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Abstract

The parity games are infinite games on finite graphs, where two players move a token on
the edges and the winner is determined by some properties of the set of the infinitely visited
vertices: a priority function on the vertices is given and the players compete for the parity of
the highest priority occurring infinitely often. Studying parity games has at least two important
motivations. Firstly, it is polynomial time equivalent to the model checking problem of the modal µ-
calculus, which is a fundamental algorithmic problem in automated software verification. Secondly,
its complexity status is astonishing: one of the non-cryptological problems which belongs to NP ∩
coNP, however, no polynomial time algorithm is known yet.

This thesis owns two major goals. In the first part of this work, we give an overview of the
fundamental results of parity games (Chapter 1) and the connection with modal µ-calculus (Chap-
ters 2 and 3). Since most of the papers in model theory ignore the combinatorial approaches and
most of the papers in combinatorics use the basic facts and the connection with logics of parity
games without proofs, the goal of our work is to complement these works: we study the connection
between parity games and µ-calculus and prove the fundamental results of parity games.

In the second part, we present McNaughton’s and Jurdziński-Paterson-Zwick’s elementary com-
binatorial algorithms to solve parity games (Chapter 4). These algorithms run in (sub)exponential
time in worst-case, nevertheless, the notions used by them seem to be profitable in developing
further algorithms. Since no polynomial time algorithm is known for parity games in general, it is
natural to classify games where we can guarantee efficient algorithms. On the one hand, Fearnley
and Lachish presented such an algorithm for parity games on graphs with bounded tree-width,
and on the other hand, Dittmann, Kreutzer and Tomescu solved parity games obtained by pasting
efficiently solvable games along one vertex. In Chapter 5 we give a review of these results, and we
present a new algorithm which extends the previous ones: our algorithm can solve parity games
obtained by pasting efficiently solvable games along two or more vertices. Precisely, it works in
time O(nl(k+1) ·F (n)) where F (n) is the time to solve the original graphs, l denotes the number of
repeated pasting and k denotes the number of common vertices in each pasting. For instance, for
games on graphs which can be obtained by pasting complete graphs along two or more vertices,
no efficient algorithm was previously known.

In Chapter 6 we introduce some further infinite duration games of perfect information played
on graphs and give reductions from them to parity games based on works of Jurdziński et al.
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Chapter 1

Basics of parity games

Definition 1.1. A standard parity game or briefly parity game Γ = ((V,E), α, (V©, V�)) consists
of a directed graph G = (V,E) where V is the set of vertices and E ⊆ V × V is the set of edges,
α : V → Z is a priority function and (V©, V�) is a partition of V . We assume that every vertex
has at least one out-going edge in G. The game is played by two players, Player © and Player �,
as follows.

The match starts at some vertex v0 ∈ V . The players construct an infinite path as follows. Let
v be the last vertex added so far to the path. If v ∈ V©, then Player © chooses an outgoing edge
from v and this edge is added to the path. If v ∈ V� Player � chooses. Let α(v0), α(v1), α(v2), . . .
be the sequence of the priorities of the vertices on the path. Player © wins the match if the largest
priority seen infinitely many times is odd, and Player � wins otherwise.

We denote by G(Γ), V (Γ), E(Γ), . . . the graph, vertex set, edge set, . . . of the parity game Γ.
If the parity game is not ambiguous, then we write G, V , E, . . . for short.

Furthermore, we denote by V p the vertices owning priority p.

As usual, we denote by n the number of nodes and by m the number of edges of the graph G.

1.1 Fundamental results

As in game theoretic problems, it is natural to ask which player has a strategy which ensures
the win for her. In this section, we summarize the fundamental results of parity games.

Definition 1.2. Let i ∈ {©,�}. A strategy for Player i specifies the next edge vkvk+1 of the path
depending on the finite path v0, . . . , vk. A strategy is called positional if choosing the edge vkvk+1

depends only on vk, the last vertex in the path. A positional strategy for Player i can be described
as a function σ : Vi → V : every time when the path ends at v ∈ Vi, Player i chooses the edge
vσ(v).
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CHAPTER 1. BASICS OF PARITY GAMES

A match is called σ-conform if the player follows her positional strategy σ. A σ-conform match
can visit only a subgraph of G: let Gσ be the graph (V,Eσ) where Eσ = {vw ∈ E : v ∈ Vj}∪{vσ(v) ∈
E : v ∈ Vi}.

A (positional) strategy is called winning strategy if following this strategy ensures a win for
Player i, no matter which strategy is used by the other player.

The winning region or the winning set for Player i is the set of vertices from where Player i
has a winning strategy. The winning region for Player i in the game Γ is denoted by Wi(Γ).

The following determinacy theorem says that the parity games are determined, that is, one of
the players always has a winning strategy. There are several proofs for determinacy theorem, the
following is based on the work of Ehrenfeucht and Mycielski [4]. This proof reduces the claim to
the determinacy of finite games which is a well-known result by Zermelo.

Theorem 1.3. For every parity game Γ and every start vertex v, either Player © has a winning
strategy or Player � has a winning strategy, that is W©(Γ) ∪W�(Γ) = V .

Proof. For a parity game Γ = ((V,E), α, (V©, V�)), let us define the finite version Γ̃ of Γ: the
match is played in the same way on the same graph as in Γ except that the match stops when
some vertex v is revisited. Then, Player © wins the match if the largest priority seen on the loop
from v to v is odd, and Player � wins otherwise.

Claim 1.4. If Player i has a winning strategy in the finite parity game Γ̃ = ((V,E), α, (V©, V�))
from a vertex v ∈ V , then Player i has a winning strategy in the standard parity game Γ =
((V,E), α, (V©, V�)) from a vertex v ∈ V .

Proof. Without loss of generality, we can assume that i =©. The case i = � is analogous.

Suppose that Player© has a winning strategy in the finite parity game Γ̃ = ((V,E), α, (V©, V�))
from a vertex v ∈ V . From this, we construct a strategy for Player © which is winning for her in
the game Γ.

For the Γ-match, we maintain a shadow Γ̃-match as follows. The shadow match is the same
until a loop is created. Then, erase the loop from the history in Γ̃, and continue playing according
to the winning strategy in Γ̃ from the last visited vertex of the loop (but without the loop).

Since Player © plays according to her winning strategy in Γ̃, then every loop has an odd
maximal priority. Therefore, the largest priority seen infinitely many times in Γ is also odd because
it is the maximum of the maximal priorities in infinitely many such loops. Hence, Player © wins
the Γ-match.

The finite parity game Γ̃ is finite since it ends in at most n steps. So, it is a finite combina-
torial game (finite zero-sum game of perfect information), so Zermelo’s theorem implies that it is
determined, see for example [19].
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CHAPTER 1. BASICS OF PARITY GAMES

Theorem 1.5. In a parity game Γ, if a player has a winning strategy from a vertex, then she also
has a winning positional strategy from that vertex.

Proof. The proof is by induction on the number of nodes that have more then one out-going edges.
Let z ∈ V be an arbitrary node which has more then one out-going edges. We are going to prove
that the winning strategy can be assumed to be positional at the node z, and then, by induction,
we obtain that the winning strategy can be assumed to be positional at every node.

Similarly to the proof of Theorem 1.3, we define another finite version Γ̃z of Γ which forgets
everything when the vertex z is visited first time: the match is played in the same way on the same
graph as in Γ. The differences are that the history is erased the first time when vertex z is visited,
and the match stops when some vertex v is revisited. Then, Player© wins the match if the largest
priority seen on the loop from v to v is odd, and Player � wins otherwise.

Analogously to the proof of Claim 1.4, it is easy to check that if one of the player has a winning
strategy in Γ̃z, then she also has a winning strategy in the standard parity game Γ.

However, the Γ̃z is finite since it ends in at most 2n steps: at most n steps they reach z or
form a loop and if they reach z, at most n additional steps they form a loop. So it is a finite
combinatorial game (finite zero-sum game of perfect information), so Zermelo’s theorem implies
that it is determined.

Furthermore, if z ∈ Vi for i ∈ {©,�}, then any winning strategy for Player i is positional from
the vertex z in Γ̃z since this vertex is encountered at most once and the history is erased if it is
encountered. By the fact that Player i plays in Γ as in Γz, the winning strategy for Player i can be
assumed to be positional from z in the game Γ. Therefore, if the out-going edges not chosen from
z are removed, then by the induction hypothesis Player i has a positional winning strategy which
yields a positional winning strategy in Γ.

The natural algorithmic problem is to determine whether Player © has a winning strategy
from a start vertex in a parity game.

Standard parity game
Input: a standard parity game Γ = ((V,E), α, (V©, V�)) and a vertex v ∈ V .
Decide: whether Player © has a winning strategy from v in Γ.

An important motivation to study parity games is its interesting complexity status: no polyno-
mial time algorithm is known, in spite of the fact that the problem belongs to NP ∩ coNP. Now we
prove this membership and the non-deterministic algorithms require to solve single-player parity
games.

Lemma 1.6. A single-player parity game Γ, where one of the players does not own any positions,
can be solved in time O(n3).
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CHAPTER 1. BASICS OF PARITY GAMES

Proof. Without loss of generality, we can assume that all positions belong to Player©. Obviously,
she wins from a node v if and only if there exists a cycle which is reachable from v and has odd
maximal priority. We can check this property in polynomial time, as follows.

First, we remove the nodes that are not reachable from v. Then, we have to check that in the
remaining game there exists a cycle which has odd maximal priority.

If the maximal priority in Γ is even, we can remove the nodes owning this maximal priority
since the cycle which has odd maximal priority should not touch these vertices. If the maximal
priority in Γ is odd, we can check whether some nodes owning this maximal priority are on a cycle.
If so, Player © has a winning strategy, otherwise we remove these nodes and repeat this process
until no nodes remain. In that case, Player © does not have a winning strategy and hence, Player
� wins from v.

In each round, at least one node is removed, and checking that a node is on a cycle can be done
in time O(m), so the total running time is O(nm) and hence, in time O(n3).

This lemma and symmetry of the two players immediately imply the NP ∩ coNP-membership.

Theorem 1.7. Standard parity game belongs to NP ∩ coNP.

Proof. As we saw in Theorem 1.5, if Player © has winning strategy, she also has a positional
winning strategy. We can non-deterministically guess a positional winning strategy σ for Player
©, and then we can check whether Player © has winning strategy in Γσ, because the Γσ is a
single-player parity game since Player © does not have any chance to make decision in choosing
edges.

This non-deterministic algorithm shows that Standard parity game belongs to NP.

Analogously, if Player© does not have a winning strategy, Player � has one and Player � also
has a positional winning strategy. The same proof implies that Standard parity game belongs
to coNP and this completes the proof.

1.2 Equivalent versions

In the literature, there are numerous versions of parity games. Now we define some game with
weaker and some with stricter conditions which we will use in this thesis. However, all versions are
equivalent to the original standard one.

In the following version, it is allowed to get stuck, that is, there might be vertices that do not
have out-going edges.

Definition 1.8. A general parity game Γ = ((V,E), α, (V©, V�)) consists of a directed graph
G = (V,E) where V is the set of vertices and E ⊆ V × V is the set of edges, α : V → Z is a
priority function and (V©, V�) is a partition of V . There is no further conditions for the graph G.
The game is played by two players, Player © and Player �, and the game and winning conditions
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CHAPTER 1. BASICS OF PARITY GAMES

are the same as in the Definition 1.1, except that if a player gets stuck, that is, there is no out-going
edge from her vertex at the end of the path, then she loses the match.

Proposition 1.9. The Standard parity game and General parity game are equivalent games.

Proof. The reduction from the standard parity game to General parity game is straightforward. For
the backward direction, we can extend the game graph of the general parity game in the following
way. For each node v which does not have any out-going edges, we add an extra node v′ and an
extra edge vv′ and a loop v′v′. Let the priority of v′ be an arbitrary odd integer if v is the position
of Player � and an arbitrary even integer if v is the position of Player ©.

Obviously, the same player wins an arbitrary infinite match. If in the general parity game
someone gets stuck at v, in the constructed standard parity game she will move to the node v′ and
looping around v′ infinitely many times. The priority of v′ shows that the player who got stuck
also loses the standard parity games. This implies the equivalence.

In one of the most general versions, not every node has a priority, however, the nodes not owning
priority forms a directed acyclic graph. This assumption is sufficient, or else, it might happen that
the infinitely visited nodes neither have priorities, nor a maximal priority.

Definition 1.10. An incomplete general parity game Γ = ((V,E), U, α, (V©, V�)) consists of a
directed graph G = (V,E), a priority function α : U → Z restricted to the set U ⊆ V and (V©, V�)
is a partition of V . The game and winning conditions are the same as in the Definition 1.8, except
that α(u0), α(u1), α(u2), . . . is the sequence of the priorities of the vertices in U on the path.

Proposition 1.11. The Incomplete general parity game and General parity game are equivalent
games.

Proof. The reduction from General parity game to Incomplete general parity game is straightfor-
ward. For the backward direction, we can extend the incomplete priority function to a complete
priority function by setting α(v) = minu∈U α(u)− 1 for all v ∈ V −U . Since the nodes not owning
priority form a directed acyclic graph, the maximal priority in the complete version is the same as
in the incomplete version, so the same player wins the match and this implies the equivalence.

1.2.1 Assumptions on the priority function

In general, the priorities of the vertices in a parity game might be in arbitrary range. However,
using some easily realizable methods one can simplify this function.

Firstly, it is clear that by adding or subtracting an (even) constant value from the priority of all
vertices, we can assume that all priorities are positive. A bit trickily, we also can add or subtract
an odd value. In this case, interchanging the two players is needed. Therefore, we can also assume
that the smallest priority is 1.
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CHAPTER 1. BASICS OF PARITY GAMES

Also, we can assume that V p 6= ∅ if there are also greater and less priorities than the priority
p. This is because we can decrease the priorities bigger than p by two and the parity of the largest
priority seen infinitely many times does not change.

Sometimes, the solving algorithms analyzed in this thesis use the number of priorities. In this
case, we assume that the set of priorities is exactly the set {1, 2, . . . d} and we denote the maximal
priority, which is equal to the number of priorities, by d(Γ) or if the game is not ambiguous, by d.

It is worth pointing out that these assumptions do not increase the size of the graph, only make
some changes on the priority function and possibly interchange the role of the two players.

1.2.2 A complexity theoretic equivalence

Finally, we show an intriguing complexity theoretic equivalence: recognizing a global winner is
as hard as solving a parity game.

Dittmann, Kreutzer and Tomescu [3] analyzed the problem of recognizing the winning regions
in a parity game. Indeed, they ask whether there is a polynomial time algorithm which can decide
about a parity game Γ and a subset A ⊆ V that W©(Γ) = A or not. Specially, they are interested
in a polynomial time algorithm which can decide whether Player © has winning strategy from
every vertex in a given parity game Γ.

Global winner in standard parity game
Input: a standard parity game Γ = ((V,E), α, (V©, V�)).
Decide: whether Player © has winning strategy from every vertex, i.e., she is

the global winner in Γ.

It turns out that this case is polynomial time equivalent to the original one. Now, we outline
this reduction.

Theorem 1.12. The Global winner in standard parity game and the Standard parity
game are polynomial time equivalent.

Proof. For a parity game Γ = ((V,E), α, (V©, V�)) and a vertex s ∈ V , we construct a parity game
Γs such that s ∈W©(Γ) if and only if W©(Γs) = V (Γs), as follows.

The construction of Γs is based on Γ. Each edge uv ∈ E such that u ∈ V� is split up with
a new position puv which belongs to Player © and has the same priority as u. Furthermore, an
extra node w is added which belongs to Player �. Let its priority be the worst for Player ©, i.e.,
an even integer which is greater then the greatest priority in Γ. Finally, we add edges uw for all
u ∈ V©, edges puvw for all uv ∈ E with u ∈ � and an edge ws.

If Player © wins in Γ from s, then she wins in Γs from everywhere, because she can force the
game to w and then to the position s. From s, Player © can choose to stay in the original game
which is winning for her.

10



CHAPTER 1. BASICS OF PARITY GAMES

If Player � wins in Γ from s, then Player © cannot win in Γs from everywhere. Indeed, if the
match goes through the node w infinitely often, then Player � wins. Otherwise, they play in the
original game Γ starting at s after the last visiting of w, and by the assumption, it is winning for
Player �. Hence, Player � wins from s in Γs, so Player © cannot win from anywhere.

The size of the constructed graph is obviously a polynomial of the size of the original one, and
it completes the proof.

It is clear that Global winner in standard parity game also belongs to NP ∩ coNP,
nevertheless, we give an alternative witness for global winner. This proof is based on [20].

Theorem 1.13. Player © is global winner in Γ = ((V,E), α, (V©, V�)) if and only if there is an
ordering of nodes v1, v2, . . . , vn such that for a node vi ∈ V© there is an out-going edge vivj and
for a node vi ∈ V� every out-going edges vivj satisfy the following conditions:

• if α(vi) is even, then j > i

• if α(vi) is odd, then either j > i or α(vi) = max
j≤k≤i

α(vk).

Proof. Obviously, Player © is global winner in Γ if and only if there exists a positional strategy
σ : V© → V for Player © such that every simple cycle in Γσ has an odd maximal priority.

If there is such an ordering, then for v ∈ V©, let vσ(v) be the edge which satisfies the conditions.
Then, we claim that every simple cycle has an odd maximal priority. Indeed, let vi1 , vi2 , . . . , vik be
the nodes on a simple cycle where i1 is the biggest index. Let 1 = j1 < j2 < · · · < jl be the indices
that satisfy ijt

> ijt+1. Then,

α(vi1) = max
i2≤i≤i1

α(vi) ≥ α(vij2
) = max

ij2+1≤i≤ij2

α(vi) ≥ α(vij3
) = · · · ≥ max

ijl+1≤i≤ijl

α(vi)

So we get that α(vi1) is the maximal priority on the cycle and since i1 > i2, this priority is odd.

For the forward direction, we construct an ordering by induction on n if every simple cycle in
Γσ have an odd maximal priority. Let s be a node with maximal priority, and let A be the set of
nodes from which there is a non-trivial path to s, and B = V \ (A∪{s}). Since every cycle in Γ[A]
and Γ[B] has an odd maximal priority, by the induction hypothesis, there is an ordering of A and
B. Then, we constitute the ordering of V as follows: first the ordering of A, then s, and finally the
ordering of B. This ordering satisfies the conditions.

Indeed, there is no edge uv from B to A ∪ {s}, since otherwise u ∈ B also has to belong to A.
Thus, for u ∈ B, the node v also belongs to B for every edge uv ∈ E, and the conditions hold. For
u ∈ A, the conditions holds since every edge goes to a node in A or a node with bigger index. For
s, if α(s) is even, then every edge goes to a node in B, otherwise there would be a cycle with even
maximal priority. If α(s) is odd, the conditions obviously hold.
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Chapter 2

Background: modal µ-calculus

The original motivation for studying parity games comes from the area of formal verification
of systems by µ-calculus model checking. In this chapter, we would like to present the connec-
tion between µ-calculus and parity games. This fundamental connection was firstly established by
Emerson and Jutla [5] and subsequently developed by several authors, see [18].

First, we give an overview about modal logic and modal µ-calculus. Here no preliminary knowl-
edge of modal logic is required, nevertheless, we only focus on the basics of these logics. Between the
definitions of syntax and semantics of these types of logic, we are going to provide some examples
in order to show their expressiveness.

Second, we analyze its complexity via algorithmic game theory and prove one direction of
polynomial time equivalence of the parity games and the modal µ-calculus model checking. In this
proof, we follow the lines of [21].

2.1 Modal logic

Briefly, the modal logic is an extension of classical propositional logic which includes further
operations expressing modality: the truth of statements depends on the current situation and the
possible situations of the world.

The theory of modal logic has enormous literature due to its applications in philosophy, linguis-
tics, cognitive science, computer science and mathematics. There are numerous variants of modal
logic: the traditional alethic modalities includes possibility (It is possible that the sun is shining.)
and necessity (Necessarily, the sun is shining.). The temporal modalities express with qualification
of time: some expressions are always true, while tensed expressions are only true sometimes. (The
sun was shining. The sun has always been shining. The sun will be shining.).

