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1. Introduction

The evolution of Data Science, among their areas, has pushed to the forefront a number

of applications of probability theory. Markov Chains were first introduced by Andrei An-

dreyevich Markov in 1907[1] and they are one of the most widely used concepts today. One

of their main use first appeared in the celebrated paper of Metropolis, Rosenbluth, Rosen-

bluth and Teller[2]. Since this Monte Carlo methods have been use in particle physics,

Bayesian statistics and other fields for sampling purposes. In [3] an interesting applica-

tion is sampling from a partially ordered dataset, for example answers of a survey. This

reignited the research on an old application of Markov chains, simulating card shuffling

algorithms.

During my work my aim is to first establish a mathematical framework for analysing

the convergence of Markov chains. For this I am mainly going to rely on functional analytic

techniques using upper bounds with operator norms and spectral gaps mostly followind

rhe book of Montenegro and Tetali [5]. The approach I am following is far from being the

only path, in [3] Diaconis uses Fourier analytic techniques on group representations to

approximate mixing of chains on groups. In [4] a more probabilistic approach is used with

couplings and strong stationary times. These approaches are not necessarily completely

different but a throughout review of the is not in the scope of this work. Instead of this the

methods established in the first chapter will be applied in analysing the convergence of a

certain type of shuffling algorithm. In the second chapter I will clarify the mathematics

behind random walks on groups
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1.1 Ergodic Chains and Stationary Distribution

Let us start with a probability space (Ω,F ,P) it is a common problem to construct

a Markov chain with a stationary distribution π. During the course of this work for the

most cases we will assume that the cardinality of Ω is finite (or at least discrete). On this

space we will define a kernel function driving the Markov chain.

1.1.1. Definition. The Markov kernel on this probability space is a measurable function

K : Ω× Ω 7→ [0, 1] such that ∀x ∈ Ω : ∑y∈Ω K(x, y) = 1.

Other interpretations of this are if we look at this as an operator induced by the kernel

on the measurable functions ever the probability space:

Kf(x) =
∑
y∈Ω

K(x, y)f(y) (1.1)

Or as an operator on measures:

νK(A) =
∑
y∈Ω

ν(y)K(y, A) (1.2)

It easy to see that iterating the kernel starting from an arbitrary distribution on Ω will

yield a discrete time Markov chain X1, X2, . . . with Xn having a distribution νKn where

νKn(A) = νKn−1K(A) and ν is the initial distribution. The eigenfunction (or in the finite

case the eigenvector) of the operator on the measures corresponding to the eigenvalue 1

will be the stationary distribution of the induced Markov Chain. In my thesis I do not

want to discuss whether such eigenvalue exists.

An important question is, if I have got a chain defined in a way just like above then as

time moves on will it reach a stable state. In other worlds will the distribution of the series

of random variables converges in some sense to the desired distribution π. Regarding this

question I will use a well known theorem of Markov processes using ergodicity.

1.1.2. Theorem. If a Markov Chain is aperiodic and irreducible, in other worlds it is

ergodic, on a finite state space Ω then the series of measures induced by the Markov Kernel
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converges to the stationary distribution.

νKn → π as n→∞ (1.3)

1.1.3. Remark. It can also be showed that the fact of convergence is independent from

the starting distribution.

The important question, in many of the application of such chains is how to create

processes that converge fast. For this we will need some methods for estimating the rate

of convergence.
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2. Preliminary Definitions

Before we get to the main topic of my work let us begin with introducing a few

mathematical tools. We will use them to be a framework for analysing the asymptotic

behavior of the iterated Markov kernel. This framework consists of formulating some

notion of distance between the inspected objects, and also different ways for approximating

these distances.

2.1 Distances between distributions andMixing Times

In this piece we are mainly going to work with distributions on finite sets, on finite

groups to be precise. In order to inspect their convergence properties first we will need to

have some kind of notion of distance between them. The most widely but not exclusively

applied approach is the use of total variation distance. Between two probability measures,

µ and σ, on the same state space (F ,Ω) it defined as δ(µ, σ) = supA∈F | µ(A) − σ(A) |.

