and the integrality gap is relatively big, then the size of an arbitrary
stable matching fairly approximates the optimal size.

Proposition 3.7.1. Let G be a given SMTI instance, where the integrality gap between
LP (G) and IP (G) is r. Every stable matching has size at least 2

r
|OPT |.

Proof. Let S be an arbitrary stable matching in G. Let x∗mw denote the optimum so-
lution value of LP (G) for the edge mw. Each edge mw with positive x∗mw value must
be adjacent to an edge from S, otherwise mw would block S. By this Σmw∈Ex

∗
mw ≤

Σm′w′∈S(Σmw′∈Ex
∗
mw′+Σm′w∈Ex

∗
m′w). Since x∗ is a feasible solution of LP (G), Σmw′∈Ex

∗
mw′ ≤ 1

and Σm′w∈Ex
∗
m′w ≤ 1. Altogether we get Σmw∈Ex

∗
mw ≤ Σm′w′∈S(1 + 1) = 2|S|, and so

r ∗ opt(IP (G)) = opt(LP (G)) ≤ 2|S|.
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Chapter 4

Social stability

In [1] Askalidis et al. introduced a new kind of stability.

Definition 4.0.2 (Socially stable matching). Let G = (M ∪̇W,E) be a bipartite graph
with strict preference-list of the neighbours for each vertex. Let also be given a bipartition
of the edge set: E = A∪̇U . We call the matching S ⊆ E socially stable if there is no
e ∈ A blocking edge.

The inspiration behind this definition is something like "what I don’t know won’t hurt
me". We could use stable matching algorithms to match workers with jobs. We can
sacrifice efficiency for employment. For example if a worker apply for a job located in the
other part of the country, and the company employ someone less competent, practically
it won’t block our matching, since he will not know about who was applied for the job.
(A stands for acquainted, U stands for unacquainted).

We will refer this optimization problem as (MAX-SMISS).

4.1 Preliminaires

Askalidis et al. have shown that the problem of finding the maximal cardinality socially
stable matching is APX-hard. They also have given an algorithm in [1] called approx-
SMISS which give a 3/2 approximating matching for the problem. In naming concepts
they used the terms "promoted" and "unpromoted" for the status of men. We will turn
back to the terms used in the article [9]. In the next section we will deal with the
generalization of the problem, namely we will also give a 3/2 approximation for the case
that allows ties in both side’s preference lists. (MAX-SMISS)
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4.2 Approx-SMTISS

As usual, in this algorithm men will propose to women, and the key is the mechanism of
womens’ decision. We will give two chances to every men.

A man’s status is either "lad" or "bachelor" or "old bachelor" (level 0, 1, 2), where
being an old bachelor means inactivity. In every step an active man proposes to one of
the most preferred women. If he gets refused (immediately, or later), he removes the one
who refused her from his list (there is an exception for this, if the woman is flighty: it
is discussed below). Every man starts as a lad. If a lad’s list gets exhausted, he become
a bachelor, and his list gets restored. However if a bachelor empties his list, he remains
inactive forever.

A woman can be either "maiden" or "engaged". A man propose the maidens before the
engaged women if he has both at the top position of his current list. We call the man
who prefers someone to his actual fiancée "uncertain". Note that a man become uncertain
exactly when he has more than one maidens at the top of his list, when he proposes. The
fiancée of the uncertain man is called "flighty".

We will use the term ’weak’ for an engagement or a proposal if it is from a man, and
the respective edge is in U . Otherwise we call it strong.

A maiden always accepts any proposal. An engaged woman choose from her fiancé and
the man currently proposing to her, by the following rules (the prior rules are stronger):

(1) She always accept the new proposal if she is flighty.

(2) She always choose the strong proposal over a weak one.

(3) She choose that man who is upper on her list.

(4) She choose the bachelor over a lad.

In the beginning every woman is maiden, and every man is lad. The algorithm stops
at the time there is no more active men. We get the matching S as the set of edges with
a respective engagement.

Lemma 4.2.1.

(a) Any time a woman have received at least two proposals, she cannot be flighty.

(b) If there is a woman, who is not flighty and she is in a strong engagement, she will
not accept any weak proposal, and her rating of her fiancé is monotone increasing
during the rest of the algorithm.

(c) Altogether if a woman have received two proposals, whereby the latter one is strong,
statement (b) holds, so she will not accept less preferred proposals.
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Proof. It is easy to see (a), since an engaged woman will always have a fiancé, but only
maidens can turn flighty. Statement (b) is straightforward from the description of women’s
decision. Statement (c) follows from the previous ones.

Proposition 4.2.2. The output of the described algorithm is a socially stable matching.

Proof. Let mw be a blocking edge. By definition mw ∈ A. If m is an old bachelor, then
w would have to refuse him as a lad and later as a bachelor, but by lemma 4.2.1 (c) her
husband is in a not worse position on his list than m.

If w was a maiden, m would have a wife at least as preferred as w.
The remaining case is that both w has an m′ husband and m has a w′ wife, where

w �m w′ andm �w m′. m had to propose w before w′, and this proposal was strong, since
mw ∈ A. w refused him as a flighty woman, otherwise we would have a contradiction
with the (b) statement of lemma 4.2.1 immediately. As m is refused by the flighty w and
his wife is the less preferred w′ it has to be the case he proposed again to w contradicting
lemma 4.2.1 (c).

Proposition 4.2.3. The socially stable matching found by the algorithm approximates
the optimal one in cardinality in a 3/2 factor.

Proof. Let S be the socially stable matching given by the algorithm Approx-SMTISS and
OPT be an arbitrary optimal one. We want to prove that |S| ≥ 2/3|OPT |. The only
statement to prove is that there is no length-3 augmenting path in S ⊕OPT .

Let w′−m−w−m′ be a path in G, where {w′m,wm′} ⊆ OPT , and wm ∈ S. Now w′

is unmatched in S, so nobody proposed her, consequently m surely is a lad. Furthermore
m′ is an old bachelor, so he has been refused by w even as a bachelor. Note that this time
his proposal was strong, so m �w m′, but m 6=w m

′, because otherwise w would prefer the
bachelor m′ over m. On the other hand w �m w′, but they could not be equally preferred,
because that would mean m is uncertain, so w is flighty, what cannot be true, since she
received at least 3 proposals (two form ′m and one from m).
mw ∈ U would mean that their engagement is weak, since m have never reached the

bachelor status, but then w would never prefer him over m′, so mw ∈ A, but this would
cause that mw blocks OPT

During the algorithm one man proposed one woman at most trice, so it stops in 3|E|
steps.
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