We are going to define a formalism for modal logic. A formal modal logic represents modalities
using modal operators. Traditionally, the basic modal operators are the Necessarily written as �

and Possibly written as 3.

12



CHAPTER 2. BACKGROUND: MODAL µ-CALCULUS

The next definition gives the formal description of what the current situation and the possible
situations of the world mean.

Definition 2.1. Let P be a set of proposition letters and let A be a set of actions. A (P,A)-type
transition system or (P,A)-type Kripke model is a triple S = (S, V,R) such that S is a set of
objects called states, R = {Ra ⊆ S × S | a ∈ A} is a family of binary accessibility relations and
V : P → 2S is a valuation or interpretation.

The states correspond to the possible worlds, the accessibility relations describe the direct
connections between them and the valuation shows the possible worlds where each proposition
holds.

Now we are ready to define the syntax and semantics of modal formulas.

Definition 2.2 (Syntax of modal logic). The set of modal formulas, or pure modal formulas, or
briefly formulas is the smallest set ModalFormulas(S) with the following properties:

• If p ∈ P , then p and ¬p are formulas.

• If ϕ1, ϕ2 are formulas, then ϕ1 ∧ ϕ2 and ϕ1 ∨ ϕ2 are also formulas.

• If a ∈ A and ϕ is a formula, then 3aϕ and �aϕ are also formulas.

We stay that an occurrence of p ∈ P in ϕ is positive if it is not contained in a subformula ¬p.

Definition 2.3 (Semantics of modal logic). Let S = (S, V,R) be a (P,A)-type transition system.
We define the satisfaction relation S, s  ϕ between the state s ∈ S and the formula ϕ by the
following formula induction.

S, s  p if s ∈ V (p)
S, s  ¬p if s 6∈ V (p)
S, s  ϕ1 ∧ ϕ2 if S, s  ϕ1 and S, s  ϕ2

S, s  ϕ1 ∨ ϕ2 if S, s  ϕ1 or S, s  ϕ2

S, s  3aϕ if S, t  ϕ for some t such that (s, t) ∈ Ra
S, s  �aϕ if S, t  ϕ for all t such that (s, t) ∈ Ra

We say that ϕ is true in state s if and only if S, s  ϕ and let V (ϕ) be the valuation of ϕ: the
set of states s such that ϕ is true in state s.

As we know from classical logic, assuming that the negations only effect on the propositions is
not a restriction on the expressiveness.

Equivalently, one can define the semantics of modal formulas by the extension of valuation in
the following way.

13
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Proposition 2.4. Let us define Ṽ : ModalFormulas(S)→ S by the following formula induction:

Ṽ (p) = V (p)

Ṽ (¬p) = S \ V (p)

Ṽ (ϕ1 ∧ ϕ2) = Ṽ (ϕ1) ∩ Ṽ (ϕ2)

Ṽ (ϕ1 ∨ ϕ2) = Ṽ (ϕ1) ∪ Ṽ (ϕ2)

Ṽ (3aϕ) = {s : there is a state t such that (s, t) ∈ Ra and t ∈ Ṽ (ϕ)}

Ṽ (�aϕ) = {s : for all state t such that (s, t) ∈ Ra, t ∈ Ṽ (ϕ) holds }

Then Ṽ (ϕ) precisely contains the states where ϕ is true.

The proof is straightforward.

2.2 Modal µ-calculus

The modal µ-calculus extends the modal logic by two fixed point operators.

Definition 2.5 (Syntax of modal µ-calculus). The set of modal fixed point formulas, or modal
µ-calculus formulas, or briefly formulas, is the smallest set ModalF ixedPointFormulas(S) with
the following properties:

• If ϕ is a pure modal formula, then ϕ is also a modal fixed point formula.

• If x ∈ P , ϕ is a modal fixed point formula and all occurrences of x in ϕ are positive, then
µx.ϕ and νx.ϕ are also formulas.

Here we note that we use the symbol η to denote either µ or ν.

The semantics of pure modal formula is exactly the same as in the modal logic, however, to
define the interpretation of the fixed point formulas µx.ϕ and νx.ϕ, we need some extra results
from general fixed point theory.

2.2.1 General fixed point theory

Now we call the following celebrated result of fixed point theory. It was first proved by Knaster
[11] in the context of power set algebras, and subsequently generalized by Tarski [17] to complete
lattices.

Let (L,≤) be a complete lattice. f : L→ L is called an order-preserving function, if f(x) ≤ f(y)
whenever x ≤ y.

Lemma 2.6 (Knaster–Tarski). Let (L,≤) be a complete lattice and let f : L → L be an order-
preserving function. Then f has both a least and a greatest fixed point and these are given as

LFP (f) =
∧

p∈L:f(p)≤p

p GFP (f) =
∨

p∈L:f(p)≥p

p

14



CHAPTER 2. BACKGROUND: MODAL µ-CALCULUS

Proof. We give the proof only for the greatest fixed point, the result for the least fixed point can
be proved analogously.

Let q =
∨
p∈L:f(p)≥p p. Therefore, q ≥ p for such p ∈ L that f(p) ≥ p. By monotonicity of f ,

f(q) ≥ f(p) ≥ p, so f(q) ≥
∨
p∈L:f(p)≥p p = q, that is, f(q) ≥ q.

Conversely, again by monotonicity of f , f(f(q)) ≥ f(q). But q is an upper bound of such p ∈ L
that f(p) ≥ p, so q is at least than f(q). It means that q = f(q) is a fixed point of f , however, it
is also an upper bound of all fixed points. Therefore, q is the greatest fixed point of f .

For arbitrary x ∈ L and integer k, we denote by fk(x) the function that is applied f by k times.

fk(x) = f (f (. . . f (f (︸ ︷︷ ︸
k

x )) . . . ))

Lemma 2.7. Let (L,≤) be a complete lattice and let f : L → L be an order-preserving function
and let 0 =

∧
p∈L p. If K + 1 is the length of a maximal chain, then

fK(0) = LFP (f).

Proof. It is clear that 0 ≤ LFP (f). Since f is an order-preserving function, by induction we get
that fk(0) ≤ fk (LFP (f)) = LFP (f) for arbitrary k.

Similarly, by induction it easily seen that fk(0) ≤ fk+1(0). By pigeonhole principle, the chain
0 ≤ f(0) ≤ . . . fK+1(0) contains two consecutive elements, fk(0) and fk+1(0), which are equal.
Therefore, again by induction we get that fk(0) = fK(0) and it is a fixed point of f .

We thus get that fK(0) ≤ LFP (f) and fK(0) is a fixed point which completes the proof.

If the variable of function is ambiguous, we use the notation LFP x.f(x) for the least fixed
point of f in variable x. Furthermore, in this case we also use the notation LFP k x.f(x) for fk(0).

The following theorem is not needed to define the semantics of modal µ-calculus, however, it is a
natural consequence of the above Lemma 2.6, and usually it is referred to Knaster–Tarski-theorem,
so we give an outline of the proof.

Theorem 2.8 (Knaster–Tarski). Let (L,≤) be a complete lattice and let f : L → L be an order-
preserving function. Then the set P of fixed points of f in L is also a complete lattice.

Proof. It is sufficient to show that an arbitrary subset P ′ of P has a greatest lower bound and a
least upper bound in P . We will only prove the existence of the greatest lower bound, the proof
for the least upper bound is completely analogous.

Let 0 =
∧
p∈L p, w =

∧
p∈P ′ p and let us consider the partially ordered set [0, w] = {l ∈ L :

0 ≤ l ≤ w}. In fact, it forms a complete lattice since any subset of [0, w] has a least upper bound
which is less than the upper bound w, and similarly, any subset of [0, w] has a greatest lower bound
which is greater than the lower bound 0.

15
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Since w ≤ p and p = f(p) hold for all p ∈ P ′, we have that f(w) ≤ f(p) and f(w) ≤∧
p∈P ′ f(p) =

∧
p∈P ′ p = w. Hence, for arbitrary l ∈ [0, w], 0 ≤ f(0) ≤ f(l) ≤ f(w) ≤ w.

Therefore, f |[0,w] : [0, w] → [0, w] is a well-defined order-preserving function on the complete
lattice [0, w].

According to Lemma 2.6, f |[0,w] has a greatest fixed point q. Thus, q is the greatest lower bound
of P ′ in P since [0, w] contains all lower bounds of P ′ in L and q is the greatest lower bound of
the fixed points.

2.2.2 Algebraic semantics of modal µ-calculus

Consider a formula ϕ and a proposition x ∈ P as a variable. The valuation of ϕ obviously
depends on the set V (x). This dependency makes an operation on power set of the state space in
the following way.

Definition 2.9. Let S = (S, V,R) be a (P,A)-type transition system. For a subset X ⊆ S, define
the valuation Vx7→X by putting Vx 7→X(x) = X and Vx 7→X(y) = V (y) if x 6= y. Let us consider
the transition system Sx 7→X(S, Vx7→X , R). For a formula ϕ, let us define the following operation
ϕx : 2S → 2S by

ϕS
x(X) = Vx 7→X(ϕ)

Notice that if all occurrences of a variable x in ϕ are positive, then the operation ϕS
x : 2S → 2S

is an order-preserving function. This observation obviously holds for pure modal formulas. By
induction on the number of fixed point operations, it is easy to check that it also holds for modal
fixed point formulas. Due to this fact and Lemma 2.6, now we are ready to define the semantics of
modal fixed point formulas by the extension of valuation V : ModalF ixedPointFormulas(S)→ S.
(This shows the states where each modal fixed point formula holds.)

Definition 2.10 (Semantics of modal fixed point logics). If ϕ is a pure modal formula, then V (ϕ)
is defined as in Proposition 2.4.

If x ∈ P , ϕ is a modal fixed point formula and all occurrences of x in ϕ are positive, then let
V (µx.ϕ) be the least and V (νx.ϕ) be the greatest fixed point of the operation ϕS

x.

We say that ϕ is true in state s if and only if s ∈ V (ϕ) and denote it by S, s  ϕ.

2.2.3 Examples

The modal logic seems naturally expressive, however, the meaning of the fixed point operators
is not clear at first. Intuitively, via fixed point operators we can pass from local to global properties:
in a pure modal formula with k modal operators, the formula talks about the states whose distance
is at most k from the current state. In contrast, a modal fixed point formula can talk about the
entire structure of the transition system.
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For instance, we would like to express the following sentence: there is a finite Ra-path leading
to a state where p is true. Suppose that the formula ϕ is true at state s if and only if this statement
holds. It means that p is true at s or there exists a state t such that st ∈ Ra and there is a finite
Ra-path from t leading to a state where p is true, that is, ϕ is true at t. Hence, ϕ⇔ p∨3aϕ, that
is, ϕ is a fixed point of the formula p ∨3aϕ, or precisely, V (ϕ) is the fixed point of the operation
(p ∨3ax)Sx.

It is clear that we can find the states where ϕ is true with the following method. At first, let
X = V (p) and then in each round we loop in the vertex set we add a vertex s to the set X if
st ∈ Ra for some t ∈ X. At the end of the kth round, the set X contains the vertices with an
Ra-path with length at most k leading to a state where p is true. The method terminates when no
new vertex is added to the set X.

In fact, this method is the approximation of LFP x.
(

(p ∨3ax)Sx
)

by Lemma 2.7. So ϕ =
µx.p ∨3ax.

It is worth noting that the operation (p ∨3ax)Sx may have further fixed points. Denote by Y
the set of those states from which there is an infinite Ra-path or there is a finite Ra-path leading
to a state where p is true. It is not hard to see that Y is also the fixed point of the operator
(p ∨3ax)Sx and this is the greatest fixed point.

This example shows that the least fixed point somehow corresponds to finite computations,
and the greatest fixed point also allows infinite computations. This slogan will be substantiated in
Lemma 2.17.

One can check similarly that µx.p ∨�ax holds in states from which all finite Ra-paths lead to
state where p is true. Furthermore, νx.p ∨�ax holds in states from which all finite Ra-paths lead
to state where p is true or there is an infinite Ra-path.

Let us consider the formula µx.q ∨ (p ∧ �ax). It means that on all Ra-paths, p holds until q
holds, and q eventually holds. In contrast, νx.q ∨ (p ∧ �ax) means that on all Ra-paths, p holds
until q holds and it may happen that q does not hold forever. This construction is called Until
operator.

2.3 Equivalence of model checking and parity games

The applications of modal µ-calculus give importance the following computational problem.

Modal µ-calculus model checking

Input: a transition system S = (S, V,R), a state s ∈ S and a modal fixed point
formula ϕ.

Decide: whether S, s  ϕ.

It is worth noting that the size of the input is a polynomial of |S| and the length of ϕ.
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Further, the following computational problems can be associated to the parity games.

Incomplete general parity game
Input: an incomplete general parity game Γ = ((V,E), U, α, (V©, V�)) and a

vertex v ∈ V .
Decide: whether Player © has a winning strategy from v in Γ.

Standard parity game
Input: a standard parity game Γ = ((V,E), α, (V©, V�)) and a vertex v ∈ V .
Decide: whether Player © has a winning strategy from v in Γ.

Here the size of the input is a polynomial of |V |.

The fundamental connection between µ-calculus and parity games is the following theorem. We
are going to provide the two reduction in Theorem 2.12 and in Theorem 2.19 using the fact that
Incomplete general parity game is polynomial time equivalent to Standard parity game.

Theorem 2.11. The Modal µ-calculus model checking is polynomial time equivalent to
Standard parity game.

2.3.1 Model checking to parity games

Theorem 2.12. The Modal µ-calculus model checking is polynomially reducible to Incom-
plete general parity game.

Definition 2.13. We say that an occurrence of a variable x ∈ P is bounded, if it is in the scope
of a fixed point operator binding x. Other occurrences are called free.

We can assume that no two distinct (occurrences of) fixed point operators in ϕ bind the same
variable, because we can rename the bounded occurrences of the same variable. Let us denote
the unique subformula of ϕ by ϕx = ηxx.δx where x is bound by the fixed point operator ηx.
Furthermore, we can assume that no bounded variable has free occurrences out of the scope of its
binding fixed point operator again by renaming these variables.

On the set of bounded variables B, we define a dependency partial order: x ≤ y if and only if
ϕx is a subformula of ϕy. This partial order can be extended to a linear order. Hence, we can make
an assignment α′ : B → Z such that α′(x) ≤ α′(y) if x ≤ y and α′(x) is odd if and only if ηx = ν.

Definition 2.14. The EvaluationGame(ϕ,S) is a (incomplete general) parity game played on the
following directed graph. The set of vertices is V (EvaluationGame(ϕ,S)) = S×SubFormulas(ϕ).
The edges are defined by the construction of formula ϕ.
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From the node (s, p) and (s,¬p) no edge goes out. The position (s, p) belongs to Player �,
if s ∈ V (p) and to Player © otherwise. In contrast, the position (s,¬p) belongs to Player © if
s ∈ V (p) and to Player � otherwise.

From the node (s, ϕ1 ∧ ϕ2) edges go to the nodes (s, ϕ1) and (s, ϕ2) and this position belongs
to Player �. From the node (s, ϕ1 ∨ ϕ2) edges go to the nodes (s, ϕ1) and (s, ϕ2) and this position
belongs to Player ©.

From the node (s,�aϕ) edges go to the nodes (t, ϕ) for all t ∈ S such that st ∈ Ra and this
position belongs to Player �. From the node (s,3aϕ) edges go to the nodes (t, ϕ) for all t ∈ S such
that st ∈ Ra and this position belongs to Player ©.

From the node (s, ηxx.δx) an edge goes to the node (s, δx) and from the node (s, x) an edge goes
to the node (s, δx). These positions might belong to arbitrary player because there is no choice since
there is only one out-going edge.

Let U = {(s, x) | s ∈ S, x ∈ B} be the set of nodes owning priorities and let α(s, x) = α′(x).

The different types of positions and edges are illustrated in Figure 2.1.

Note that the nodes not owning priorities form an acyclic graph since the edges from these
nodes (s, ϕ) go to a proper subformula of ϕ.

(s, ϕ1 ∧ ϕ2)

(s, ϕ1) (s, ϕ2)

(s,3aϕ)

(t1, ϕ) (t2, ϕ) . . . (tk, ϕ)

where t1, t2, . . . , tk are the
a-accessible states from s

(s, ηxx.δx)

(s, δx)

(s, p)

in case of
s ∈ V (p)

(s, p)

in case of
s 6∈ V (p)

(s, ϕ1 ∨ ϕ2)

(s, ϕ1) (s, ϕ2)

(s,�aϕ)

(t1, ϕ) (t2, ϕ) . . . (tk, ϕ)

where t1, t2, . . . , tk are the
a-accessible states from s

(s, x)

(s, δx)

(s,¬p)

in case of
s ∈ V (p)

(s,¬p)

in case of
s 6∈ V (p)

Figure 2.1: The positions and legal moves in EvaluationGame(ϕ,S)
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The following theorem provides the correctness of the reduction from the formula ϕ to the
parity game EvaluationGame(ϕ,S).

Theorem 2.15. The player © has a winning strategy from the position (s, ϕ) in Evaluation-
Game(ϕ,S) if and only if S, s  ϕ.

For instance, let us consider the formula ϕ = µx.(p∨�ax) and transition system S = (S, V,R)
where S = {s, t, u}, Ra = {ts, tu, uu}, V (p) = {s}. The Figure 2.2 shows EvaluationGame(ϕ,S).

(s, µx.p ∨�ax)

(s, p ∨�ax)

(s, p) (s,�ax)

(s, x)
α(s, x) = 2

(t, µx.p ∨�ax)

(t, p ∨�ax)

(t, p) (t,�ax)

(t, x)
α(t, x) = 2

(u, µx.p ∨�ax)

(u, p ∨�ax)

(u, p) (u,�ax)

(u, x)
α(u, x) = 2

Figure 2.2: EvaluationGame(ϕ,S) for formula ϕ = µx.(p ∨�ax), transition system S = (S, V,R)
where the graph of transition is S = {s, t, u}, Ra = {ts, tu, uu}, and the valuation is V (p) = {s}.

It is easy to see that ϕ holds only in state s. (We analyzed this formula in Section 2.2.3.) In
EvaluationGame(ϕ,S), Player © wins from (s, ϕ), since Player � gets stuck. However, Player �
wins from (t, ϕ) and (u, ϕ) because either she forces the match to (u, x) and visiting this node with
even priority infinitely often or Player © gets stuck.

It is worth checking the games with ν instead of µ or 3 instead of �. If ϕ = νx.(p ∨ �ax),
then ϕ also would hold in u since there is a infinite path from u and α(u, x) would be odd. If
ϕ = µx.(p ∨3ax), then ϕ holds in s and t since from these states there is a finite path leading to
a node where p holds and in EvaluationGame(ϕ,S), all positions belong to Player © and from
(t, ϕ), she can force the match to (s, ϕ) where Player � gets stuck. However, from (u, ϕ), Player
© cannot escape and she visits the node (u, x) infinitely often.

We have seen in Section 2.2.3, that µ corresponds to finite paths and ν allows also infinite
paths. Now we are going to define two simpler games which express this phrase. In fact, they act
the key role in connecting the algebraic semantics and the game semantics in proof of Theorem
2.15.
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Definition 2.16. Let F : 2S → 2S be an order-preserving operation. We define two unfolding
games UnfoldingGameµ(F ) and UnfoldingGameν(F ). These games are played on the same di-
rected bipartite graph.

The vertices on the one side of this graph are the elements of set S, the vertices on the other
side are the subsets of set S, that is, the elements of power set 2S.

For each s ∈ S, from node s ∈ S edges go to every node A ∈ 2S such that s ∈ F (A). These
positions s ∈ S belong to Player ©.

For each A ∈ 2S, from node A ∈ 2S edges go to every node s ∈ S such that s ∈ A. These
positions A ∈ 2S belong to Player �.