However it is only one of the available approaches. Although it is not a norm the but

relative entropy, D(µ || σ) = ∑
A∈F µ(A) log

(
µ(A)
σ(A)

)
, can also be used as.

In my work I choose a slightly more general version of the first notion of distance

following the book of Montenegro and Tettali [5].

2.1.1. Definition. Let (F ,Ω) be a discrete state space with a probability measure π on

it. We define the Lp(π) distance the following way

‖µ− σ‖pp,π =
∑
y∈Ω
| µ(y)− σ(y) |p π(y) (2.1)
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2.1.2. Remark. We can see that for p = 1 these are closely related to the total variation distance

. In fact it is an easy calculation to prove as it was shown in [4]

‖µ− σ‖TV = 1
2
∑
x∈Ω
|µ(x)− σ(x)| (2.2)

For the further investigation we can also make the remark that L2(π) norm is can be

induced from the inner product 〈µ, σ〉π = ∑
y∈Ω µ(y)σ(y)π(y). Later we can define the

variance of a function with the use of this norm. In this work we are mainly going to use

this L2(π) space. This notion can be expanded to the space of measurable functions with

the same inner product generated norm. For the sake of simplicity I will use the same

notation for both this space of measures and functions. The difference will be apparent

from the use of operator clarified in the equations 1.11.2.

2.1.3. Remark. It can be derived from the fact that all of these distance measures are

convex so it is enough to investigate the convergence for point mass initial distributions.

dist(νKn, π) = dist(
∑
x∈Ω

ν(x)Kn(x, )̇, π) (2.3)

≤
∑
x∈Ω

ν(x)dist(Kn(x, )̇, π) ≤ max
x∈Ω

dist(Kn(x, )̇, π) (2.4)

Now let us introduce the notion of mixing time. To estimate the speed of convergence

we would like to construct a function that indicates how long it should take (i.e. how many

steps we should iterate) in the random process to get closer to the stationary distribution

than some ε. For this we will define mixing time. For all the different distance measures

we should indicate in the mixing time that which one we are using.

2.1.4. Definition. Mixing time for this is defined as follows:

τ2(ε) = min
(
n : ∀x ∈ Ω

∥∥∥Kn(x, )̇− π
∥∥∥

2,π
≤ ε

)
(2.5)

Here I defined the mixing time with the L2(π)-norm but of course this is not the only

distance used for the definition. One of most widely used is the one using the total variation

distance whose relation to the L1 distance I mentioned earlier. As we are mainly going
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to work over a finite state space our norms are going to be equivalent so the choose of

the norm may not seem that important. The main differences are going to come from the

different scaling factors which can vary greatly depending on the size of our state space.

In the following I am going to stick to the L2(π) norm due to convenience reasons because

its relation to the inner product. Here, because we have the an euclidean norm a lot of

computations will be easier.

2.2 Mixing time boundaries

In this section I will state and prove a few common methods for estimating mixing

time. The main focus of this work is discrete time processes so the majority of the theorems

will only consider this case. However some of the theorems can be easily generalized into

continuous time processes. An important concept in the study of Markov Chains is the

notion of reversibility. For this the basic definition is the following.

2.2.1. Definition. A Markov chain is said to be reversible if there exists a probability

distribution µ for which the following holds.

µ(i)P (Xn+1 = j | Xn = i) = µ(j)P (Xn+1 = i | Xn = j) (2.6)

2.2.2. Remark. It is also easy to see that for any reversible Markov chain this distribu-

tion µ is always a stationary distribution

In other worlds we can say that the K∗ operator which solves the equation π(x)K∗(x, y) =

π(y)K(y, x), x, y ∈ Ω for the stationary distribution π is the time-reversal of K. We can

also see that the time reversal will be the adjoint of the original operator int the L2(π)

space induced by the inner product defined earlier. Here an operatorM acts on a function

f : Ω 7→ R as

Mf(x) =
∑
y∈Ω

M(x, y)f(y) (2.7)
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For K and it reversal holds 〈f,Kg〉π = 〈K∗f, g〉π. In this sense the reversibility of a

Markov chain is equivalent with the fact that the operator induced by its Markov kernel

is self-adjoint. In the proofs of the upcoming theorems this will play a big part.

Before we move on to the main theorems of this section I would like to have a few

words about the norm of operators on this space. Our intuition is to define the operator

norm in the usual way.

‖M‖ = sup
f∈L2(π)

‖Mf‖2,π

‖f‖2,π
(2.8)

However there is a problem with this norm. If we try to calculate the norm of a Markov

operator or the norm of its reversal we will realise its is not of much help. We now that

both operators have a spectral radius of 1. It is generally known that if we denote the

spectral radius with r(M) then for an Euclidean norm we have
√
r(MM∗) = ‖M‖ (2.9)

From this follows that with this definition of a norm a reversible chain would always have

a norm of 1 So instead of this we will only take the supremum over the space of functions

orthogonal to the stationary distribution or in other words on functions with expectation

value 0.

‖M‖ = sup
f∈L2(π), E(f)=0

‖Mf‖2,π

‖f‖2,π
(2.10)

With the use of this norm we can give an upper bound for τ2.

2.2.3. Theorem. For a discrete time Markov chain with kernel K the upper bound is

τ2(ε) ≤
⌈

1
1− ‖K∗‖ log 1

ε
√
π∗

⌉
(2.11)

Where π∗ = minx∈Ω π(x) and the time-reversal is K∗(x, y) = π(y)K(y,x)
π(x)

Proof. For the proof let us introduce the density function of the measureKn(x, •) induced

by the Markov kernel. The density function is

kxn(y) = Kn(x, •)
π(y) (2.12)
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We can simply use kn instead of kxn since if we take the supremum of the distances in x

the initial state is not important. Let us observe, that the distributions distance from the

stationary distribution π is the same as the density functions from one. So we want to

estimate ‖kn − 1‖p,π. Let us observe that M∗(kn−1 − 1) = kn − 1. Following this we can

write the equation.

‖kn − 1‖2,π = ‖M∗n(k0 − 1)‖2,π ≤ ‖M
∗‖n ‖k0 − 1‖2,π ≤ ‖M

∗‖n
√

1− π∗
π∗

(2.13)

‖M∗‖n
√

1− π∗
π∗

≤ ε (2.14)

If we solve the second equation using the approximation log x ≤ −(1 − x) we get the

statement of the theorem. �

2.2.4. Remark. For the sake of simplicity in the future I will use the following notation,

introducing the variance of a function

V ar(f) = ‖f − 1‖2
2,π (2.15)

For the next theorem firs let us introduce the notion of the Dirichlet form.

2.2.5. Definition. The Dirichlet form EK of the Markov kernel for functions

f, q : Ω 7→ R is defined as

EK(f, g) = 〈f, (I −K)g〉π =
∑
x,y∈Ω

f(x)(g(x)− g(y)K(x, y)π(y) (2.16)

2.2.6. Remark. If f = g then

E(f, f) = 1
2
∑
x,y∈Ω

(f(x)− f(y))2K(x, y)π(y) (2.17)

EK(f, f) = EK∗(f, f) = EK+K∗
2

(f, f) (2.18)

From this we can see that for a reversible chain E is symmetric.

The equation 2.18 will be of great significance in the later parts of the the section when

we are formulating upper bounds for mixing-time. This will provide us with a connection

between a chain and its additive and multiplicative reversibilisation.

10



2.2.7. Theorem. For a discrete time Markov chain with kernel K the following holds:

τ2(ε) ≤
⌈

2
λKK∗

log 1
ε
√
π∗

⌉
(2.19)

Here KK∗ is called the multiplicative reversibilization. And λKK∗ is the optimal c constant

for the next inequality.

cV arπ(f) ≤ EKK∗(f, f) ∀ f : Ω 7→ R (2.20)

This theorem can be proved with the following Lemma

2.2.8. Lemma. For an operator induced by the Markov kernel K and for any function

f : Ω 7→ R we have

V ar(K∗f)− V ar(f) = EKK∗(f, f) ≤ −V ar(f)λKK∗ (2.21)

Proof. For every transition kernel M with stationary distribution π E(f) = E(Mf)

because

E(Mf) =
∑
x∈Ω

π(x)
∑
y∈Ω

M(x, y)f(y) =
∑
y∈Ω

∑
x∈Ω

π(x)M(x, y)f(y) =
∑
y∈Ω

π(y)f(y) (2.22)