The winning conditions of finite matches are standard: the player that got stuck loses. The
difference between the two unfolding game are in the winning conditions of infinite matches: in
UnfoldingGameµ(F ) Player � wins all infinite matches, contrarily, in UnfoldingGameν(F ),
Player © wins the infinite matches.

The following lemma shows the fundamental connection between the fixed point algebraic and
game-theoretic approach of µ-calculus.

Lemma 2.17. Let F : 2S → 2S be an order-preserving operation. Then,

LFP (F ) = {s ∈ S | Player © has a winning strategy from the node s in UnfoldingGameµ(F )}

GFP (F ) = {s ∈ S | Player © has a winning strategy from the node s in UnfoldingGameν(F )}

Proof. Firstly, denote the set of nodes where Player © has a winning strategy in Unfolding-
Gameµ(F ) by W . Suppose that s 6∈ LFP (F ). We show that Player � has a winning strategy from
s and hence, s 6∈W . Thus, we will get thatW ⊆ LFP (F ). Let B ∈ 2S be the position where Player
© moves to from s. Obviously B * LFP (F ), otherwise s ∈ F (B) ⊆ F (LFP (F )) = LFP (F ) holds
which contradicts our assumption. Hence, Player � can choose an element outside LFP (F ) and so
on. Due to this strategy of Player �, Player © gets stuck or else the match lasts forever. In both
cases Player � wins the match.

Conversely, we inductively show that Player © has a winning strategy from the elements of
F i(∅). By Lemma 2.7, this implies that W ⊇ LFP (F ). Assume that the elements of F i(∅) are
winning positions for Player ©. For s ∈ F i+1(∅) \F i(∅), Player © can legally move to F i(∅) ∈ 2S

since F i+1(∅) = F (F i(∅)), and then, Player � pick an arbitrary element of F i(∅). However, from
that node, Player © has a winning strategy and she can continue with it. Therefore, the elements
of F i+1(∅) are also winning positions for Player ©. This completes the proof of the first part.

For the second part of the theorem, now denote by W the set of nodes where Player © has a
winning strategy in UnfoldingGameν(F ). Suppose that s ∈ W and the first move according to
Player ©’s winning strategy from s goes to the node A ∈ 2S . Then, Player � chooses an arbitrary
node a ∈ A, however, Player © can continue her winning strategy from a. This implies that from
arbitrary a ∈ A, Player © has a winning strategy, so A ⊆W . F is an order-preserving operation,
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so F (A) ⊆ F (W ). By legitimacy of Player ©’s first move from s to A, s ∈ F (A) ⊆ F (W ) holds
and this observation implies that W ⊆ F (W ). Due to Theorem 2.6, we get that W ⊆ GFP (F ).

Conversely, if s ∈ GFP (F ), we can construct Player ©’s winning strategy from s. She can
legally move to the node GFP (F ), because s ∈ GFP (F ) = F (GFP (F )). Then, Player � picks
an arbitrary node of GFP (F ), and Player © can continue with moving to the node GFP (F )
again. Due to the winning condition of infinite games in UnfoldingGameν(F ), Player © wins.
This means thatW ⊇ GFP (F ). These two inclusions implies the second part of the statement.

Observe that the constructed winning strategy of Player © is positional in both cases: in
UnfoldingGameµ(F ), from s ∈ F i+1(∅) \ F i(∅), Player © chooses F i(∅), and in Unfolding-
Gameν(F ), from arbitrary s ∈ GFP (F ), she chooses GFP (F ).

Proof of Theorem 2.15. The theorem is proved by induction on the complexity of formula ϕ. If
ϕ = p ∈ P and s ∈ V (p), the position (s, p) belongs to Player �, and she immediately gets stuck in
E = EvaluationGame(ϕ,S), so Player © wins. Similarly, if s 6∈ V (p), Player © owns the position
(s, p), therefore, she cannot win the match. The same proof works if the formula is ϕ = ¬p.

If ϕ = ϕ1 ∧ ϕ2, from node (s, ϕ) Player � chooses (s, ϕ1) or (s, ϕ2). Clearly, Player © can win
every match if and only if she can win from (s, ϕ1) and also from (s, ϕ2), which is equivalent to
S, s  ϕ1 and S, s  ϕ2, that is, S, s  ϕ.

Analogously, if ϕ = ϕ1 ∨ ϕ2, Player © has a winning strategy from node (s, ϕ) if and only if
S, s  ϕ: she can choose (s, ϕ1) or (s, ϕ2) depending on that S, s  ϕ1 or S, s  ϕ2 holds.

It remains to examine the case when ϕ = ηx.δ.

By the inductive hypothesis and definition of the operation δSx, for arbitrary X ⊆ S, we know
that Player © has a winning strategy from (t, δ) in EX = EvaluationGame(δ, Sx 7→X) if and only
if t ∈ δSx(X) holds.

Observe that the graphs of G = G(E) and GX = G(EX) are very similar: the only difference
is that G has extra nodes labelled by (t, ηx.δ) and the nodes (t, x) have outgoing edges to (t, ηx.δ)
and (t, ηx.δ) has an outgoing edge to (t, δ).

By the definition of algebraic semantics of ηx.δ and Theorem 2.17, we only have to show the
following.

Claim 2.18. Player © has a winning strategy from s in UnfoldingGameη(δSx) if and only if
Player © has a winning strategy from (s, ϕ) in EvaluationGame(ηx.δ, S).

Proof. =⇒: Denote Player©’s positional winning strategy by σ : S → 2S in UnfoldingGameη(δSx).
We construct a winning strategy for Player © in EvaluationGame(ηx.δ, S).

After the automatic move from (s, ηx.δ) to node (s, δ), the match in EvaluationGame(ηx.δ, S)
can be divided to rounds along the reaches of positions (t, x) and jumps to (t, δ). In each round,
Player © can follow her winning strategy in EX with a dynamically varying set X. Between the
rounds, the set X changes according to the strategy σ.
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At first, s ∈ δSx(σ(s)) holds because the move from s to σ(s) is legal in UnfoldingGameη(δSx).
Hence, Player © has a winning strategy from (s, δ) in Eσ(s). Due to the similarity of G(E) and
G(Eσ(s)), she can follow the winning strategy of Eσ(s) until a position (t, x) is reached. By the fact
that it is a winning strategy for Player ©, x must be true at t in Sx 7→σ(s), that is, t ∈ σ(s). This
means that the move from σ(s) to t is also legal in UnfoldingGameη(δSx).

Then the match continues with an automatic move to (t, δ). Then, Player© follows her winning
strategy in Eσ(t), since the legality of move from t to σ(t) implies that t ∈ δSx(σ(t)) and so on.

We claim that, following this strategy Player© will win the match in EvaluationGame(ηx.δ, S).
We distinguish two cases.

Suppose that x is unfolded only finitely often. It means that there is a last unfolding when
Player © moves from (t, x) to (t, δ). Hence, they do not reach a position like (u, x) again. Due to
this fact and the similarity of G(E) and G(Eσ(t)), from the last unfolding position (t, δ), the games
in G(E) and in G(Eσ(t)) are effectively the same. Player © wins in Eσ(t) and hence, she also wins
in E.

Now suppose that x is unfolded infinitely often in states s0, s1, s2, . . . . This constitutes an
infinite match s0σ(s0)s1σ(s1)s2σ(s2)s3 . . . in UnfoldingGameη(δSx). Since σ is a winning strategy
for Player ©, η must be ν. In EvaluationGame(ηx.δ, S), x is the highest variable of ϕ which is
unfolded infinitely often and η = ν. Thus, Player © wins this match.

⇐=: Denote Player©’s positional winning strategy by σ : V → V in EvaluationGame(ηx.δ, S).
We construct a winning strategy for Player © in UnfoldingGameη(δSx) by building a σ-conform
shadow match of EvaluationGame(ηx.δ, S) such that the positions in the UnfoldingGameη(δSx)-
match on the side of S exactly correspond to the positions of the form (si, δ) in the Evaluation-
Game(ηx.δ, S)-match. (These are precisely the ones where the variable x has just been unfolded.)

Suppose that, at this moment, in UnfoldingGameη(δSx) the visited positions on the side S are
s = s0, s1, . . . , sk and the positions of the form (si, δ) in the EvaluationGame(ηx.δ, S)-match are
precisely the positions (s0, δ), (s0, δ), . . . , (sk, δ).

Denote by T the set of states t ∈ S for which there is a partial σ-conform match from (sk, δ)
in EvaluationGame(ηx.δ, S) where the last position is (t, x) and there is no proper initial segment
with these properties, that is, (t, x) is the first position after (sk, x) where x is unfolded. Let Player
©’s next move from sk be T in UnfoldingGameη(δSx).

We claim that this is a legal move for Player ©. Indeed, consider a σ-conform match in ET

from (sk, δ). If this match contains a position of the form (t, x), then it must be the final position
of the match, since x is not unfolded in ET . By the definition of T , we have t ∈ T , and this
implies that Player © wins this match in ET . In contrast, if this match does not contain any
position of the form (t, x), then due to the similarity of G(E) and G(ET ), the games E and ET
are effectively the same. Since Player © follows her winning strategy σ in E, she also wins in ET .
In both cases, Player © wins in ET so by the inductive hypothesis sk ∈ δSx(T ) holds. This means
that in UnfoldingGameη(δSx), Player © can move from sk to T legally.
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Suppose that after the move from sk to T , Player � chooses a position sk+1 ∈ T in Unfolding-
Gameη(δSx). Since sk+1 ∈ T , there exists a partial σ-conform match from (sk, δ) in Evaluation-
Game(ηx.δ, S) where (sk+1, x) is the first position after (sk, x) where x is unfolded. Extending the
σ-conform shadow match of EvaluationGame(ηx.δ, S) with this partial match, the match is now in
the position (sk+1, δ) and the positions in the UnfoldingGameη(δSx)-match on the side of S until
now exactly correspond to the positions of the form (si, δ) in the EvaluationGame(ηx.δ, S)-match
until now.

Observe that in UnfoldingGameη(δSx), Player© never gets stuck. Therefore, in the σ-conform
shadow match of EvaluationGame(ηx.δ, S), the variable x is unfolded infinitely often. Since σ is
a winning strategy for Player © in EvaluationGame(ηx.δ, S) and x is the highest variable of ϕ
which is unfolded infinitely often, we get that η = ν. In this case, the infinite match is won by
Player © in UnfoldingGameη(δSx), which completes the proof.

By Lemma 2.17, we have that S, s  ηx.δ holds if and only if Player © has a winning strategy
from s in UnfoldingGameη(δSx). Furthermore, by the above claim, we have that Player © has a
winning strategy from s in UnfoldingGameη(δSx) if and only if Player © has a winning strategy
from (s, ϕ) in EvaluationGame(ηx.δ, S).

This completes the proof.

Proof of Theorem 2.12. It is clear that the size of constructed incomplete general parity game
Evaluation-Game(ϕ,S) is linearly dependent on the size of S and the formula ϕ, and Theorem
2.15 implies the correctness of the reduction from theModal µ-calculus model checking with
input ϕ to the Incomplete general parity game with input EvaluationGame(ϕ,S).

2.3.2 Parity games to model checking

Theorem 2.19. The Standard parity game is polynomially reducible to Modal µ-calculus
model checking.

Here we give the backward reduction, although, the correctness is proved in Theorem 3.2 since
it requires further observations.

Let the graph of the system be the graph of the parity game Γ = ((V,E), U, α, (V©, V�)) as
follows. Let S = V , A = {a}, Ra = E. Further, let P = {x1, x2, . . . , xd, v©, v�, v

1, v2, . . . , vd}
with valuation V (v�) = V�, V (v©) = V© and V (vi) = V i for all i. Let the transition system be
SΓ = (S, V,R).

Then, let us define the following formula:

ϕ© = ηxd. . . . νx3.µx2.νx1.

((
v© ∧3

(∨
i

(vi ∧ xi)
))
∨

(
v� ∧�

(∨
i

(vi ∧ xi)
)))

where η stands for ν or µ depending on whether d is odd or even.

24



CHAPTER 2. BACKGROUND: MODAL µ-CALCULUS

Similarly, let

ϕ� = ηxd. . . . µx3.νx2.µx1.

((
v© ∧�

(∨
i

(vi ∧ xi)
))
∨

(
v� ∧3

(∨
i

(vi ∧ xi)
)))

where η stands for µ or ν depending on whether d is odd or even.

The following claim shows that deciding whether Player © has winning strategy from s in the
parity game Γ is equivalent to deciding whether ϕ© is true in s in the transition system SΓ.

Claim 2.20. The set V (ϕ©) contains exactly the winning positions for Player©, and analogously,
the set V (ϕ�) contains exactly the winning positions for Player �.

This will imply Theorem 2.19, however, we need some further analysis of parity games to prove
this claim which we will provide in the next chapter. Nevertheless, we give here some intuitions
behind these formulas.

The core of the formula ϕ©

ψ =
(
v© ∧3

(∨
i

(vi ∧ xi)
))
∨

(
v� ∧�

(∨
i

(vi ∧ xi)
))

holds in a state s ∈ S = V (Γ) if Player © can force the match in one step to the set
⋃
i V (xi)

where V (xi) ⊆ V i: if s ∈ V©, then some edges st ∈ E are required to belong to
⋃
i V (xi), if s ∈ V�,

then all edges st ∈ E are required to belong to
⋃
i V (xi).

Hence, µx1.ψ is true in a state s if and only if Player © can force the match into a node of
V i with i > 1 where xi holds. Contrarily, νx1.ψ is true in a state s if and only if Player © can
force the match either into a node of V i with i > 1 where xi holds or stay forever in V 1. Hence
choosing µ or ν, we can decide whether we want to force the match to reach some bigger priority
or whether we can also allow the play to stay in a set of nodes with the same priority. This is
allowed for Player © where the given priority is odd.
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Chapter 3

Local improvement algorithms

Local improvement algorithms or local search algorithms have wide literature in Theory of Al-
gorithms. Intuitively, these kinds of algorithms make little improvements based on local observation
of the problem and by forbidding cyclization, it converges towards a global solution.

Walukiewicz [22] built a framework which gives an elegant proof for Claim 2.20. Then, Jurdz-
iński [8] developed Walukiewicz’s technique to a local improvement algorithm.

In this chapter, we are going to summarize their results. We assume that we are given a standard
parity game Γ = ((V,E), α, (V©, V�)) where the priorities are positive and they are at most d.

3.1 Consistent signature assignments

Here, we denote by the comparison symbols <,≤,=, 6=,≥, > the lexicographic ordering on
d-tuples of non-negative integers Nd. For i ∈ {1, 2, . . . , d}, we denote by <i,≤i,=i, 6=i,≥i, >i the
lexicographic ordering applied to the arguments by deleting the last i−1 coordinates (equivalently,
truncating to the first d − i + 1 coordinates). For a d-tuple (kd, . . . , k2, k1), ki is called the ith
coordinate of this tuple.

It is worth noting that the indices of coordinates are in descending order. This notation expresses
that the bigger index has more important role which is followed from the fact that the vertices in
a parity game with bigger priorities has more important role.

We extend the set Nd of n-tuples by an extra element ∞ which is larger than all of d-tuples.
Denote this set by Nd. The elements of this set are called signatures.

We say that a vertex w ∈ V is good for v ∈ V respect to a signature assignment % : V → Nd,
if %(v) ≥α(w) %(w) and the inequality is strict if α(w) is even.

The signature assignment % : V → Nd is consistent, if for every v ∈ V© there is a good w for v
such that vw ∈ E, and for every v ∈ V� for all w such that vw ∈ E, w is good for v.
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Theorem 3.1. If % :→ Nd is a consistent signature assignment, then the nodes whose signature is
finite are winning positions for Player ©.

Proof. Let us denote the set of nodes with finite signatures by W . We can construct a (positional)
winning strategy σ : V© ∩W → V for Player © in W using the assignment %: let σ(v) = w if
w is good for v. Due to the definitions, w exists. (If more than one such w exist, we can choose
arbitrarily.) Thus, in Gσ[W ], for every vw ∈ E, w is good for v.

We should prove that all cycles in Gσ[W ] have an odd maximal priority.

For the sake of contradiction, suppose that Gσ[W ] contains a cycle v1, v2, . . . , vq where the
maximal priority p = α(v1) is even. Since vi+1 is good for vi, and the fact that ≥α(v1) is coarser
than ≥α(vi) implied by maximality of α(v1), we get that %(v1) ≥p %(v2) ≥p %(v3) ≥p · · · ≥p
%(vq) >p %(v1) and hence, %(v1) >p %(v1) holds and this is a contradiction.

The above theorem shows that owning finite signature in a consistent signature assignment
implies a winning strategy for Player ©. In contrast, the following theorem gives a consistent
signature assignment where the winning positions for Player © have a finite signature.

Theorem 3.2. There is a consistent signature assignment % :→ Nd such that the nodes whose
signature is finite are precisely the winning positions of Player ©. Furthermore, there exists such
consistent signature assignment that the ith coordinate of each finite signature is at most |V i| if i
is even, and is equal to zero if i is odd.

Jurdziński and Walukiewicz had completely different approaches to prove this theorem, hence,
we give the proof of both authors. Jurdziński’s is a pure combinatorial proof, while Walukiewicz’s
proof helps to understand Claim 2.20.

Proof of Theorem 3.2 by Walukiewicz. For d subsets of nodes Zd, . . . , Z2, Z1 ⊆ V , let us denote
r(Zd, . . . , Z1) the set of vertices having the following property:

• if v ∈ V©, then v ∈ r(Zd, . . . , Z1) if and only if there exists a vertex w ∈ Zα(w) such that
vw ∈ E.

• if v ∈ V�, then v ∈ r(Zd, . . . , Z1) if and only w ∈ Zα(w) holds for all vertices w such that
vw ∈ E.

Let us recall Lemma 2.7 and the notation LFP x.f(x) and LFP k x.f(x). Here we use this
notation for the fixpoints of functions in type V → V .

Using fixpoint operations we define the canonical signature assignment γ : V → Nd in the
following way. Let γ(v) be the smallest in the lexicographical ordering of d-tuples (kd, . . . , k2, k1)
such that v ∈ r(Ud, . . . , U2, U1) where for i = d, d− 1, . . . , 2, 1 the following conditions hold:

U i = LFP ki Zi.GFP Zi−1.LFP Zi−2. . . . GFP Z1.r(Ud, . . . , U i+1, Zi, . . . , Z2, Z1) if i is even
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U i = GFP Zi.LFP Zi−1.GFP Zi−2. . . . GFP Z1.r(Ud, . . . , U i+1, Zi, . . . , Z2, Z1) if i is odd

(As for an odd i the integer ki is not used, the definition implies that ki = 0 for every odd i.)

If no such d-tuple exists, then let γ(v) be ∞.

Intuitively, if Z ⊆ V and Z ∩ V i = Zi, then r(Zd, . . . , Z1) expresses the nodes from which
Player © can force the match in one step to the set Z and hence LFP kr(Zd, . . . , Z1) corresponds
to the nodes from which Player © can force the match in k step to the set Z, LFP corresponds
to finite steps and GFP allows also infinite paths. These intuitions coincide with ones presented
in the end of the previous chapter.

Claim 3.3. This canonical signature assignment γ is consistent.

Proof. Suppose that v ∈ V©, we prove that γ is consistent at v. The case v ∈ V� is similar.

Let γ(v) = (kd, . . . , k2, k1) be the canonical signature at v and let U i be the set as above. By
definition v ∈ r(Ud, . . . , U2, U1), there exists a vertex w ∈ Uα(w) such that vw ∈ E. Denote α(w)
by i.

Suppose that i is even. Then

w ∈ U i = LFP ki Zi.GFP Zi−1.LFP Zi−2. . . . GFP Z1.r(Ud, . . . , U i+1, Zi, . . . , Z2, Z1).