From this follows

V ar(K∗f)− V ar(f) = 〈K∗f,K∗f〉π − 〈f, f〉π = 〈f, (I −KK∗)f〉π (2.23)

And the rest comes from the definitions of E and λKK∗ . �

After the Lemma the proof of the theorem comes from induction on the inequality

V ar(kn) ≤ V ar(kn−1)(1− λKK∗) (2.24)

and the reasoning is similar to the proof of Theorem (2.2.3). It has been written in detail

in Montenegro Tetali.[5]

We can see that this theorem for estimating mixing time is not that useful since it can

be hard to find the optimal λ. Instead of trying to solve the optimalisation problem we

will give an alternate estimate for upper bound. First let us denote in absolute value the

second largest eigenvalue with λmax.
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2.2.9. Theorem. For a reversible chain holds the following

τ2(ε) ≤
⌈

2
1− λmax

log 1
ε
√
π∗

⌉
(2.25)

The proof will use that the operator of a reversible Markov chain is selfadjoint. From

the spectral theorem we know that the spectrum of a bounded, selfadjoint operator is is

real.(If we have a chain over a finite state space we can use the Perron-Frobenius theorem

for matrices which are similar to a symmetric matrix, for similar result.) Before we proceed

with the proof I want to state the following lemma, also based on the spectral theorem.

2.2.10. Lemma. For a reversible chain the following holds:

1− λmax = inf
V ar(f)6=0

E(f, f)
V ar(f) (2.26)

Proof. From the spectral theorem we know that there exists an orthonormal basis of

eigenvectors to the operator K. Let vi be a set of right eigen vectors. We can write any

function f such as f = ∑
i〈f, vi〉πvi. Out of convenience let us use the notion ci for the

coefficients of the vi-s in the summation. Now we can write

E(f, f) = 〈f, (I −K)f〉π =
∑
i,j∈Ω
〈vi, (I − P )vj〉π =

∑
i∈Ω

c2
i (1− λi) ≥

∑
i∈Ω

c2
i (1− λ1) (2.27)

V ar(f) = 〈f, f〉π − 〈f, 1〉π =
〈∑
i∈Ω

civi,
∑
j∈Ω

cjvj

〉
−
〈∑
i∈Ω

civi, 1
〉

=
∑
i∈Ω

c2
i (2.28)

From this we can easily get the statement of the lemma where the equality holds when

f = v1 �

After this the proof of the theorem is easy.

Proof. (Theorem)Since we now that we have got a λi discrete set of real eigenvalues

for K. We can calculate the eigenvalues of the multiplicative reversibilisation easily :

KK∗vi = K2vi = λ2
i vi. From the Lemma 2.2.10 follows

λKK∗ = λK2 = 1− λ2
max (2.29)

From this we can deduce

1− λmax = 1−
√

1− λPP ∗ ≥ 1
2λKK

∗ (2.30)
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We can see that again K∗n(k0) = kn and from the Lemma we see V ar(kn) ≤ V (kn−1)(1−

λKK∗). Using the previous inequality, similarly to the proof of the previous theorem we

have to solve for n the following when it drops below ε

V ar(kn) ≤ V ar(k0)(1− λmax)n (2.31)

�

In the previous proof we have seen 1− λmax = 1−
√

1− λPP ∗ ≥ 1
2λKK∗

From this follows
1

1− λmax
≤ 2
λKK∗

(2.32)

so for reversible chains the spectral gap (1 − λmax) gives a better upper bound than

Theorem 2.2.6.

And now to establish the link between the two main approaches of bounding mixing

time we can state the following two claims.

2.2.11. Claim. For a Markov chain with corresponding operator K we have

1− λKK∗ = ‖K∗‖2 (2.33)

Proof. We can assume E(f) = 0 because V arπ(f) is invariant under addition of a con-

stant.