By the fact that LFP kiZi.f(Zi) = f
(
LFP ki−1Zi.f(Zi)

)
, we have that

w ∈ GFP Zi−1.LFP Zi−2. . . . GFP Z1.r(Ud, . . . , U i+1, U i∗, . . . , Z2, Z1)

where U i∗ = LFP ki−1 Zi.GFP Zi−1.LFP Zi−2. . . . GFP Z1.r(Ud, . . . , U i+1, Zi, . . . , Z2, Z1).

We thus get that
w ∈ r(Ud, . . . , U i∗, . . . , U2∗, U1∗)

with K + 1 = n+ 1 as the length of maximal chain in 2V and the notation

U j∗ = LFPKj Zj .GFP Zj−1.LFP Zj−2. . . . GFP Z1.r(Ud, . . . , U i+1, U i∗, . . . , U j+1∗, Zj , . . . , Z1)

where i > j and j is even, and

U j∗ = GFP Zj .LFP Zj−1.GFP Zj−2. . . . GFP Z1.r(Ud, . . . , U i+1, U i∗, . . . , U j+1∗, Zj , . . . , Z1)

where i > j and j is odd, because LFPK Zjf(Zj) = LFP Zjf(Zj) by Lemma 2.6.

Hence, (kd, . . . , ki+1, ki − 1,K, . . . ,K,K) is an upper bound for γ(w). Therefore,

γ(w) ≤ (kd, . . . , ki+1, ki − 1,K, . . . ,K,K) <i (kd, . . . , ki+1, ki, ki−1, . . . , k2, k1) = γ(v)

which means that w is good for v and hence, γ is consistent at v.

Now suppose that i is odd. Then

w ∈ U i = GFP Zi.LFP Zi−1. . . . GFP Z1.r(Ud, . . . , U i+1, Zi, . . . , Z1).
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We thus get that
w ∈ r(Ud, . . . , U i, U i−1∗, . . . , U2∗, U1∗)

with K + 1 = n+ 1 as the length of maximal chain in 2V and the notation

U j∗ = LFPKj Zj .GFP Zj−1.LFP Zj−2. . . . GFP Z1.r(Ud, . . . , U i+1, U i∗, . . . , U j+1∗, Zj , . . . , Z1)

where i > j and j is even, and

U j∗ = GFP Zj .LFP Zj−1.GFP Zj−2. . . . GFP Z1.r(Ud, . . . , U i+1, U i∗, . . . , U j+1∗, Zj , . . . , Z1)

where i > j and j is odd, again because LFPK Zjf(Zj) = LFP Zjf(Zj) by Lemma 2.6. Hence,
(kd, . . . , ki+1, ki,K, . . . ,K,K) is an upper bound for γ(w). Therefore,

γ(w) ≤ (kd, . . . , ki+1, ki,K, . . . ,K,K) ≤i (kd, . . . , ki+1, ki, ki−1, . . . , k2, k1) = γ(v)

which means that w is good for v and hence, γ is consistent at v. (In fact, (kd, . . . , ki+1, ki,K, . . . ,K)
=i (kd, . . . , ki+1, ki, ki−1, . . . , k2, k1) holds.)

We claim that this signature assignment satisfies the statement of the theorem.

Let us denote the set of nodes . . . .GFP Z3.LFP Z2.GFP Z1.r(Zd, . . . , Z2, Z1) by W . (Here,
LFP is used to variables with odd indices and GFP is used for even indices along i = 1, . . . , d.)

Suppose that v ∈W .

Let K + 1 = n+ 1 be the length of maximal chain in 2V . Lemma 2.7 implies that

. . . .LFP Z4.GFP Z3.LFP Z2.GFP Z1.r(Zd, . . . , Z2, Z1) =

= . . . .LFPK Z4.GFP Z3.LFPK Z2.GFP Z1.r(Zd, . . . , Z2, Z1).

Hence, (. . . , 0,K, 0,K, 0) is an upper bound on the canonical signature for v. So γ(v) is finite
and by Theorem 3.1, we get that v is winning position for Player ©.

Suppose that v ∈ V \W . We can define the analogous version r′ of r for Player � and the
analogous proof shows that v is winning position for Player �, because

V \W = . . . .GFP Z4.LFP Z3.GFP Z2.LFP Z1.r′(Zd, . . . , Z2, Z1) =

= . . . .GFP Z4.LFP Z3.GFP Z2.LFP Z1.GFP Z0.r′(Zd, . . . , Z2, Z1, Z0)

where Z0 is a dummy variable since V 0 = ∅.

Thus, every vertex in W is a winning position for Player © and every vertex outside W is
winning position for Player �, hence, W is exactly the set of winning positions of Player © and
this implies the first part of the theorem.

The additional hypothesis follows from the proof: ki is always equal to zero if i is odd and ki
is at most |V i| if i is even.
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This proof immediately implies Claim 2.20 and hence, the proof of polynomial time equivalence
of µ-calculus and parity games is now finished.

Nowe we give an other, combinatorial proof for the same theorem.

Proof of Theroem 3.2 by Jurdziński. The construction of the desired consistent signature assign-
ment is based on the following lemma.

Lemma 3.4. If all cycles have an odd maximal priority, then there is a consistent signature
assignment % such that for all vw ∈ E, w is good for v. Furthermore, there exists such consistent
signature assignment that the ith coordinate is at most |V i| if i is even and is equal to zero if i is
odd.

Proof. The proof is by induction on the number of vertices. We slightly strengthen the statement:
we additionally claim, that if α(w) is even, then %(w) <α(w) (. . . , 0, |V 4|, 0, |V 2|, 0). It is clear that
the statement holds for graphs with only one vertex.

Suppose that d is odd. By induction hypothesis, there is a consistent signature assignment
% : V \ V d → Nd for the subgraph G[V \ V d]. By setting %(v) = (. . . , 0, |V 4|, 0, |V 2|, 0) for every
v ∈ V d, we get a consistent signature assignment % such that for all vw ∈ E, w is good for v.
If α(v) = d = α(w), then %(v) ≥α(w) %(w), since they are equal. If α(v) = d 6= α(w) is even,
then (. . . , 0, |V 4|, 0, |V 2|, 0) = %(v) ≥α(w) %(w), and the inequality is strict if α(w) is even by the
additional hypothesis. If α(v) 6= d = α(w), then %(v) ≥α(w) %(w), because the dth coordinate of
%(w) is zero. If α(v) 6= d 6= α(w), then w is good for v by induction hypothesis.

Suppose that d is even. We claim that there is a directed cut, that is, a non-trivial partition
(A, V \A) of V such that there is no edge from V \A to A.

Let u ∈ V d, and let us denote by U the set of nodes to which there is a non-trivial path from
u. If U = ∅, then A = V \ {u} defines a directed cut. If U 6= ∅, then A = U defines a non-trivial
directed cut: since α(u) = d is the maximal priority and all cycles have an odd maximal priority,
no cycle contains the node u, thus, u 6∈ U .

By induction hypothesis, there is a consistent signature assignment %′ : A→ Nd for the subgraph
G[A] and a consistent signature assignment %′′ : V \A→ Nd for the subgraph G[V \A]. We claim
that the following signature assignment % : V → Nd satisfies the statement. Let %(v) = %′′(v) if
v ∈ V \A and %(v) = %′(v) + (. . . , 0, |V 4 ∩ (V \A)|, 0, |V 2 ∩ (V \A)|, 0) if v ∈ A.

Let vw ∈ E be an arbitrary edge. If v, w ∈ A or v, w ∈ V \ A, then the induction hypothesis
implies that w is good for v. Otherwise, v ∈ A and w ∈ V \ A, because there are no edges from
V \A to A. By induction hypothesis, %(v) = %′(v)+(. . . , 0, |V 4∩ (V \A)|, 0, |V 2∩ (V \A)|, 0) ≥α(w)

(. . . , 0, |V 4 ∩ (V \ A)|, 0, |V 2 ∩ (V \ A)|, 0) ≥α(w) %
′′(w) = %(w) and the second inequality is strict

if α(w) is even by the additional hypothesis of statement. Hence, w is good for v.

Now we are ready to prove Theorem 3.2.
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Denote the winning positions of Player © by W and her winning strategy by σ. Thus, all
cycles in Gσ[W ] have an odd maximal priority. By Lemma 3.4, there is signature assignment
% such that for all vw ∈ E(Gσ[W ]), w is good for v. By setting %(v) = ∞ for v 6∈ W , we get a
consistent signature assignment where the nodes whose signature is finite are precisely the elements
of W , the winning positions of Player ©. Furthermore, by Lemma 3.4, in this consistent signature
assignment, the ith coordinate of each finite signature is at most |V i| if i is even and is equal to
zero if i is odd.

3.2 Jurdziński’s algorithm

For two signature assignments %1, %2 : V → Nd, we define the ordering relation pointwise:
%1 v %2 if and only if %1(v) ≤ %2(v) for every v ∈ V .

Suppose that a signature assignment % is not consistent. This is caused by a node v where the
consistency is violated. The following operation corrects this violation:

Correction(%, v)(u) =


%(u) if u 6= v

max{%(v), min
(v,w)∈E

best(%, v, w)} if u = v ∈ V©

max{%(v), max
(v,w)∈E

best(%, v, w)} if u = v ∈ V�

where best(%, v, w) is the smallest m ∈ Nd such that m ≥α(w) %(w) and the inequality is strict
if α(w) is even, or m = %(w) =∞.

Jurdziński [8] gave the following algorithm based on the above results. The procedure cor-
rects the actual signature assignment until there will be no violation. This constitutes the desired
consistent signature assignment.

Algorithm 1 Jurdziński’s algorithm
1: procedure Jurdziński(Γ = ((V,E), α, (V©, V�)))
2: %(v)← (0, 0, . . . , 0) for every v ∈ V
3: while % < Correction(%, v) for some v ∈ V do
4: %← Correction(%, v) for such a v ∈ V
5: end while
6: W© ← {w ∈ V | %(w) 6=∞}
7: W� ← V \W
8: return (W©,W�)
9: end procedure

Theorem 3.5. The algorithm Jurdziński computes the winning regions for Player © and for
Player � correctly. It works in space O(dn) and in time O

(
dm ·

( 2n
d

) d
2
)

Proof. The proof is based on the following observations: first, Correction(·, v) is an order-preserving
operation on the set of signature assignments V → Nd with the ordering v and second, the de-
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sired consistent signature assignment can be obtained by computing the least consistent signature
assignment with the ordering v.

By definition, it is clear that Correction(·, v) is an order-preserving operation. Also, it is easy
to see that % is consistent if and only if Correction(%, v) v % for every v ∈ V .

Let γ be av-minimal consistent signature assignment. It exists since γ ≡ ∞ is always consistent.
In the beginning of the algorithm, % v γ obviously holds and it also holds during the algorithm due
to the fact that Correction(%, v) v Correction(γ, v) v γ. (In fact, the last inequality is equality,
since Correction(%, v) w % always holds by definition of Correction(·, v).) Therefore, the algorithm
terminates when % is equal to the v-minimal consistent signature assignment γ.

Claim 3.6. Let γ be a v-minimal consistent signature assignment. The nodes whose signature is
finite are precisely the winning positions of Player ©.

Proof. By Theorem 3.2, we know that there exists a consistent signature assignment % where the
nodes whose signature is finite are precisely the winning positions of Player ©. By the minimality
of γ, we have γ v %. So the γ-signatures of winning positions of Player © are finite since their
%-signatures are finite.

Conversely, Theorem 3.1 implies that the nodes where the γ-signature is finite are winning
positions for Player ©, and this completes the proof.

Hence, the algorithm correctly finds the winning positions of Player©. We only have to analyze
the complexity of the Jurdziński’s algorithm.

It is clear that the algorithm works in space O(dn) because it only needs to maintain the
d-tuples of integers for every vertex.

Theorem 3.2 implies that there exists a consistent signature assignment – such as the algorithm
finds – that have the following property: the ith coordinate is at most |V i| if i is even and is equal
to zero if i is odd.

Therefore, the number of possible tuples at each vertex before terminating the algorithm, is at
most

M =
d∏
i=1

 1 if i is odd
|V i|+ 1 if i is even

 =
d
2∏
j=1

(
|V 2j |+ 1

)
≤

(
n
d
2

) d
2

=
(

2n
d

) d
2

because the AM–GM inequality and the fact
∑
i is even |V i|+ 1 ≤

∑
i is even |V i|+ |V i−1| ≤ n since

|V i| 6= 0for all i.

Let us denote by dδG(v) the out-degree of vertex v in G. Thus, at every vertex, at most M
corrections happen, and computing a correction at v is a maximum/minimum search between
dδG(v) many d-tuples, so we get that the running time is at most

O(
∑
v∈V

d · δG(v) ·M) = O(d ·m ·M) = O

(
dm ·

(
2n
d

) d
2
)
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It is worth noting that the algorithm does not choose deterministically the consistency-violating
vertex to be corrected, so it might happen that using an appropriate choosing policy, we can speed
up the algorithm.

However, Jurdziński [8] showed a class of parity games where his algorithm performs at least(
n
d

) d
2 many corrections for all choosing policy.
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Chapter 4

Attractors and dominions –
combinatorial algorithms

Another important motivation to study parity games besides the connection with µ-calculus
is its interesting complexity theoretic status: solving parity games is one of the non-cryptographic
problems which lies in NP ∩ coNP, however, no polynomial time algorithm has been built so far.

Hence, a bunch of deterministic and randomized algorithms has been developed which repeat-
edly improve the running time of the solving algorithms.

In this chapter, we introduce the key notions of elementary combinatorial algorithms (closed
sets, attractors, dominions) and we prove some of their basic properties.

Furthermore, we present one of the first exponential-time solving algorithms by McNaughton
[12] and Zielonka [23] and its improvement by Jurdziński, Paterson and Zwick [9] resulting a
subexponential running time nO(

√
n).

In contrast of the previous chapters, here we often use the symmetric role of the two players.
For this reason, i usually denotes one of the elements of© and �, i.e. Player i is one of the players.
Let i = {©,�} \ {i} represents the other player.

Definition 4.1. For i ∈ {©,�}, a set C ⊆ V is called i-closed if Player i can achieve that the
match stays in C forever if once enters to C, precisely, for every v ∈ C:

• if v ∈ Vi, then there is some vw ∈ E such that w ∈ C

• if v ∈ Vi, then for every vw ∈ E, we have w ∈ C.

In other words, an i-closed set C is a trap for Player i: she cannot escape from C unless Player
i goes to a node outside C.

For instance, Wi(Γ) is i-closed, because otherwise, Player i can force the match to V \Wi(Γ) =
Wi from where Player i can win the match.
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Definition 4.2. For i ∈ {©,�} and for a set A ⊆ V , its i-attractor set, denoted by attri(A),
contains all vertices in A and all vertices from which Player i can achieve the match to enter the
set A at least once.

The strategy forcing the match to the set A is called A-attracting strategy.

Lemma 4.3. For i ∈ {©,�} and for a set A ⊆ V , V \ attri(A) is an i-closed set.

Proof. Assume that v ∈ (V \ attri(A)) ∩ Vi. For the sake of contradiction, suppose that there is
an edge vw ∈ E such that w ∈ attri(A). Then, Player i can achieve from v the match to enter
the set A at least once: she can move to the node w, and by definition of w ∈ attri(A), she can
achieve from w the match to enter the set A. This is a contradiction, so for every vw ∈ E, we have
w ∈ V \ attri(A).

Assume that v ∈ (V \ attri(A))∩Vi. For the sake of contradiction, suppose that for every edges
vw ∈ E, we have that w ∈ attri(A). Then, Player i also can achieve from v the match to enter
the set A: Player i must move to a node w ∈ attri(A), and by definition of w ∈ attri(A), Player i
can achieve from w the match to enter the set A. This is a contradiction, so there is some vw ∈ E
such that w ∈ V \ attri(A).

In the combinatorial algorithms, computing attractor sets is often used and by the following
lemma it can be computed efficiently.

Lemma 4.4. For i ∈ {©,�} and for a set A ⊆ V , attri(A) can be computed in time O(m) and
hence, in time O(n2).

Proof. Since A ⊆ attri(A), we initialize B with A. Then, every vertex v is iteratively added to the
set B such that there is at least one edge going into B, if v ∈ Vi, or all of its out-going edges go into
B, if v ∈ Vi. The method terminates when no new vertices can be added to B. It is clear that this
algorithm computes the attractor set of A and it can be performed in time O(m) by maintaining
the incoming edges of B.

Let Γ[C] = (G[C], α|C , (V© ∩ C, V� ∩ C)) be the subgame of the standard parity game Γ
restricted to the set C ⊆ V . If C is an i-closed set for i ∈ {©,�}, then Γ[C] is also a well-defined
standard parity game, i.e. every vertex has an out-going edge. Otherwise it is only a general parity
game, nevertheless, we usually use this notion for i-closed sets C. For a set B ⊆ V , we denote by
Γ \B the subgame Γ[V \B].

Lemma 4.5. Let i ∈ {©,�} and let C be an i-closed set. Then Wi(Γ[C]) ⊆ Wi(Γ), that is, if
Player i has a winning strategy from v ∈ C in the game Γ[C], then she also has a winning strategy
from v ∈ V in the game Γ.

Proof. Suppose that Player i have a winning strategy from v ∈ C in Γ[C]. She also can follow this
strategy in Γ, since C is an i-closed set and Player i cannot escape from C.
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The the recursive calls of combinatorial algorithms is based on the following lemma. It implies
that if we know some winning positions for Player i, then we can compute the winning regions by
reducing to solving a proper subgame of the original game.

Lemma 4.6. Let i ∈ {©,�} and j = i. If U ⊆ Wi(Γ), then we can characterize the winning
regions via the winning regions of game Γ \ attri(U) as follows.

Wi(Γ) = attri(U) ∪Wi(Γ \ attri(U)) Wj(Γ) = Wj(Γ \ attri(U))

Proof. Since attri(U) ∪ Wi(Γ \ attri(U)) ∪ Wj(Γ \ attri(U)) = V , we only need to show that
Wi(Γ) ⊇ attri(U) ∪Wi(Γ \ attri(U)) and Wj(Γ) ⊇Wj(Γ \ attri(U)).

The second part immediately follows from Lemma 4.5 because Lemma 4.3 implies that V \
attri(U) is j-closed.

For the first part, we construct a winning strategy for Player i from attri(U)∪Wi(Γ\attri(U))
as follows. From a node in Wi(Γ\attri(U), she can move as in her winning strategy in Γ\attri(U),
from a node in U , she can follow her winning strategy which exists by the assumption, and from
a node in attri(U), she can force the match to enter to the set U .

Observe that Player j can escape from Wi(Γ\attri(U)) only into the set attri(U). Hence, if the
match starts from a node in Wi(Γ \ attri(U)) and stays forever in V \ attri(U), then Player i wins.
Otherwise, Player i forces the match to enter to the set U and then, she can follow her winning
strategy.

Hence, if we can somehow find some winning positions for a player, then with the previous
lemma we constitute an algorithm to solve parity games. The following lemma is appropriate for
this reason. It provides some winning positions or concludes that one of the players can win from
every vertex in Γ.

Lemma 4.7. Let i be © if d is odd, � otherwise and let j = i. Let Γ′ = Γ \ attri(V d). Then, we
have Wj(Γ′) ⊆Wj(Γ). Furthermore, if Wj(Γ′) = ∅, then Wi(Γ) = V , i.e. Player i wins from every
vertex of Γ.

Proof. Lemma 4.5 and Lemma 4.3 immediately imply that Wj(Γ′) ⊆Wj(Γ).

Suppose that Wj(Γ′) = ∅, or equivalently Wi(Γ′) = V \ attri(V d). We construct a winning
strategy for Player i from everywhere. From a node V \ attri(V d), she can move as in her winning
strategy in V \ attri(V d). From a node in attri(V d), she can force the match to enter to the set
V d and from a node in V d, she can move arbitrarily.