1− λKK∗ = sup
f∈L2(π)

V arπ(f)− EKK∗(f, f)
V arπ(f) =

= sup
f∈L2(π), E(f)=0

〈f, f〉π − 〈f (I −KK∗) f〉π
〈f, f〉π

=

= sup
f∈L2(π), E(f)=0

〈P ∗f, P ∗f〉π
〈f, f〉π

(2.34)

�

And here is the second claim:

2.2.12. Claim. For a Markov kernel K

‖K∗‖ = ‖K‖ (2.35)
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Proof. For this equation we use the norm of an Lp 7→ Lq operator, ‖•‖p→q
Let E denote the expectation operator. In the finite state case this is a square matrix

with π stationary distribution as rows. We know that this is an idempotent matrix because

of stationarity. Also K∗E = EK∗ = E2. So we can write

‖K∗ − Ef‖2,π

‖f‖2,π
≤ ‖K

∗(f − Ef)2,π‖
‖f − Ef‖2,π

≤ ‖K‖2 (2.36)

It means that ‖K∗ − E‖2→2 ≤ normK2. On the other hand if E(f) = 0 then (K∗−E)f =

K∗f so the converse is also true, ‖K∗ − E‖2→2 ≥ normK2. Now we can show

‖K∗ − E‖2→2 = sup
‖f‖2,π

‖(K∗ − E)f‖2,π =

= sup
‖f‖2,π

sup
‖g‖2,π

|〈(K∗ − E)f, g〉π =

= sup
‖f‖2,π

sup
‖g‖2,π

|〈f, (K − E)g〉π =

= sup
‖f‖2,π

sup
‖g‖2,π

|〈(K − E)g, f〉π =

= ‖K − E‖2→2

(2.37)

From this comes:

‖K∗‖ = ‖K∗ − E‖2→2 = ‖K − E‖2→2 = ‖K‖ (2.38)

Whit this the claim is proved. �

This second claim also establishes a connection between two mixing time boundaries

for reversible chains. We used it previously that the operator induced by the Markov kernel

on the space of functions f : Ω 7→ R will be selfadjoint. In this case we also know that the

eigenfunctions form and orthonormal system so the operator norm is easy to calculate.

If, with eigenvalues ordered decreasing by magnitude, we have eigenvalue-function pairs

λ0, λ1, λ2, . . . λn and π = v0, v1, v2, . . . vn it is obvious that the supremum will be reached

on v1.

‖K‖ =
‖Kv1‖2,π

‖v1‖2,π
= λ1 = λmax (2.39)
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Now arises the question whether we can make any use of the spectral gap in the non-

reversible case. The first analogy we can make in this case relies on Theorem2.2.9 and the

spectral gap of a different operator. We can take the multiplicative reversibisation KK∗

of the original kernel. Let us denote the second largest eigen value with λmax,KK∗ . Now

since this operator is reversible we can use Lemma 2.2.10 to formulate a similar equation.

1− λmax,KK∗ = λKK∗ (2.40)

Now just like in the proof of theorem 2.2.9 we have to solve this equation

V ar(kn) ≤ V ar(k0)(1− λmax,KK∗)n (2.41)

From this it follows that we can make a similar statement just with the spectral gap of

KK∗.

There is another way to make use of the spectral gap of the original operator. Even

though it does not provide with an upper bound but we can still make asymptotic ap-

proximations. We want to know how the distance between the stationary distribution and

the distribution gained by iterating the operator behaves on the long run. Let us stick

with the L2(π) norm of distributions and start from some initial distribution µ.

‖µKn − π‖2,π (2.42)

We have already used the fact that the eigenvectors (’eigenmeasures’) of the operator

form a basis of L2(π). Let us denote the the same way as before: π = v0, v1, v2, . . . vn. We

know that our we can be written using these vectors.

µ =
n∑
i=0

αjvj (2.43)

Using this we can write the action of the operator accordingly.

µKm =
n∑
i=0

αiviK
m = α0π

n∑
i=1

αiλ
m
i vi (2.44)

Now let us inspect the convergence of µKm in the L2(π) norm.

‖µKm‖2,π ≤
n∑
i=1
|αi||λi|m ‖vi‖+ λ0 ‖π‖2,π (2.45)
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Now if we have assumed the number of the states are finite we can see that all the values

in the sum tend to zero since ∀1 ≤ i ≤ n λi < 1. We can also see that the part of the sum

which corresponds to the second largest eigenvalue will be the slowest to converge hence

driving the speed of the convergence.
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3. Mixing Cards and Random Walks

on Groups

In this chapter we will dwell into this area of random walks initiated mainly by the

works of Persi Diaconis.