If the match stays forever in V \ attri(V d) after a finite partial match, then Player i wins,
hence, the match starts from a node in Wi(Γ \ attri(U)). Otherwise, attri(V d), and due to the
V d-attracting strategy, V d is infinitely visited. Therefore, the largest priority seen infinitely many
times is d and Player i wins. So the constructed strategy is winning for Player i from every vertex
of Γ.
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In Theorem 1.3 and 1.5, we saw that either Player © or Player � wins from a given node of
Γ and the winning strategy can be assumed to be positional strategy. In addition, the previous
lemmas imply a new proof for this theorems.

Corollary 4.8. For every parity game Γ and every start vertex v, either Player © has a positional
winning strategy or Player � has a positional winning strategy.

Proof. The proof is by induction on the number of vertices. Let i be © if d is odd, � otherwise,
let j = i and let Γ′ = Γ \ attri(V d) as in Lemma 4.7.

If Wj(Γ′) = ∅, then Wi(Γ) = V by Lemma 4.7 and the proof provides a positional winning
strategy: in V \ attri(V d), Player i can follow her winning strategy in Γ′ which can be chosen to
positional by the inductive hypothesis. From a node in attri(V d), she forces the match to enter to
the set V d and this also can be chosen positionally. From a node in V d, she can move arbitrarily.

If Wj(Γ′) 6= ∅, then by Lemma 4.6, we have that

Wj(Γ) = attrj(Wj(Γ′)) ∪Wj(Γ \ attrj(Wj(Γ′))) Wi(Γ) = Wi(Γ \ attrj(Wj(Γ′)))

The winning strategy for Player i is the same as in Γ \ attrj(Wj(Γ′)), so it is positional by the
inductive hypothesis.

From a node in Wj(Γ′), Player j follows her winning strategy in Γ′ which can be chosen to
positional again by the inductive hypothesis, so she also moves positionally in Γ. From a node
in attri(Wj(Γ′)), she forces the match to enter to the set Wj(Γ′) and this also can be chosen
positionally. From a node in Wj(Γ \ attrj(Wj(Γ′))), the winning strategy for Player j is the same
as in Γ \ attrj(Wj(Γ′)), so it can be chosen to positional by the inductive hypothesis.

Hence, the winning strategies in Γ can be chosen to positional strategies.

Now, we are ready to present and analyse the following algorithm of McNaughton. The algo-
rithm first solves the game Γ′ = Γ \ attri(V d) and by Lemma 4.7, if Wj(Γ′) = ∅, we get that
Wi(Γ) = V . Otherwise, we solve the game Γ \ attrj(Wj(Γ′)) and using the characterization of
winning regions in Lemma 4.6, the algorithm establishes the winning regions of Γ.

An example shows the steps of the algorithm in Figure 4.1.

Theorem 4.9. The algorithm McNaughton computes the winning regions for Player © and for
Player � correctly an it works in time O (2n).

Furthermore, if we denote the number of priorities by d, then the running time of the algorithm
is bounded by nd+2.

Proof. Lemma 4.6 and 4.7 immediately imply the correctness of the algorithm.

The algorithm McNaughton makes two recursive calls on games with at most n− 1 vertices.
Other than that, we compute attractor sets which can be performed in time O(n2) by Lemma 4.4.
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Hence, if we denote the running time of algorithm McNaughton on a game with n vertices by
T (n), the we have that

T (n) ≤ 2 · T (n− 1) +O(n2).

By repeated substitution, we obtain that the running time T (n) = O(2n).

For the additional claim, observe that, the first recursive call works on a game that contains
only d− 1 different priorities, because all vertices with maximal priority are removed. Hence, if we
denote the running time of algorithm McNaughton on a game with n vertices and d priorities
by T (n, d), then we have that

T (n, d) ≤ T (n− 1, d− 1) + T (n− 1, d) +O(n2).

Solving this recurrence relation by Theorem A.2, we get that T (n, d) = O(nd+2) since T (n, 0) =
O(1).

Algorithm 2 McNaughton’s algorithm
1: procedure McNaughton(Γ = ((V,E), α, (V©, V�)))
2: if V = ∅ then return (∅, ∅)
3: end if
4: i←© if d is odd, i← � otherwise
5: (W ′©,W ′�)←McNaughton

(
Γ \ attri(V d)

)
6: if W ′j = ∅ then
7: (Wi,Wj)← (V, ∅)
8: else
9: (W ′′©,W ′′�)←McNaughton

(
Γ \ attrj(W ′j)

)
10: (Wi,Wj)← (W ′′i ,W ′′j ∪ attrj(W ′j))
11: end if
12: return (W©,W�)
13: end procedure
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Figure 4.1: The steps of algorithm McNaughton
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4.1 The algorithm of Jurdziński, Paterson, and Zwick

Definition 4.10. A set C ⊆ V is called i-dominion if it is i-closed and Player i wins from
everywhere in C without ever leaving C, i.e. Wi(Γ[C]) = C.

For instance, the Player i’s winning regionWi(Γ) is an i-dominion, because if Player i may move
to a node v ∈ Wj(Γ), then she loses the match since v is a winning position for the other player.
Similarly, Player j cannot escape fromWi(Γ), otherwise Player j could win from V \Wi(Γ) = Wj(Γ).

Jurdziński, Paterson, and Zwick observed that Wj(Γ′) is a j-dominion using the notation of
4.7. Indeed, Lemma 4.5 implies that Player i also cannot escape from Wj(Γ′) in the game Γ, so
Player j wins from everywhere in Wj(Γ′) without ever leaving Wj(Γ′). The authors used this idea
to speed up McNaughton’s algorithm as follows.

Their algorithm first tries to find a dominion of size at most an appropriate constant l. This
can be obtained by a simple checking algorithm dominion which makes loops in all of the subsets
of V of size at most l and check whether the subset C is an i-dominion for each i ∈ {©,�}.

If a non-empty dominion D is found, then the algorithm simply makes a recursive call in
Γ \ attri(D) and due to Lemma 4.6, the algorithm establishes the winning regions.

Otherwise, the algorithm JPZ calls the algorithm JPZ–McNaughton which is almost iden-
tical to the algorithm McNaughton, the only difference is that the recursive calls are made to
JPZ instead of McNaughton.

The algorithm JPZ–McNaughton first solves the game Γ′ = Γ \attri(V d) and if Wj(Γ′) 6= ∅,
then it solves the game Γ \ attrj(Wj(Γ′)). However, Wj(Γ′) is a k-dominion in Γ and dominion
did not find it, so we get that |Wj(Γ′)| ≥ l and therefore the second recursive call works on a game
with at most n− l vertices.

Theorem 4.11. The algorithm JPZ computes the winning regions for Player © and for Player
� correctly and it works in time nO(√n).

Proof. The above observations show the correctness of the algorithm, we only have to focus on the
running time.

Let l be
√

2n.

At the step of checking dominions, we can check whether it is i-closed and whether Wi(Γ[C]) =
C holds. This can be done by algorithm McNaughton in time O(2l). So the total running time
of this checking algorithm is O

(
2l ·
∑l
k=1

(
n
k

))
= O(nl) since l =

√
2n.

Since the second recursive call works on a game with at most n − l vertices, if we denote the
worst-case running time of algorithm JPZ by T (n), we get that

T (n) ≤ T (n− 1) + T (n− l) +O(nl).

Solving this recurrence relation by Theorem A.3, we get that T (n) = nO(√n).
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Algorithm 3 Jurdziński-Paterson-Zwick’s algorithm
1: procedure JPZ(Γ = ((V,E), α, (V©, V�)))
2: if V = ∅ then return (∅, ∅)
3: end if
4: (D, i)← dominion(Γ,

√
2n)

5: if D = ∅ then
6: (W©,W�)← JPZ–McNaughton (Γ)
7: else
8: (W ′©,W ′�)← JPZ (Γ \ attri(D))
9: (Wi,Wj)← (W ′i ∪ attri(D),W ′j)

10: end if
11: return (W©,W�)
12: end procedure

Algorithm 4 The JPZ-variant of McNaughton’s algorithm
1: procedure JPZ–McNaughton(Γ = ((V,E), α, (V©, V�)))
2: if V = ∅ then return (∅, ∅)
3: end if
4: i←© if d is odd, i← � otherwise
5: (W ′©,W ′�)← JPZ

(
Γ \ attri(V d)

)
6: if W ′j = ∅ then
7: (Wi,Wj)← (V, ∅)
8: else
9: (W ′′©,W ′′�)← JPZ

(
Γ \ attrj(W ′j)

)
10: (Wi,Wj)← (W ′′i ,W ′′j ∪ attrj(W ′j))
11: end if
12: return (W©,W�)
13: end procedure
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Chapter 5

Restricted Graph Classes and
Graph Operations

Since no known polynomial time algorithm is known to solve parity games in general graphs,
it is natural to ask whether the problem becomes easier if the graph is assumed to have some
structural properties or belongs to a restricted class. For instance, for numerous graph problems
that are NP-hard on general graphs, there exist polynomial time algorithms if the input graph is
assumed to have bounded tree-width.

Solving parity games in graph with bounded tree-width was firstly studied by Obdržálek [13]
who gave an algorithm, using the usual dynamic programming technique, that runs in time nO(k2)

where k is the tree-width of the graph that the game is played on. Using the notions presented in the
previous chapter, Fearnley and Lachish [6] gave an algorithm for graphs with bounded tree-width
which runs in time O

(
nk logn).

Dittmann, Kreutzer and Tomescu [3] also analyzed parity games on restricted graph classes.
They studied some standard graph operations like repeated pasting along a vertex, join of two
graphs, and addition of a vertex. They show that if the parity game on the original graphs can
be solved efficiently, then the game on the constructed graph also can be solved efficiently, and
for instance, as a consequence, they establish a polynomial time algorithm for games on complete
graphs. An open question by them asks whether their result can be extended to the operation of
pasting along two or more vertices.

Using a modification of the methods of Fearnley and Lachish, here we present an efficient
algorithm which solves the repeated pasting of games if the components can be solved efficiently. It
works for graphs with bounded tree-width with the same running time estimation, nevertheless, it
can be used for wider classes of parity games games, i.e. for games on graphs which can be obtained
by pasting complete graphs along two or more vertices. For these graphs, no efficient algorithm
was previously known.

In this chapter, we introduce the technique of Fearnley and Lachish and our algorithm for
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repeated pasting of efficiently solvable games and we show that our result generalizes theirs. Then,
we give a review of the results of Dittmann, Kreutzer and Tomescu.

Our purpose is to construct efficiently solvable graph classes via graph operations from some
efficiently solvable classes. For this reason, let us define what the class and efficient solvability
exactly mean.

Definition 5.1. A class of parity games C is called hereditary, if for every parity game Γ =
((V,E), α, (V©, V�)) ∈ C and B ⊆ V , Γ[B] also belongs to C.

If F : Z → Z is a function, then a class of parity games C is called solvable in F -time if
an arbitrary parity game Γ = ((V,E), α, (V©, V�)) ∈ C can be solved in time F (|V |). We assume
that F satisfies the following property: if

∑
q∈Q nq ≤ n, then

∑
q∈Q F (nq) ≤ F (n) for integers

nq, q ∈ Q.

Analogously, if f : Z → Z is a function, then a class of parity games C is called decidable in
f -time if for an arbitrary parity game Γ = ((V,E), α, (V©, V�)), we can test the C-membership: we
can decide in time f(|V |) whether Γ ∈ C or not.

5.1 Pasting parity games

Definition 5.2. Let Γq = ((V q, Eq), αq, (V q©, V
q
�)) be a parity game for every q ∈ Q where Q is an

index set. Suppose that the vertex sets V q pairwise intersect each other in X, that is, V q∩V q′ = X

for every q 6= q′ ∈ Q. Suppose that each node x ∈ X has the same priority and belongs to the same
player in every Γq. We say that the parity game Γ = ((V,E), α, (V©, V�)) is obtained by pasting
the parity games {Γq}q∈Q along X if Γ satisfies the following conditions:

V =
⋃
q∈Q

V q V© =
⋃
q∈Q

V q© V� =
⋃
q∈Q

V q� E =
⋃
q∈Q

Eq

and α(v) = αq(v) if v ∈ V q.

4

2

4

2

4

2
4

2

4

2

4

2

Figure 5.1: The original games and the game obtained by pasting these games
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Since each node x ∈ X has the same priority and belongs to the same player in every Γq, this
game Γ is a well-defined standard parity game.

The definition immediately implies the following observation.

Lemma 5.3. Let Γ = ((V,E), α, (V©, V�)) be a standard parity game. Let X ⊆ V be a separator
of the graph G = (V,E), that is, G \X is disconnected. Denote the connected components of G \X
by Cq, (q ∈ Q). Then, Γ can be obtained by pasting the parity games {Γ[Cq ∪X]}q∈Q along X.

Proof. The proof is straightforward, since Cq = V q \X.

Our algorithm to solve games obtained by pasting parity games is based on the following two
lemmas. They were proved by Fearnley and Lachish [6].

Lemma 5.4. Let Γ be the parity game obtained by pasting the games {Γq}q∈Q along the X. Then
for i ∈ {©,�} and j = i, we have that Wj(Γq \ attri(X)) ⊆Wj(Γ).

Proof. Observe that Wj(Γq \ attri(X)) is j-closed in Γ. Indeed, Wj(Γq \ attri(X)) is j-closed in
Γq \ attri(X), that is, for a node v ∈ Vi ∩Wj(Γq \ attri(X)), we have w ∈Wj(Γq \ attri(X)) for all
edges vw ∈ E with the property w ∈ V (Γq \ attri(X)). For a node v ∈ Vj ∩Wj(Γq \ attri(X)), we
have w ∈Wj(Γq \ attri(X)) for some edges vw ∈ E with the property w ∈ V (Γq \ attri(X)).

However, if v ∈ Vi ∩Wj(Γq \ attri(X)) and vw ∈ E holds, then w ∈ V (Γq \ attri(X)), because
if w ∈ attri(X) in Γ, then v also should belong to attri(X) and if w ∈ V \ V q =

⋃
q′ 6=q V

q′ \ X,
then vw could connect the distinct components V q \X and

⋃
q′ 6=q V

q′ .

So Player j can use her winning strategy from a node Wj(Γq \ attri(X)) and she can force the
match to stay in V (Γq \ attri(X)), so this also gives a winning strategy in Γ and this completes
the proof.

The following lemma says that if we can find these winning positions and remove them, then
the dominions intersect the separator set X. By this observation, we can reduce the size of the
separator and therefore, after |X| steps, we can solve the games independently.

Lemma 5.5. Let Γ be the parity game obtained by pasting the games {Γq}q∈Q along the X. Then
for i ∈ {©,�} and j = i, in the parity game Γ \

(⋃
q∈QWj(Γq \ attri(X))

)
, every dominion for

Player j intersects the separator set X.

Proof. For the sake of contradiction, suppose that there is a dominion D ⊆ V for Player j in
Γ \
(⋃

q∈QWj(Γq \ attri(X))
)
that is disjoint from the set X.

Since X is a separator and D is a dominion disjoint from X, we get that D′ = D ∩ V q 6= ∅
is also a dominion for Player j for some q ∈ Q. Therefore, we can assume that D ⊆ V q for some
q ∈ Q.

Then, D ⊆ Wj(Γq \ attri(X)) because the fact that D is j-closed implies that D ⊆ V (Γq \
attri(X)) and Player j’s winning strategy is also winning in Γq\attri(X). However,D is a dominion
in Γ \

(⋃
q∈QWj(Γq \ attri(X))

)
and this contradiction completes the proof.
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Now, we are ready to establish an efficient algorithm for games obtained by pasting efficiently
solvable parity games. First, we analyze one pasting step, and later, we extend this algorithm to
repeated pasting.

Algorithm 5 Our algorithm for pasting parity games along at most k vertices
1: procedure PasteSolve(Γ, {Γq}q∈Q, X) . Γ is the pasted game of games {Γq}q∈Q along X
2: if |X| = 0 then
3: for all q ∈ Q do
4: (W q

©,W
q
�)← C-solve(Γq)

5: end for
6: (W©,W�)←

(⋃
q∈QW

q
©,
⋃
q∈QW

q
�

)
7: else
8: (W©,W�)← (∅, ∅)
9: repeat

10: i←© if d(Γ) is odd, i← � otherwise
11: for all q ∈ Q do
12: (W q

©,W
q
�)← C-solve(Γq \ attri(X))

13: Wj ←Wj ∪W q
j

14: end for
15: Γ← Γ \Wj

16: until (d(Γ) is odd and i =©) or (d(Γ) is even and i = �)
17: (W ′©,W ′�)← PasteSolve–McNaughton(Γ, {Γq}q∈Q, X)
18: (W©,W�)← (W© ∪W ′©,W� ∪W ′�)
19: end if
20: return (W©,W�)
21: end procedure

Formally, for a class of parity games C, we define the class of parity games k-Paste(C) containing
all parity games Γ which can be obtained by pasting some parity games {Γq}q∈Q along a set X
with size at most k and the property Γq \X ∈ C holds for every q ∈ Q.

Theorem 5.6. Let C be a hereditary class of parity games which is solvable in F -time. Then, all
parity games in k-Paste(C) can be solved in time

O
(
nk+1 · F (n)

)
+O(nk+3)

assuming that a decomposition of Γ as the pasting of parity games in C is given.

Specially, if C is a class of parity games that can be solved in polynomial time, then all parity
games in k-Paste(C) can be solved in polynomial time, assuming that a decomposition of Γ as the
pasting of parity games in C is given.

It is worth noting that k-Paste(C) is also a hereditary class of parity games. Furthermore, if
C is an f -decidable class of parity games, then k-Paste(C) is an f ′-decidable class with f ′(n) =
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Algorithm 6 The PasteSolve-variant of McNaughton’s algorithm
1: procedure PasteSolve–McNaughton(Γ, {Γq}q∈Q, X)
2: if V = ∅ then return (∅, ∅)
3: end if
4: i←© if d(Γ) is odd, i← � otherwise
5: (W ′©,W ′�)← PasteSolve

(
Γ \ attri(V d), {Γq \ attri(V d)}q∈Q, X \ attri(V d)

)
6: if W ′j = ∅ then
7: (Wi,Wj)← (V, ∅)
8: else
9: (W ′′©,W ′′�)← PasteSolve

(
Γ \ attrj(W ′j), {Γq \ attrj(W ′j)}q∈Q, X \ attrj(W ′j)

)
10: (Wi,Wj)← (W ′′i ,W ′′j ∪ attrj(W ′j))
11: end if
12: return (W©,W�)
13: end procedure

O(nk · f(n)) and in time f ′(n), a decomposition of a game Γ as the pasting of parity games in
C can be found, as follows. For all X ⊆ V of size k, we can test whether X is a separator of G
and check that for each component C of G \X whether Γ[C] belongs to C or not. Therefore, if C
is polynomial time decidable and solvable, then k-Paste(C) is also polynomial time decidable and
solvable.

Proof. Assume that the parity game Γ = ((V,E), α, (V©, V�)) is obtained by pasting the parity
games Γq = ((V q, Eq), αq, (V q©, V

q
�)) along a vertex set X as in Definition 5.2.

If |X| = 0, that is, Γ is the disjoint union of games Γq, then the algorithm PasteSolve given
in Algorithm 5 solves the games Γq independently.

Otherwise, the algorithm makes preprocessing on the game: it solves the games Γq \ attri(X)
and by Lemma 5.4, the winning positions in Wj(Γq \ attri(X)) are also winning positions in Γ, so
by Lemma 4.6, we have that

Wj(Γ) = Wj(Γq \ attri(X)) ∪Wj(Γ \Wj(Γq \ attri(X))) Wi(Γ) = Wi(Γ \Wj(Γq \ attri(X)))

using the fact that attrj(Wj(Γq \ attri(X))) = Wj(Γq \ attri(X)) holds.

Hence, the removing process is correct and this can be performed in time at most F (|V q \X|),
since Γq \X ∈ C.

This pre-processing procedure may remove all vertices v that have α(v) = d(Γ). In this case,
the algorithm makes preprocessing for the other player and repeats the pre-processing procedure
until the Player i does not change, that is d(Γ) is odd and i =©, or d(Γ) is even and i = �. Here
we note that there are at most n preprocessing steps since a preprocessing step remove at least
one vertex.

Once preprocessing is complete, the algorithm runs PasteSolve–McNaughton on the re-
maining game. The algorithm PasteSolve–McNaughton given in Algorithm 6 is the same as
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McNaughton except that it calls the PasteSolve recursively instead of theMcNaughton.
The algorithm PasteSolve–McNaughton finds a dominion for Player j = i and Lemma 5.5
implies that this dominion intersects the set X. Hence, the second recursive call in PasteSolve–
McNaughton operates a parity game where the separator set is strictly smaller than the size of
X.

So, if we denote by T (n, k) the running time of the algorithm PasteSolve, then we have

T (n, k) ≤ n ·
∑
q∈Q

F (|Vq \X|) + T (n− 1, k − 1) + T (n− 1, k) +O(n3) ≤

≤ n · F (n) + T (n− 1, k − 1) + T (n− 1, k) +O(n3)

where O(n3) is the time to compute the attractor sets, since we compute attractor sets O(n) times.

Solving this recurrence relation by Theorem A.2, we get that

T (n, k) = O
(
nk ·

(
n · F (n) + n3)+ nk · F (n)

)
= O

(
nk+1 · F (n) + nk+3)

since the term T (n, 0) is the time of solving parity games separately, so T (n, 0) ≤
∑
q∈Q F (|V q|) ≤

F (n).

Here, we use the assumption of
∑
q∈Q F (nq) ≤ F (n) if

∑
q∈Q nq ≤ n.

If F (n) is polynomially bounded, i.e. F (n) = O(nc) with some constant c > 0, then T (n) ≤
O
(
nk+1 · nc

)
+O(nk+3) = O

(
nmax{1+k+c,k+3}) is also polynomially bounded.

Now, let us analyze the case of repeated pasting.

For a class of parity games C, we define the following classes recursively: let the class of parity
games 0-Repeated-k-Paste(C) be equal to the class C, let the class 1-Repeated-k-Paste(C) be equal
to the class k-Paste(C) and let us define the class of parity games l-Repeated-k-Paste(C) containing
all parity games which can be obtained by pasting some parity games along a set X of size at most
k where Γq \ x ∈ (l − 1)-Repeated-k-Paste(C), that is,

l-Repeated-k-Paste(C) = k-Paste ((l − 1)-Repeated-k-Paste(C)) .

As we will see later, for the special case k = 1, Dittmann, Kreutzer and Tomescu gave a
faster algorithm to solve parity games in l-Repeated-1-Paste(C). Hence, in the following theorem,
we suppose that k ≥ 2.

Theorem 5.7. Let k ≥ 2. Let C be a hereditary class of parity games which is solvable in F -time.
Then, all parity games in l-Repeated-k-Paste(C) can be solved in time

O
(
nl·(k+1) · F (n)

)
+O(nl·(k+1)+2)

assuming that a decomposition of Γ as the pasting of parity games in C is given.

Specially, if C is a class of parity games that can be solved in polynomial time, then all parity
games in l-Repeated-k-Paste(C) can be solved in polynomial time, assuming that a decomposition
of Γ as the pasting of parity games in C is given.
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It is worth noting that l-Repeated-k-Paste(C) is also a hereditary class of parity games. Further-
more, if C is an f -decidable class of parity games, then l-Repeated-k-Paste(C) is an f ′-decidable
class with f ′(n) = O

(
nk·l · f(n)

)
and in time f ′(n), a decomposition of a game Γ can be found, as

follows. For all X ⊆ V of size k, we can test whether X is a separator of G and check that for each
component C of G\X whether Γ[C] belongs to (l−1)-Repeated-k-Paste(C) or not. By induction, we
have that this is decidable in time O

(
nk·(l−1) · f(n)

)
. Therefore, if C is polynomial time decidable

and solvable, then l-Repeated-k-Paste(C) is also polynomial time decidable and solvable.

Proof. The proof is straightforward by induction on l. Suppose that all parity games in the class
(l − 1)-Repeated-k-Paste(C) can be solved in time

O
(
n(l−1)·(k+1) · F (n)

)
+O

(
n(l−1)·(k+1)+2

)
.

Obviously, this holds for l − 1 = 0 and for l − 1 = 1 by Theorem 5.6.

Hence, Theorem 5.6 implies that all parity games in l-Repeated-k-Paste(C), which class is equal
to k-Paste ((l − 1)-Repeated-k-Paste(C)), can be solved in time

O
(
nk+1 ·

(
O
(
n(l−1)·(k+1) · F (n)

)
+O(n(l−1)·(k+1)+2)

))
=

= O
(
nl·(k+1) · F (n) + nl·(k+1)+2

)
.

5.1.1 Graphs with Bounded Tree-width

Fearnley and Lachish [6] gave an algorithm for graphs with bounded tree-width which runs
in time O

(
nk logn) where k is the tree-width of the graph. Here, we summarize the basics of the

theory of tree-width and show that our algorithm gives the same running time as their one.

Definition 5.8. For a graph G = (V,E), the pair (T = (I, F ), {Xi}i∈I) is the tree decomposition
of G if T = (I, F ) is an undirected tree, {Xi}i∈I is a family of subsets of V and they satisfy the
following conditions:

• for every v ∈ V , there exists at least one node i ∈ I such that v ∈ Xi

• for every vw ∈ E, there exists at least one node i ∈ I such that v, w ∈ Xi

• for every j, k ∈ I, if i ∈ I is on the unique path between j and k in T , then Xi ⊇ Xj ∩Xk.

The width of a tree decomposition equals to the cardinality of the largest set Xi minus 1. The
tree-width of a graph G is the smallest width between the width of tree decompositions of G.

For a subset I ′ ⊆ I, let us denote
⋃
i∈I′ Xi by XI′ .

Lemma 5.9. Xi is a separator of the graph G = (V,E), that is, if {Cq}q∈Q denote the components
of T \i, then XCq

\Xi are disjoint subsets of V and there is no edge between XCq
\Xi and XCq′ \Xi

for q 6= q′ ∈ Q.
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Proof. It is clear that if j, k ∈ I are in different components of T \ i, then i ∈ I is on the unique
path between j and k in T , so the third condition implies that Xi ⊇ Xj ∩Xk, so if a node in Xj

and also in Xk, then it is removed with the set Xi, hence, XCq \Xi are disjoint subsets of V .

Similarly, if vw ∈ E and v, w 6∈ Xi, then there exists a node i 6= j ∈ I such that v, w ∈ Xj .
Then v, w ∈ XCq \ Xi where q ∈ Q corresponds to the unique component of T \ i containing j.
Therefore, there is no edge between XCq

\Xi and XCq′ \Xi for q 6= q′ ∈ Q.

Lemma 5.10. If the tree-width of a graph G equals to k, then there exists a tree decomposition of
width k where the number of vertices of the tree is at most n.

Proof. Without loss of generality, we can assume that for every ij ∈ F , we have Xi * Xj . Other-
wise, contracting i and j in T , we clearly get a tree decomposition with the same width.

The proof is by induction on n. Let i be a leaf of the tree T and let j be the unique neighbour
of the vertex i. By the assumption, Xi * Xj holds, then U = Xi \Xj 6= ∅.

By the third condition of tree decompositions we have that for each v ∈ U the subset Xi is the
only subset such that contains the vertex v. Hence,

(
T = (I \ {i}, F \ {ij}), {Xi′ \ U}i′∈I\{i}

)
is a

tree decomposition of width k of the graph G \ U . By induction hypothesis, the tree T \ i has at
most n− 1 vertices, thus, T has at most n vertices.

Lemma 5.11. In an arbitrary tree T = (I, F ), there exists a node i ∈ I such that all components
in T \ i contain at most |I|2 vertices.

Proof. We can find this vertex algorithmically. Let us begin from an arbitrary vertex i. If all
components in T \ i contain at most |I|2 vertices, we are done. Otherwise, there is a component
which contains more than |I|

2 vertices. Then, let us move towards that component from i and
repeat this method. It is easy to see that this process cannot cyclize, hence, at terminating, an
appropriate vertex is found.

Using these observations about tree decompositions, we establish the same running time for
graphs with tree-width at most k as in [6]. In fact, this algorithm is effectively the same as theirs,
hence, our method really extends their algorithm.

Corollary 5.12. A parity game Γ = ((V,E), α, (V©, V�)) ∈ C where the graph (G,E) has a tree
decomposition of width k can be solved in time O

(
nk logn).

Proof. Let C be the class which contains all parity games where the number of vertices at most k.
They can be solved in time 2k, for instance, by McNaughton’s algorithm, so the constant function
F (n) = 2k is appropriate in Theorem 5.7.

We claim that Γ belongs to the class (log t)-Repeated-k-Paste(C), where t is the number of
vertices in the tree decomposition T = (I, F ), {Xi}i∈I of Γ. The proof is by induction on t.

Indeed, if n ≤ k, then t = 1 and Γ ∈ C. Suppose that n > k. By Lemma 5.11, there is a vertex
i ∈ I such that all components {Cq}q∈Q in T \ i has at most t

2 vertices. By induction hypothesis,
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Γ[XCq
] ∈ (log t

2 )-Repeated-k-Paste(C), since XCq
has a tree decomposition of width k where the

number of vertices at most t
2 , that is, the tree decomposition T [Cq], {Xi}i∈Cq

is appropriate.

Hence, Lemma 5.9 and Lemma 5.3 imply that Γ can be obtained by pasting of Γ[XCq
∪ Xi]

along Xi.

Therefore, the algorithm given in Theorem 5.7 works in time O
(
nk·log t · 2k

)
, and Lemma 5.10

shows that the number of vertices in the tree decomposition is at most n, so the running time is
at most O

(
nk logn), and this completes the proof.

5.1.2 Pasting along one vertex

In contrast of Theorem 5.6, Dittmann, Kreutzer and Tomescu [3] gave an algorithm with better
running time for the case of pasting along one vertex. Since all paths between the two components
use the separator vertex v, and all cycles containing v are in one of the components of the graph,
it seems much easier, nevertheless, the authors’ achievement is that the running time of their
algorithm does not depend on the number of pasting l. Hence, for a class of parity games C, let us
define

Repeated-1-Paste(C) =
∞⋃
l=1

l-Repeated-1-Paste(C).

Theorem 5.13. Let C be a hereditary class of parity games which is solvable in F -time. Then, all
parity games in Repeated-1-Paste(C) can be solved in time

O (n · F (n)) +O(n3).

Specially, if C is a class of parity games that can be solved in polynomial time, then all parity
games in Repeated-1-Paste(C) can be solved in polynomial time.

It is worth noting that the assumption of providing the decomposition is not needed here,
because if Γ ∈ Repeated-1-Paste(C), then the restrictions to the maximal 2-connected components
have to belong to C and these can be found in polynomial time by well-known algorithms.

Proof. Let L be a leaf component of the 2-connected decomposition of G = (V,E), let v be the
vertex which separates L from the other part of the graph. Let Γ′ = Γ[L] and Γ′′ = Γ \ (L \ {v})
and suppose that v ∈ Vi.

The algorithm given in Algorithm 7 first solves the game Γ′ in time F (n). If Player i wins from
v in Γ′, then she also wins in Γ, by Lemma 4.5 and the fact that L is j-closed. Then, by Lemma
4.6, we have that

Wi(Γ) = attri({v}) ∪Wi(Γ \ attri({v})) Wj(Γ) = Wj(Γ \ attri({v})).

Since the graph of Γ \ attri({v}) is disconnected, then we can solve the games Γ′ \ attri({v})
and Γ′′ \ attri({v}) independently.
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Algorithm 7 Dittmann-Kreutzer-Tomescu’s algorithm for repeated pasting parity games along
one vertex

1: procedure 1-PasteSolve(Γ) . Γ ∈ Repeated-1-Paste(C)
2: Find the 2-connected components of the graph G.
3: L← a leaf component of G, v ← the separator node of L
4: Γ′ ← Γ[L],Γ′′ ← Γ \ (L \ {v})
5: i←© if v ∈ V©, i← � otherwise
6: (W ′©,W ′�)← C-solve(Γ′)
7: if v ∈W ′i then
8: (W ′′©,W ′′�)← 1-PasteSolve(Γ′′ \ attri(v))
9: (Wi,Wj)← (W ′i ∪ attri(v) ∪W ′′i ,W ′j ∪W ′′j )

10: else
11: (W ′′©,W ′′�)← 1-PasteSolve(Γ′′)
12: if v ∈W ′′i then
13: (W ′©,W ′�)← C-solve(Γ′ \ attri(v))
14: (Wi,Wj)← (W ′i ∪ attri(v) ∪W ′′i ,W ′j ∪W ′′j )
15: else
16: (Wi,Wj)← (W ′i ∪W ′′i ,W ′j ∪W ′′j )
17: end if
18: end if
19: return (W©,W�)
20: end procedure
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Otherwise, if Player j wins from v in Γ′, then the algorithm solves the game Γ′′. If Player i wins
from v, then she also wins in Γ similarly to the previous case. So it can be removed, and then we
can solve the disconnected parts of the game Γ \ attri({v}) independently. Observe that, solving
Γ′′ \ attri({v}) is not needed, because a vertex w ∈ V \ (L \ {v}) is a winning position for Player i
in Γ′′ \ attri({v}) if and only if it is a winning position for Player i in Γ′′: she can follow the same
strategy since attri({v}) is j-closed.

If Player j wins both of the games Γ′ and Γ′′, then we simply can merge the winning regions
of Γ′ and Γ′′, since from v, Player i can choose between the games Γ′ and Γ′′, however, in both
games Player j wins. Hence,

Wi(Γ) = Wi(Γ′) ∪Wi(Γ′′) Wj(Γ) = Wj(Γ′) ∪Wj(Γ′′).

Let us denote by T (n) the running time of the algorithm 1-Paste. Then we have

T (n) ≤ O(F (n)) + T (n− 1) +O(n2)

where O(n2) is time to compute the attractor sets.

Solving this recurrence relation by Theorem A.1, we get that

T (n) ≤ O (n · F (n)) +O(n3).

If F (n) is polynomially bounded, i.e. F (n) = O(nc) with some constant c > 0, then T (n) ≤
O(nc+1) +O(n3) = O

(
nmax{c+1,3}) is also polynomially bounded.
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5.2 Further operations

In this section, we introduce two further graph operations which preserve the efficient solvability
of parity games: joining graphs and adding new vertex. These results are Dittmann, Kreutzer
and Tomescu’s work. They analyzed this graph operations with assuming F (n) = nc polynomial
solvability, however, their proofs work for arbitrary time functions F .

5.2.1 Adjoining graphs

Definition 5.14. Let Γ′ = ((V ′, E′), α′, (V ′©, V ′�)) and Γ′′ = ((V ′′, E′′), α′′, (V ′′©, V ′′�)) be two parity
games. Let the join of Γ′ and Γ′′ be the parity game Γ = ((V,E), α, (V©, V�)) with the following
conditions:

V = V ′ ∪ V ′′ V© = V ′© ∪ V ′′© V� = V ′� ∪ V ′′� E = E′ ∪ E′′ ∪ E∗

where E∗ ⊆ (V ′ × V ′′) ∪ (V ′′ × V ′) contains at least one arc vw or wv for every v ∈ V ′©, w ∈ V ′′�
and for every v ∈ V ′�, w ∈ V ′′©.

Furthermore, let α = α′ ∪ α′′, that is, α(v) = α′(v) if v ∈ V ′ and α(v) = α′′(v) if v ∈ V ′′.

For a class of parity games C, we define the class of parity games HalfJoin(C) containing all
parity games which is the join a parity game in C and a single-player parity game.

For classes of parity games C′, C′′, we define the class of parity games Join(C′, C′′) containing all
parity games which is the join a parity game in C′ and a parity game in C′′.

Theorem 5.15. Let C be a hereditary class of parity games which is solvable in F -time. Then, all
parity games in HalfJoin(C) can be solved in time

O(n4) +O (n · F (n))

assuming that a decomposition of Γ to the join of a parity game in C and a single-player parity
game is given.

Specially, if C is a class of parity games that can be solved in polynomial time, then all parity
games in HalfJoin(C) can be solved in polynomial time, assuming that a decomposition of Γ to the
join of a parity game in C and a single-player parity game is given.

Proof. Let Γ = ((V,E), α, (V©, V�)) be the join of the game Γ′ = ((V ′, E′), α′, (V ′©, V ′�)) and the
single-player parity game Γ′′ = ((V ′′, E′′), α′′, (V ′′©, V ′′�)). Denote by i the player of Γ′′ and by j
the opposite player, that is, V ′′i = V ′′ and V ′′j = ∅.
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Figure 5.2: The original games and the join of these games

Algorithm 8 Dittmann-Kreutzer-Tomescu’s algorithm for the half-join of two parity games
1: procedure HalfJoinSolve(Γ,Γ′,Γ′′) . Γ is the half-join of Γ′ and Γ′′

2: i←© if V©(Γ′′) = V (Γ′′), i← � otherwise
3: (W 1

©,W
1
�)← SolveSinglePlayerGame(Γ \ attrj(V ′j ))

4: if W 1
i 6= ∅ then

5: (W ′©,W ′�)← HalfJoinSolve(Γ \ attri(W 1
i ))

6: (Wi,Wj)← (attri(W 1
i ) ∪W ′i ,W ′j)

7: else
8: (W 2

©,W
2
�)← C-Solve(Γ \ attri(V ′′j ))

9: if W 2
j 6= ∅ then

10: (W ′′©,W ′′�)← HalfJoinSolve(Γ \ attri(W 2
j ))

11: (Wi,Wj)← (W ′′i , attri(W 2
j ) ∪W ′j)

12: else
13: k ←© if d(Γ) is odd, k ← � otherwise
14: (W 3

©,W
3
�)← HalfJoinSolve(Γ \ attrk(V d))

15: if W 3
k 6= ∅ then

16: (Wk,Wk)← (V, ∅)
17: else
18: (Wk,Wk)← (∅, V )
19: end if
20: end if
21: end if
22: return (W©,W�)
23: end procedure
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The algorithm given in Algorithm 8 first solves the single-player game Γ1 = Γ \ attrj(V ′j ), in
time O(n3). If Wi(Γ1) 6= ∅, then we can call recursively the HalfJoin with Γ \ attri(Wi(Γ1)),
because by Lemma 4.5, we have that Wi(Γ1) ⊆Wi(Γ) and Lemma 4.6 implies that

Wi(Γ) = attri(Wi(Γ1)) ∪Wi(Γ \Wi(Γ1)) Wj(Γ) = Wj(Γ \ attri(Wi(Γ1))).

IfWi(Γ1) = ∅, then we solve the parity game Γ2 = Γ\attri(V ′′i ) in time O(F (n)). IfWj(Γ2) 6= ∅,
then we can call recursively the HalfJoin with Γ\attrj(Wj(Γ2), because, by Lemma 4.5, we have
that Wj(Γ2) ⊆Wj(Γ) and Lemma 4.6 implies that

Wi(Γ) = Wi(Γ \Wj(Γ2)) Wj(Γ) = attrj(Wj(Γ2)) ∪Wj(Γ \ attrj(Wj(Γ2))).

Hence, suppose that Wi(Γ1) = ∅ and Wj(Γ2) = ∅. In this case, there are only two possibilities
for the structure of winning regions.

Claim 5.16. If Wi(Γ1) = ∅ and Wj(Γ2) = ∅, then the same player wins from everywhere in Γ,
i.e., Wi(Γ) = V or Wj(Γ) = V .

Due to this fact, let us solve the parity game Γ3 = Γ \attrk(V d) as in McNaughton’s algorithm
where k is© if d is odd, and � otherwise. This can be obtained by the algorithm HalfJoin, since
Γ\attrk(V d) is the join of the parity game Γ′ \ (attrk(V d)∩V ′) and the single- player parity game
Γ′′ \ (attrk(V d) ∩ V ′′).

Then we have either Wk(Γ) = V if Wk(Γ3) = ∅ by Lemma 4.7 or Wk(Γ) = ∅ if Wk(Γ3) 6= ∅,
due to the claim and the fact that we have Wk 6= ∅ by 4.7.