3.1 Random Walks on Groups

From now on we will consider the Ω state space to be some finite group G, where

|G| = n. The most natural way to look at random walks on groups is to look at the walk

on their Cayley graphs. The next definition will clarify it.

3.1.1. Definition. Let G be a group and p be a probability measure supported on some

Σ subset of G . The Markov kernel induced by p is K(x, y) = p(x−1y) if x−1y ∈ Σ.

Take a {ξi} sequence of random variables taking values in G. Here ξ0 has some µ initial

distribution and all the other ξi-s has p. Now we can define random walk induced by the

Markov kernel as products of ξi-s.

Xn = ξnξn−1ξn−2 . . . ξ0 (3.1)

Using the iterated kernel we can also see the distribution after n-steps as the n-fold

convolution of the measures p

Kn(x, y) = p(n)(x−1y) =
∑
z∈G

p(n−1)(x−1z)p(z−1y) (3.2)
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It can be easily showed that the stationary distribution of such walks are the uniform

distribution. Since we are over a finite state space the stationary distribution can be

acquired by solving the following linear equation.
n∑
i=1

xiK(yi, y1) = x1

n∑
i=1

xiK(yi, y2) = x2

. . .

. . .

n∑
i=1

xiK(yi, yn) = xn

(3.3)

It easy to see that the vi = constant is a solution. Moreover we can spot a few analogies

with the algebraic properties of the supporting set Σ and our Markov Chain on the group.

If the support is symmetric (i.e. Σ−1 = Σ) and also the probability measure on it is also

symmetric (i.e. p(x) = p(x−1)) the yielded chain will be reversible. Also we can approach

the notion of ergodicity from a group theoretical point of view. We can say an equivalence

statement stated in ([6])

3.1.2. Theorem. The criteria of ergodicity:

• The chain on the group G driven by the distribution p will be irreducible if and only

if Σ generates the group.

• The chain driven by p will be aperiodic if and only if Σ is not contained in a coset

of a proper normal subgroup of G

3.1.3. Example. To illustrate the introduced notions let us take a look at the following

example. Let G be the cyclic group of integers modulo n (Z/nZ). This is the group of order

n generated by 1 with addition as the law. First let us consider the following measure on

the generator:

p(1) = 0.5 and p(0) = 0.5 (3.4)
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It is basically a walk on an n node circle and in each step we either move to the next node

or stay. Looking at properties of the group, and also the support of the measure, we can

immediately see that the chain is irreducible and also irreversible. (1−1, where the inverse

is the inverse of the group operator, or −1 is not in the support of p but the support

generates the whole group). For the chain to be ergodic we also need aperiodicity as well.

Since Z/nZ is Abelian so all of its subgroups will be normal. So take any proper subgroup

N and we want to see whether it can have a coset containing {0, 1}. We want the coset

to contain 0 so we need a k ∈ Z/nZ for which k + l = 0 for some l ∈ N . But since the

inverse of l must be in N , k is in N . So the only possible coset of N is itself but if 1 is

also in it then it can not be a proper subgroup since 〈1〉 = Z/nZ. It is also easy to see

that such chain can be easily made reversible adding −1 to the support of p.

Before we proceed to the analysis of our main problem I would like to introduce another

important notion. We can define the product of the two groups G1, G2.

3.1.4. Definition. The product of two groups is the set of following pairs

G1 ⊗G2 = {(g1, g2) | g1 ∈ G1, g2 ∈ G2} (3.5)

And the operator is defined coordinate-wise coming from the original group operator.

Let us assume we have two ergodic chains on each groups driven by the distributions p1,

p2. Let the support of them be Σ1 ⊆ G1 and Σ2 ⊆ G2. We can easily expand the walks to

the product of the two groups.

3.1.5. Definition. The Markov kernel of the chain extended to the product of the two

groups is.