Proof of Claim 5.16. To prove the claim we distinguish two cases, depending on whether V ′′i ∪
Wj(Γ) = ∅ or not.

Suppose that V ′′i ∪Wj(Γ) = ∅. Then, we have that V ′′i ⊆Wi(Γ). By Lemma 4.6, we get that

Wj(Γ) = Wj(Γ \ attri(V ′′i )) = Wj(Γ2) = ∅.

Hence, Wj(Γ) = ∅.

Now suppose that V ′′i ∪Wj(Γ) 6= ∅. Then, we claim that V ′j ⊆ Wj(Γ). For the sake of con-
tradiction, assume that there is a node v ∈ V ′j ∩ Wi(Γ). By the assumption, there is a node
w ∈ V ′′i ∪Wj(Γ). However, if vw ∈ E, then Player j can move to the node w and from w she can
follow her winning strategy. So v is also winning position for Player j, and this is a contradiction.
Similarly, if wv ∈ E, then Player i can move to the node v and from v she can follow her winning
strategy. So w is also winning position for Player i, and this is also a contradiction. But by the
definition of joining, vw ∈ E or wv ∈ E. Therefore, we have that V ′j ⊆ Wj(Γ). Hence, by Lemma
4.6

Wi(Γ) = Wi(Γ \ attrj(V ′j )) = Wi(Γ1) = ∅.

Hence Wi(Γ) = ∅.
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Let us denote by T (n) the running time of the algorithm HalfJoin. Then we have

T (n) ≤ O(n2) +O(n3) +O(F (n)) + T (n− 1) = T (n− 1) +O(F (n)) +O(n3)

where O(n2) is time to compute the attractor sets.

Solving this recurrence relation by Theorem A.1, we get that

T (n) ≤ O(n4) +O (n · F (n)) .

If F (n) is polynomially bounded, i.e. F (n) = O(nc) with some constant c > 0, then T (n) ≤
O(n4) +O(nc+1) = O

(
nmax{4,c+1})is also polynomially bounded.

Corollary 5.17. Let WT be the class of parity games where between every vertices v ∈ V© and
w ∈ V�, we have that vw ∈ E or wv ∈ E or both. Then, a parity game in WT can be solved in
time O(n4).

Proof. Let C be the class of single-player games. By Lemma 1.6, a parity game in C can be solved
in time O(n3). Then, WT = HalfJoin(C) can be solved in time O(n4) due to Theorem 5.15.

Theorem 5.18. Let C′ and C′′ be two hereditary classes of parity games. Suppose that C′ is solvable
in F ′-time and C′′ is solvable in F ′′-time. Then, all parity games in Join(C′, C′′) can be solved in
time

O(n5) +O(n2 · F ′(n)) +O(n2 · F ′′(n))

assuming that a decomposition of Γ to the join of a parity game in C′ and a parity game in C′′ is
given.

Specially, if C is a class of parity games that can be solved in polynomial time, then all parity
games in Join(C′, C′′) can be solved in polynomial time, assuming that a decomposition of Γ to the
join of a parity game in C′ and a parity game in C′′ is given.

Proof. Let Γ = ((V,E), α, (V©, V�)) be the join of the parity game Γ′ = ((V ′, E′), α′, (V ′©, V ′�)) ∈
C′ and the parity game Γ′′ = ((V ′′, E′′), α′′, (V ′′©, V ′′�)) ∈ C′′.

The algorithm and the proof of correctness are the same as in the proof of Theorem 5.15, the
only difference is in the estimation of running time. Observe that Γ1 = Γ \ attrj(V ′j ) is a join of
the single-player parity game Γ′ \ (attrj(V ′j )∩V ′) and the parity game Γ′′ \ (attrj(V ′j )∩V ′′), so Γ1

can be solved in time O(n4) + O (n · F ′′(n)). Similarly, Γ2 = Γ \ attri(V ′′i ) is a join of the parity
game Γ′ \ (attri(V ′′i ) ∩ V ′) and the single-player parity game Γ′′ \ (attri(V ′′i ) ∩ V ′′), so Γ2 can be
solved in time O(n4) +O (n · F ′(n)) by Theorem 5.15.

Hence, if T (n) denotes the running time of the algorithm Join, then we have

T (n) ≤ O(n2) +O(n4) +O (n · F ′′(n)) +O(n4) +O (n · F ′(n)) + T (n− 1) =

= O(n4) +O (n · F ′′(n)) +O (n · F ′(n)) + T (n− 1)

where O(n2) is time to compute the attractor sets.
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Solving this recurrence relation by Theorem A.1, we get that

T (n) ≤ O(n5) + ·O
(
n2 · F ′(n)

)
+ ·O

(
n2 · F ′′(n)

)
.

If F ′(n) and F ′′(n) is polynomially bounded, i.e. F ′(n) = O(nc′) and F ′′(n) = O(nc′′) with
some constants c′, c′′ > 0, then T (n) ≤ O(n5) + n · O(nc′+1) + n · O(nc′+1) = O

(
nmax{5,c+2}) is

also polynomially bounded.

5.2.2 Adding a single vertex

For a class of parity games C, we define the class of parity games AddVertex(C) containing all
parity games Γ such that the game Γ \ {v} belongs to C.

Theorem 5.19. Let C be a hereditary class of parity games which is solvable in F -time. Then, all
parity games in AddVertex(C) can be solved in time

O (n · F (n)) +O(n3)

assuming that a vertex v ∈ V is given such that Γ \ v belongs to C.

It is worth noting that AddVertex(C) is also a hereditary class of parity games. Furthermore, if
C is an f -decidable class of parity games, then AddVertex(C) is an f ′-decidable class with f ′(n) =
n · f(n) and in time f ′(n), for a game Γ, we can find a vertex v ∈ V such that Γ \ v belongs to C,
because we can test for each v ∈ V whether Γ \ v belongs to C. Therefore, if C is polynomial time
decidable and solvable, then k-Paste(C) is also polynomial time decidable and solvable.

Proof. Let Γ = ((V,E), α, (V©, V�)) be the parity game and v ∈ V such that Γ \ {v} ∈ C.

Similarly to the algorithm HalfJoin and the proof of Theorem 5.15, the algorithm given in
Algorithm 9 first solves the games Γ1 = Γ \ attr©({v}) and Γ2 = Γ \ attr�({v}).

If W�(Γ1) 6= ∅, then we can call recursively the AddVertex with Γ \ attr�(W�(Γ1)) because,
by Lemma 4.5, we have that W�(Γ1) ⊆W�(Γ) and Lemma 4.6 implies that

W�(Γ) = attr�(W�(Γ1)) ∪W�(Γ \W�(Γ1)) W©(Γ) = W©(Γ \ attr�(W�(Γ1))).

Analogously, if W©(Γ2) 6= ∅, then we can call recursively the AddVertexSolve with Γ \
attr©(W©(Γ2)), because, by Lemma 4.5, we have that W©(Γ2) ⊆W©(Γ) and Lemma 4.6 implies
that

W©(Γ) = attr©(W©(Γ2)) ∪W©(Γ \W©(Γ2)) W�(Γ) = W�(Γ \ attr©(W©(Γ2))).

Hence, suppose that W�(Γ1) = ∅ and W©(Γ2) = ∅. Similarly to the proof of Theorem 5.15, in
this case, there are only two possibilities for the structure of winning regions.

Claim 5.20. If W�(Γ1) = ∅ and W©(Γ2) = ∅, then the same player wins from everywhere in Γ,
i.e., W�(Γ) = V or W©(Γ) = V .
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Due to this fact, let us solve the parity game Γ3 = Γ \attrk(V d) as in McNaughton’s algorithm
where k is © if d is odd, and � otherwise. This can be obtained by the algorithm AddVertex-
Solve, since Γ \ attrk(V d) \ {v} also belongs to C, since Γ \ {v} belongs to C.

Then we have either Wk(Γ) = V if Wk(Γ3) = ∅ by Lemma 4.7 or Wk(Γ) = ∅ if Wk(Γ3) 6= ∅ due
to the claim and the fact that we have Wk 6= ∅ by 4.7.

Proof of Claim 5.20. To prove the claim we distinguish two cases, depending on whether V ′′i ∪
Wj(Γ) = ∅ or not.

Suppose that V ′′i ∪Wj(Γ) = ∅. Then, we have that V ′′i ⊆Wi(Γ). By Lemma 4.6, we get that

Wj(Γ) = Wj(Γ \ attri(V ′′i )) = Wj(Γ2) = ∅.

Hence Wj(Γ) = ∅.

Now suppose that V ′′i ∪Wj(Γ) 6= ∅. Then, we claim that V ′j ⊆ Wj(Γ). For the sake of con-
tradiction, assume that there is a node v ∈ V ′j ∩ Wi(Γ). By the assumption, there is a node
w ∈ V ′′i ∪Wj(Γ). However, if vw ∈ E, then Player j can move to the node w and from w she can
follow her winning strategy. So v is also winning position for Player j, and this is a contradiction.
Similarly, if wv ∈ E, then Player i can move to the node v and from v she can follow her winning
strategy. So w is also winning position for Player i, and this is also a contradiction. But by the
definition of joining, vw ∈ E or wv ∈ E. Therefore, we have that V ′j ⊆ Wj(Γ). Hence, by Lemma
4.6

Wi(Γ) = Wi(Γ \ attrj(V ′j )) = Wi(Γ1) = ∅.

Hence Wi(Γ) = ∅.

Let us denote by T (n) the running time of the algorithm AddVertexSolve. Then we have

T (n) ≤ O(n2) +O(2 · F (n)) + T (n− 1)

where O(n2) is time to compute the attractor sets.

Solving this recurrence relation by Theorem A.2, we get that

T (n) ≤ O(n3) +O (n · F (n)) .

If F (n) is polynomially bounded, i.e. F (n) = O(nc) with some constant c > 0, then T (n) ≤
O(n3) +O(nc+2) = O

(
nmax{3,c+1}) is also polynomially bounded.
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Algorithm 9 Dittmann-Kreutzer-Tomescu’s algorithm for repeated pasting parity games along
one vertex

1: procedure AddVertexSolve(Γ, v) . Γ \ {v} belongs to C
2: if v 6∈ V (Γ) then return C-solve(Γ)
3: end if
4: (W ′©,W ′�)← C-solve(Γ \ attr�(v))
5: if W ′� 6= ∅ then
6: (W ′′©,W ′′�)← AddVertexSolve(Γ \ attr�(W ′�), v)
7: (W©,W�)← (W ′© ∪W ′′©, attr�(W ′�) ∪W ′′�)
8: else
9: (W ′′©,W ′′�)← C-solve(Γ \ attr©(v))

10: if W ′′� 6= ∅ then
11: (W ′′′© ,W ′′′� )← AddVertexSolve(Γ \ attr©(W ′′©), v)
12: (W©,W�)← (W ′© ∪ attr©(W ′′©),W ′� ∪W ′′�)
13: else
14: (W©,W�)← AddVertexSolve–McNaughton(Γ, v)
15: end if
16: end if
17: return (W©,W�)
18: end procedure

Algorithm 10 The AddVertexSolve-variant of McNaughton’s algorithm
1: procedure JPZ–McNaughton(Γ = ((V,E), α, (V©, V�)),v)
2: if V = ∅ then return (∅, ∅)
3: end if
4: i←© if d is odd, i← � otherwise
5: (W ′©,W ′�)← AddVertexSolve

(
Γ \ attri(V d), v

)
6: if W ′j = ∅ then
7: (Wi,Wj)← (V, ∅)
8: else
9: (W ′′©,W ′′�)← AddVertexSolve

(
Γ \ attrj(W ′j), v

)
10: (Wi,Wj)← (W ′′i ,W ′′j ∪ attrj(W ′j))
11: end if
12: return (W©,W�)
13: end procedure
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Chapter 6

Further infinite games

Similar infinite duration games of perfect information played on graphs are well-studied over
the last decades. Here we give an overview of them. These games also belong to NP ∩ coNP,
however, no polynomial time algorithm is known for them.

Firstly, we study the mean-payoff games introduced by Ehrenfeucht and Mycielski [4], where two
players play as in parity games and one of them wants to maximise the long-time mean weight of
the visited edges and the other wants to minimise it. The mean-payoff games own similar properties
as parity games. We present Zwick-Paterson’s [24] pseudo-polynomial algorithm, for solving them
and a reduction of parity games to mean-payoff games. This reduction gives another (exponential
time) algorithm for solving parity games.

Secondly, we introduce the simple stohastic games studied by Condon [2], where one of the
players wants to reach a given vertex and the other wants to prevent this event. Depending on the
current vertex, either one of the player chooses the next edges or they move randomly.

6.1 Mean-payoff games

Definition 6.1. A mean-payoff game Ω = ((V,E), w, (V©, V�)) consists of a directed graph G =
(V,E), where V is the set of vertices and E ⊆ V × V is the set of edges, w : E → Z is an integral
weight function and (V©, V�) is a partition of V . We assume that every vertex has at least one
out-going edge in G. The game is played by two players, Player © and Player �, as follows.

The match starts at some vertex v0 ∈ V . The players construct infinite path as follows. Let v be
the last vertex added so far to the path. If v ∈ V©, then Player © chooses an outgoing edge from
v and this edge is added to the path. If v ∈ V�, then Player � chooses. Let e1, e2, e3, . . . be the
sequence of the edges on the path. Player © wants to maximise the mean payoff of the constructed
path lim infk→∞ 1

k

∑k
i=1 w(ei) and Player � wants to minimise the mean payoff of the constructed

path lim supk→∞ 1
k

∑k
i=1 w(ei).
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We denote by G(Ω), V (Ω), E(Ω), . . . the graph, vertex set, edge set, . . . of the parity game Ω.
If the parity game is not ambiguous, then we write G, V , E, . . . for short.

Furthermore, we denote by W the maximum of absolute values of edge weights.

Ehrenfeucht and Mycielski [4] showed the following.

Theorem 6.2. For a mean-payoff game Ω starting at vertex v ∈ V , there exists a value ν such that
Player © has a strategy that ensures lim infk→∞ 1

k

∑k
i=1 w(ei) ≥ ν, and Player � has a strategy

that ensures lim supn→∞ 1
k

∑k
i=1 w(ei) ≤ ν.

Furthermore, both players can achieve this value using a positional strategy.

Proof. Similarly to the proof of Theorem 1.3, for a mean-payoff game Ω = ((V,E), w, (V©, V�)),
let us define the finite version Ω̃ of Ω: the match is played in the same way on the same graph as
in Ω except that the match stops when some vertex v is revisited. Then, they compute the mean
weight of the loop C from v to v: 1

|C|
∑
e∈C w(e). Player © wants to maximise, Player � wants to

minimise the mean payoff of this loop 1
|C|
∑
e∈C w(e).

This game Ω̃ is finite, because it ends in at most n steps. So, it is a finite zero-sum game of
perfect information and hence, it has a value ν. Indeed, if a threshold is given, then we say that
Player© wins, if the mean payoff of the formed loop is greater than ν and Player � wins otherwise.
By Zermelo’s theorem, this game is determined. Denote the set of thresholds where Player© wins
by N . It is easy to see that ν = supN satisfies the definition of value: Player © has a strategy
that ensures 1

|C|
∑
e∈C w(e) ≥ ν and Player � has a strategy that ensures that 1

|C|
∑
e∈C w(e) ≤ ν

where C is the formed loop, because otherwise there exists ν′ > ν such that ν′ also belongs to N
and this is a contradiction.

We show that the value ν of the finite game Ω̃ satisfies the statement of the theorem. We give
the proof only in the case of Player ©, the case of Player � is similar and left to the reader.

Claim 6.3. If ν is the value of finite mean-payoff game Ω̃, then Player © has a strategy that
ensures lim infn→∞ 1

n

∑n
i=1 w(ei) ≥ ν.

Proof. From the strategy of Player© which ensures that 1
|C|
∑
e∈C w(e) ≥ ν where C is the formed

loop, we construct a strategy for Player © which ensures in Ω that lim infn→∞ 1
n

∑n
i=1 w(ei) ≥ ν.

For the Ω-match, we maintain a shadow Ω̃-match as follows. The shadow match is the same
until a loop is created. Then, erase the loop from the history in Ω̃, and continue playing according
to the winning strategy in Ω̃ from the last visited vertex of the loop (but without the loop).

Since Player © plays according to her winning strategy in Ω̃, then every formed loop Cj has a
mean payoff 1

|Cj |
∑
e∈Cj

w(e) ≥ ν.

Since e1, . . . , ek consists l many such loops and at most n further edges, we have that

k∑
i=1

w(ei) =
∑
e 6∈Cj

for all j

w(e)+
l∑

j=1

∑
e∈Cj

w(e) ≥ −W ·n+
l∑

j=1
|Cj |·ν ≥ −W ·n+(k−n)·ν = k·ν−n·(W−ν)
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and hence,
1
n

n∑
i=1

w(ei) ≥ ν −
n · (W − ν)

k
=⇒ lim inf

n→∞

1
n

n∑
i=1

w(ei) ≥ ν.

Therefore, this strategy ensures that lim infn→∞ 1
n

∑n
i=1 w(ei) ≥ ν.

Similarly to the proof of Theorem 1.5, for a mean-payoff game Ω = ((V,E), w, (V©, V�)), one
can define the finite version Ω̃z which forgets everything when the vertex z is visited first time. The
same proof shows that the optimal strategy can be assumed to be positional. We left the details
to the reader.

The natural computational question corresponding to mean-payoff games is to compute the
value of a game starting at a given vertex.

Mean-payoff game
Input: a mean-payoff game Ω = ((V,E), w, (V©, V�)) and a start vertex v ∈ V .
Find: the value of the game Ω starting at v.

As we mentioned, the mean-payoff games also belong to NP ∩ coNP. Here, we prove this
membership via solving single-player mean-payoff games.

Lemma 6.4. A single-player mean-payoff game Ω, where one of the players does not own any
positions, can be solved in time O(n3).

Proof. Without loss of generality, we can assume that Player © owns all positions in Ω. It is clear
that the value of the game is the maximum mean weight of a cycle which is reachable from the
start vertex v.

We first determine the strongly connected components of G, and in each strongly connected
components reachable from v, we find the maximum mean weight cycle using Karp’s well-known
algorithm (see [10]). Then the value of the game is the maximum of the maximum mean weights
in these strongly connected components.

Computing the strongly connected components can be performed in time O(m), and Karp’s
algorithm works in O(nm) time, so the total running time is O(nm) and hence, O(n3).

This lemma and symmetry of the two players immediately imply the NP ∩ coNP-membership.

Theorem 6.5. The decision version of Mean-payoff game, where the task is to decide whether
the value of the game is at least a threshold ν, belongs to NP ∩ coNP.

Proof. The proof is analogous to the proof of Theorem 1.7. We say that Player © wins, if she has
a strategy which ensures that lim infn→∞ 1

n

∑n
i=1 w(ei) ≥ ν, and Player � wins otherwise. As we

saw in Theorem 6.2, if Player © has winning strategy, she also has a positional winning strategy.
We can non-deterministically guess a positional winning strategy σ for Player ©, and then we can
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check in polynomial time whether Player © has winning strategy in Ωσ by Lemma 6.4, since the
Ωσ is a single-player mean-payoff game. This non-deterministic algorithm shows that the decision
version of Mean-payoff game belongs to NP. Analogously, if Player © does not have a winning
strategy, Player � has one and therefore, Player � also has a positional winning strategy. The
same proof implies that the decision version of Mean-payoff game also belongs to coNP and
this completes the proof.

We give an alternative proof of Theorem 6.5, where potentials show the optimality.

Theorem 6.6. Let Ω = ((V,E), w, (V©, V�)) be a mean-payoff game which starts at z ∈ V . Then,
the value of the mean-payoff game ν(z) ≥ ν if and only if there exists a subset z ∈ U ⊆ V and a
potential function π : U → R that satisfies the following conditions:

• for every u ∈ U ∩ V©, there exists a v ∈ U such that uv ∈ E and π(u) + w(uv) ≥ π(v) + ν

• for every u ∈ U ∩V� and every v ∈ V with uv ∈ E, v ∈ U and π(u) +w(uv) ≥ π(v) +ν hold.

Proof. ⇐=: Let σ be the strategy for Player© which at the vertex u chooses an edge uv ∈ E such
that π(u) +w(uv) ≥ π(v) + ν. Using this strategy, in Ωσ, the match never leaves the set U and in
a simple cycle, the mean of the weights is at least ν, therefore, the value of the mean-payoff game
at a is at least ν.

=⇒: Firstly, observe that if ν is subtracted from each of the edge weights, then the value is at
least 0 if and only if the value in the original game is at least ν, so we can assume that ν = 0. Let
σ be the positional strategy for Player © which ensures that the mean-payoff is at least 0. Let U
be the set of vertices reachable from vertex z. Therefore, the mean of the edge weights in a simple
cycle is at least 0 in Ωσ[U ]. By Gallai’s theorem, there exists a potential function π : U → R such
that π(v)− π(u) ≤ w(uv) for every uv ∈ E (Ωσ[U ]). This implies the conditions.

Jurdziński [7] gave the following reduction of parity-games to mean-payoff games.

Theorem 6.7. Standard parity game is polynomially reducible to the Mean-payoff game.

Proof. Let Γ = ((V,E), α, (V©, V�)) be a parity game. We construct a mean-payoff game Ω =
((V,E), w, (V©, V�)) on the same graph. Let the weight of an edge uv ∈ E be w(uv) = −(−n)α(u).

It is easy to see that the maximal priority on a simple cycle in Γ is odd if and only if the sum of
the weights of the edges is non-negative in Ω, because a simple cycle contains at most n edges, and
hence, the sign of the mean weight of a cycle is determined by the sign of the edge with maximal
absolute weight, and this corresponds to the maximal priority on the cycle.

Using this observation, one can prove the following claim.

Claim 6.8. Player © has a winning strategy from v in Γ if and only if the value of the Ω starting
at x is at least 0.
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Proof. By the fact that the graphs are the same in Γ and Ω, Player © can follow her positional
Γ-winning strategy σ in Ω. Clearly, every simple cycle in Γσ has an odd maximal priority, and
hence, by the observation, the sum of the weights in every simple cycle is non-negative in Ωσ.
Therefore, in a σ-conform match in Ω, every partial match consists of simple cycles and at most n
further edges, hence,

k∑
i=1

w(ei) ≥ −nW =⇒ lim inf
k→∞

1
k

k∑
i=1

w(ei) ≥ 0.

For the backward direction, let σ be Player ©’s positional strategy which ensures for her that
lim infk→∞ 1

k

∑k
i=1 w(ei) ≥ 0. It is easy to see that the sum of the weights of every simple cycle in

Ωσ is at least 0, and hence, every simple cycle in Γσ has an odd maximal priority. Therefore, in a
σ-conform match in Γ, the the largest priority – that is, the maximum of maximal priorities of the
constructed simple cycles – seen infinitely many times is odd, hence, Player © wins if she follows
the strategy σ.

And this completes the proof of the reduction.

6.1.1 A pseudo-polynomial time algorithm

The NP ∩ coNP-membership provide an exponential time algorithm: we can try each positional
strategy for Player© and check whether it is optimal for her. Björklund, Sandberg and Vorobyov [1]
gave an subexponential time algorithm, which has the best (strongly) running time estimation until
now. Nowadays, polyhedral combinatorial methods are applied to solve mean-payoff games, see [16]
and [14].

Here, we present Zwick-Paterson’s pseudo-polynomial time algorithm whose running time de-
pends on the largest absolute value of weights W . The algorithm computes the values νk(z) which
is the maximum of sum of weights on a path of length k that Player © can achieve. Intuitively,
νk(z)
k tends to the value ν(z) of Ω starting at z as k →∞. So, if we compute νk(z) for sufficiently

large k, then we get the value ν(z).

Theorem 6.9. The algorithm Zwick-Paterson computes the values of a mean-payoff game
correctly and it runs in time O(4n3mW ).

Lemma 6.10. For the values νk(z) computed by the algorithm Zwick-Paterson, we have that∣∣∣∣k · ν(z)− νk(z)
k

∣∣∣∣ ≤ 2nW
k

.

Proof. We have to show that

k · ν(z)− 2nW ≤ νk(z) ≤ k · ν(z) + 2nW.

Observe that νk is the maximum of sum of weights on a path of length k that Player © can
achieve.
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Algorithm 11 The algorithm of Zwick and Paterson
1: procedure Zwick-Paterson(Ω = ((V,E), w, (V©, V�)))
2: for k ← 1 to 4n3W do
3: if v ∈ V© then
4: νk(v)← maxvu∈E{w(vu) + νk−1(u)}
5: else
6: νk(v)← minvu∈E{w(vu) + νk−1(u)}
7: end if
8: end for
9: end procedure

Let σ be the positional strategy which ensures that the mean-payoff is at least ν(z). If she play
according to σ, then the mean of the edge weights on each simple cycle is at least ν(v). Since a
path of length k consists of simple cycles and at most n further edges, νk ≥ (k − n)ν(z)− nW ≤
k · ν(z)− 2nW .

Analogously, if Player � plays according to the strategy that ensures that the mean-payoff is
at most ν(z), then we obtained that νk ≥ (k−n)ν(v) +nW ≤ k · ν(z) + 2nW which completes the
proof.

The proof of Theorem 6.9. Since the value is a rational number with a denominator whose size
is at most n, then the minimum distance between two possible values of ν(v) is at least 1

n(n−1) .
Hence, if we compute ν(v) with precision 1

2n2 , then the value can be rounded to the nearest possible
value. If we compute until k = 4n2W by Lemma 6.10, then the precision is less than 1

2n2 , so the
algorithm Zwick-Paterson computes the values correctly.

Each step can be performed in time O(nm), since it refreshes the values of a vertex at each
edge once. Hence, the 4n2W steps can be performed in time O(4n3mW ).

6.2 Simple stochastic games

The simple stochastic games were firstly studied by Shapley [15] and later, Condon studied
their complexity: she showed that the decision version of simple stochastic games belong to NP ∩
coNP.

Definition 6.11. A simple stochastic game Θ = ((V,E), p, (V©, V�, V?, v0, v1)) consists of a di-
rected graph G = (V,E), where V is the set of vertices and E ⊆ V × V is the set of edges,
(V©, V�, V?, v0, v1) is a partition of V , and p : E → [0, 1] is a probability function such that the
probabilities of all edges from each vertex in u ∈ V? add up to 1:

∑
v:uv∈E p(uv) = 1. v0 is called

0-sink, v1 is called 1-sink.

We assume that every vertex has at least one out-going edge in G. The game is played by two
players, Player © and Player �, as follows.
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The match starts at some vertex v0 ∈ V . The players construct infinite path as follows. Let v
be the last vertex added so far to the path. If v ∈ V©, then Player © chooses an out-going edge
from v and this edge is added to the path. If v ∈ V� Player � chooses. If v ∈ V?, then the next
edge is chosen randomly according to the probabilities attached to the outgoing edges from v.

The game ends when the match reaches one of the sink vertices. Player © wins if they reach
the 1-sink, and Player � wins otherwise: when they reach the 0-sink or the match is played forever.

We say that a simple stochastic game halts with probability 1, if, no matter how the players
play, the match ends with probability 1. In this case, with probability 1, they reach either the
1-sink or the 0-sink.

Let the value ν(z) of the game Θ starting at z be the probability that the 1-sink is reached
when both players play optimally.

The following theorem gives a nice characterization of the values. It also implies the NP ∩
coNP-membership.

Theorem 6.12. Let Θ = ((V,E), w, p, (V©, V�, V?, v0, v1)) be simple stochastic game which halts
with probability 1. Then, the value vector ν ∈ RV is the unique solution of the following equation
system

ν(u) =


maxuv∈E{(ν(v)} if u ∈ V©
minuv∈E{(ν(v)} if u ∈ V�∑
uv∈E{(p(uv)ν(v)} if u ∈ V?

along with the conditions ν(v1) = 1 and ν(v0) = 0.

The proof is straightforward by the fact that Player © wants to maximise the probability of
reaching the 1-sink, Player � wants to minimize the probability of reaching the 1-sink, and at a
node in V? the next edge is chosen randomly according to the probabilities p(uv). The only thing
which is sufficient to show that the equation system has a unique solution. This depends on the
property of halting with probability 1, the proof can be found in [2].

Simple stochastic game
Input: a simple stochastic game Θ = ((V,E), w, (V©, V�)) and a start vertex

v ∈ V .
Find: the value of the game Θ starting at v.

Zwick and Paterson [24] showed that the simple stochastic games are at least as hard as mean-
payoff games.

Theorem 6.13. The Mean-payoff game is polynomially reducible to the Simple stochastic
game.

In order to give this reduction, let us define the following intermediate game.
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Definition 6.14. A discounted mean-payoff game Ωλ = ((V,E), w, (V©, V�)) consists of a directed
graph G = (V,E), where V is the set of vertices and E ⊆ V × V is the set of edges, w : E → Z

is an integral weight function, (V©, V�) is a partition of V , and 0 < λ < 1 is a real number. We
assume that every vertex has at least one out-going edge in G. The game is played by two players,
Player © and Player �, as in Definition 6.1.

The only difference is that the weight of the ith edge on the path is now multiplied by (1−λ)λi,
and the outcome of the game is now (1 − λ) ·

∑∞
i=1 λ

iw(ei). Player © wants to maximise this
outcome and Player � wants to minimise it.

Theorem 6.15. For a discounted mean-payoff game Ωλ and a start vertex v ∈ V , there exists a
value ν such that Player © has a strategy that ensures (1 − λ) ·

∑∞
i=1 λ

iw(ei) ≥ ν, and Player �

has a strategy that ensures (1−λ) ·
∑∞
i=1 λ

iw(ei) ≤ ν and both players can achieve this value using
a positional strategy.

Furthermore, the value vector ν ∈ RV is the unique solution of the following equation system

ν(u) =

 maxuv∈E{(1− λ)w(uv) + λν(v)} if u ∈ V©
minuv∈E{(1− λ)w(uv) + λν(v)} if u ∈ V�

.

Proof. Let F : RV → RV be the following function:

F (x)(u) =

 maxuv∈E{(1− λ)w(uv) + λx(v)} if u ∈ V©
minuv∈E{(1− λ)w(uv) + λx(v)} if u ∈ V�

.

It is easy to check that ||F (x) − F (y)|| ≤ λ · ||x − y|| respect to the maximum norm. So it
is a contraction mapping and by Banach fixed point theorem, we get that F (x) has a unique
fixed point. Denote this unique solution by ν. It satisfies the definition of values, Player © has
a strategy that ensures (1 − λ) ·

∑∞
i=1 λ

iw(ei) ≥ ν, and Player � has a strategy that ensures
(1− λ) ·

∑∞
i=1 λ

iw(ei) ≤ ν.

Indeed, let σ be the strategy for Player © where Player © chooses the edge uv ∈ E which
maximises (1−λ)w(uv) +λν(v). In a σ-conform match starting at u, it is easy to see that (1−λ) ·∑∞
i=1 λ

iw(ei) ≥ ν(u), since in the restricted game Ωλσ, every edge uv ∈ Eσ satisfies the condition

ν(u) ≤ (1− λ)w(uv) + λν(v)

and by summing up on the edges of the path, we have that ν(u) ≤ (1− λ) ·
∑∞
i=1 λ

iw(ei).

Similarly, if Player � chooses an edge uv ∈ E which minimises (1− λ)w(uv) + λx(v), then she
ensures that (1− λ) ·

∑∞
i=1 λ

iw(ei) ≤ ν.

This proof immediately implies that both players can achieve this value using a positional
strategy, i. e., the strategy which at the vertex u chooses an edge uv ∈ E which maximises
(1− λ)w(uv) + λx(v) is optimal for Player ©, and the strategy which at the vertex u chooses an
edge uv ∈ E which minimises (1− λ)w(uv) + λx(v) is optimal for Player �.

Intuitively, we expect that νλ tends to ν as λ tends to 1 and hence, if we compute the values
of Ωλ for λ near to 1, then the value will be near to ν.
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Theorem 6.16. For a mean-payoff game Ω = ((V,E), w, λ, (V©, V�)), let the discounted mean-
payoff game Ωλ = ((V,E), w, λ, (V©, V�)) be on the same graph and with the same weight function.
If νλ and ν denotes the value of the game Ωλ and Ω starting at vertex z ∈ V , then νλ tends to ν
as λ tends to 1. Precisely,

|ν − νλ| ≤ 2n(1− λ)W.

Proof. We have to show that

ν − 2n(1− λ)W ≤ νλ ≤ ν + 2n(1− λ)W.

Let σ be the positional strategy of Player © which ensures that lim infk→∞ 1
k

∑k
i=1 w(ei) ≥ ν

in the mean-payoff game Ω.

If Player © plays in Ωλ according to this strategy σ and Player � uses a positional optimal
strategy to counter the strategy σ, then the match consists of a path of length k, followed by a
cycle C of length l which is repeated infinitely many times. It is clear that k + l ≤ n.

If all the edge weights are non-negative, then

(1− λ) ·
∞∑
i=1

λiw(ei) · λi ≥ (1− λ)λk

 ∑
e∈C is the
ith edge on C

w(e) · λi


 ∞∑
j=0

λjl

 =

= (1− λ)λk

1− λl
∑

e∈C is the
ith edge on C

w(e) · λi ≥ (1− λ)λk+l−1

1− λl
∑
e∈C

w(e) ≥

≥ (1− λ)λk+l−1

1− λl · l · ν ≥ (1− n(1− λ)) ν

since l(1−λ)
1−λl > 1 and λk+l−1 > λn > 1−n(1−λ) hold. These elementary inequalities can be verified

easily.

In the general case, by adding W to each weight, we can make all the weights non-negative and
the values are also changed by W . Hence, using the previous case, we obtain the following:

νλ +W ≥ (1− n(1− λ)) (ν +W )⇒ νλ ≥ ν − n(1− λ)(ν +W ) ≥ ν − 2n(1− λ)W

Analogously, if Player � plays in Ωλ according to the strategy that ensures for her that
lim supn→∞ 1

n

∑n
i=1 w(ei) ≤ ν, then we get that νλ ≤ ν + 2n(1 − λ)W and the proof is com-

plete.

The natural algorithmic problem corresponding to the discounted mean-payoff games is the
following. It is at most as hard as simple stochastic games and at least as hard as mean-payoff
games.

Discounted mean-payoff game
Input: a discount factor 0 < λ < 1, a discounted mean-payoff game Ωλ =

((V,E), w, (V©, V�)) and a start vertex v ∈ V .
Find: the value of the game Ωλ starting at v.
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Lemma 6.17. The Mean-payoff game is polynomial reducible to the Discounted mean-
payoff game.

Proof. Let Ωλ have the same graph and weight function as Ω. By Theorem 6.2, if we compute the
value νλ of the game Ωλ with λ = 1− 1

4n3W , then |ν − νλ| ≤ 1
2n2 holds. Therefore, by rounding to

the nearest possible value of ν, we obtain the value ν of Ω.

Lemma 6.18. The Discounted mean-payoff game is polynomial reducible to the Simple
stochastic game.

Proof. For discounted mean-payoff game Ωλ = ((V,E), w, λ, (V©, V�)) we construct a simple
stochastic game Θ such that the value of Ω at s ∈ V is equal to the value of Θ at s.

The construction of Θ is based on Γ. The sets V©(Θ) and V�(Θ) are the same as in Ωλ. We
add two new vertices: the 0-sink v0 and the 1-sink v1. Each edge uv ∈ E is split up with a new
vertex xuv. These vertices form the set V?. For each uv ∈ E, two new edges are added from xuv to
v0 and to v1. The probabilities attached to the out-going edges of a vertex xuv are the following:

p(xuvv0) = (1− λ) ·
(

1− w(uv) +W

2W

)
p(xuvv1) = (1− λ) · w(uv) +W

2W
p(xuvv) = λ.

Since −W ≤ w(uv) ≤W , 0 ≤ w(uv)+W
2W ≤ 1 holds, that is, these numbers are valid probabilities.

The simple stochastic game Θ halts with probability 1, since in each transition, there is a
probability of 1− λ of reaching either v0 or v1.

Furthermore, the equation system of value vectors in Ωλ by Theorem 6.15 and the equation
system of value vectors in Θ by Theorem 6.12 become identical by eliminating the variable corre-
sponding to the vertices xuv, so the values are effectively the same.

Proof of Theorem 6.13. Lemma 6.17 and Lemma 6.18 immediately imply the reduction from the
Mean-payoff game to the Simple stochastic game.
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Appendix A

Solving some recurrence relations

Here, we give the solution of some recurrence relations used in this thesis in order to make it
self-contained.

Theorem A.1. Suppose that T (n) is a positive monotone function and T (0) = O(1). If T (n)
satisfies the recurrence relation

T (n) ≤ T (n− 1) +A(n)

where A(n) is a monotone function, then

T (n) = O (n ·A(n)) .

Proof. By repeated substitution of T (l), we obtain the following:

T (n) ≤
n∑
l=1

A(l) + T (0) ≤ n ·A(n) +O(1) ≤ O (n ·A(n)) .

Theorem A.2. Suppose that T (n, k) is a positive monotone function and T (0, k) = O(1). If
T (n, k) satisfies the recurrence relation

T (n, k) ≤ T (n− 1, k − 1) + T (n− 1, k) +A(n)

where A(n) is a monotone function, then

T (n, k) = O
(
nk ·A(n) + nk · T (n, 0)

)
.

Proof. By repeated substitution of T (l, k) in l, we obtain the following:

T (n, k) ≤
(

n∑
l=1

A(l)
)

+
n∑
l=1

T (l − 1, k − 1) + T (0, k).

By the fact that T (0, k) = O(1) and by the monotonicity of T (l, k) in l and the monotonicity
of A(n) in n, we have that

T (n, k) ≤ n ·A(n) + n · T (n, k − 1) +O(1).

70



APPENDIX A. SOLVING SOME RECURRENCE RELATIONS

Now by repeated substitution of T (n, k) in k, we obtain the following:

T (n, k) ≤
k∑
l=1

nl ·A(n) + nk · T (n, 0) +
k∑
l=1

nl ·O(1) ≤ O
(
nk ·A(n) + nk · T (n, 0)

)
.

Theorem A.3. Suppose that T (n) is a positive monotone function and T (n) = O(1) if n ≤ 3. If
T (n) satisfies for n > 3 the recurrence relation

T (n) ≤ T (n− 1) + T (n− l) +O(nl)

where l = d
√

2ne, then
T (n) = nO(√n).

Proof. This recurrence can be represented by a labelled binary tree. A node with label k > 3 has
two children: the left child is labelled by k− 1 and the right child is labelled by k−d

√
2ke and the

node labelled by k has a cost O(k
√

2k). The nodes labelled by 1, 2 or 3 have no children and have
cost O(1). Obviously, the sum of the costs of the nodes in a binary tree where the root is labelled
by n is at most T (n).

The length of every path from the root to a leaf in this binary tree is at most n and each such
path makes at most b

√
2nc right turns, i. e., when it descends from a vertex to its right child.

This can be proved by induction using the following observation: if 1
2j

2 < n ≤ 1
2 (j + 1)2, then

n− d
√

2ne ≤ 1
2j

2 and initially we have j = b
√

2nc.

It is clear that the positions of right turns in a path from the root to a leaf uniquely determine
the leaf, so the number of leaves is at most

(
n

b
√

2nc
)
, hence, the number of nodes in the binary tree

is at most 2
(

n
b
√

2nc
)
. Each node has a cost at most O(n

√
2n), therefore, the total cost is

T (n) ≤ 2
(

n

b
√

2nc

)
·O(n

√
2n) = nO(

√
n)

as we claimed.
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