K ((x1, x2), (y1, y2)) = p1(x−1
1 y1)p2(x−1

2 y2) (3.6)

The support of this product measure, p1 ⊗ p2 is Σ1 ⊗ Σ2. So if the new chain is is not

aperiodic it means that there is a proper normal subgroup, K1 ⊗ K2 of G1 ⊗ G2 which
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has a coset that contains Σ1 ⊗Σ2. It is in fact easy to see that if K1 ⊗K2 is normal then

each of its quotients must be normal as well.

∀(g1, g2) ∈ G1 ⊗G2 : (g1, g2)K1 ⊗K2(g1, g2)−1 = g1K1g
−1
1 ⊗ g2K2g

−1
2 = K1 ⊗K2 (3.7)

But that cannot be since both chains are supposed to be ergodic. (Here we supposed that

none of the supports are empty.) It is also known that the representation of the product

of two groups can be written using the direct product of their finite dimensional and

irreducible representations.

In the next section we are not going to use this chain but instead we are going to use

another one whose support is contained in this support.

3.2 Mixing Cards with Random Walks on Cycles

In this section we will take a closer look at an other example of Markov Chains. The

topic of modeling different card shuffling schemes has been present since the rise of Markov

Chains. In fact this is one of the few example which was examined by Markov as well [7].

It then also appears in the works of Poincaré and Borel[8]. Most of the basis for rigorous

examination was laid down by Persi Diaconis[9]. In my work I am mostly going to follow

his basic ideas complemented by the work of Laurent Saloff-Coste[10]. The main question

is how many times we should shuffle the deck to get, in some sense, to arbitrary close

distance to random.

As I mentioned it earlier modeling different shuffling methods is best done by random

walks on groups. We can see an arrangement of a deck as an element of a permutation

groups. Let us say we start with some initial numbering of the cards induced by initial

position in the deck and each group element assigns a new number to each card. The act of

random shuffling can be viewed as a step in the random walk on group where we take the

action of some element of the group on the current position chosen by some distribution

law p. To be able to distinguish the face of the cards from their position we will need
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a carefully chosen notation. Let say we have an n-card deck with each cards numbered,

then each arrangement can be written as an n-tupple.

3.2.1. Definition. Let us fix some numbering of the cards in the deck, each number

corresponding to a specific card. The the current state of the chain can be represented by

the n-tupple

(σ(1), σ(2), . . . σ(n)) (3.8)

Where σ is some element of the permutation group Sn

We have identified the current arrangement of the deck with (σ(1), σ(2), . . . σ(n)) and then

it is composed with some other permutation γ chosen randomly with p. So now we have our

current state of arrangement identified with the n-tuple (γ ◦ σ(1), γ ◦ σ(2), . . . γ ◦ σ(n)).

So our transition is

P((γ ◦ σ(1), γ ◦ σ(2), . . . γ ◦ σ(n)) | (σ(1), σ(2), . . . σ(n))) = p(γ)

or to be consistent with the original notation

P((σ(1), σ(2), . . . σ(n)) | (γ(1), γ(2), . . . γ(n))) = p(σ ◦ γ−1)

(3.9)

In the previous section, in (3.3) we have seen that such walk tends to the uniform distri-

bution. In our context it means that the stationary position of the chain is when every

card can be at any position with equal probability, in other words the deck is completely

random. For further clarification here is an example.

3.2.2. Example. The crude overhand shuffle: In this method the deck is divided in to

three blocks of size a, b and the remaining. The player has the deck in his hand, he takes

the top block and puts it into his other hand, then he proceeds to put the other b cards on

top of it, finally he continues with the remaining cards. This procedure is repeated until

randomness is is sufficiently close. The randomness comes from the size of the two blocks

which are uniformly distributed from 1 ≤ a ≤ n and 1 ≤ b ≤ n − a. The corresponding
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permutation σa,b 1 2 . . . n− 1− a− b n− a− b . . . n− a− 1 n− a . . . n− 1 n

a+ b+ 1 a+ b+ 2 . . . n a+ 1 . . . a+ b 1 . . . a− 1 a


(3.10)

Here the measure on permutations of the above form will be p(σa,b) = 1
n(n+1−a) and

zero otherwise. If we look at the current state of the deck as the following n-tupple:

{γ(1), γ(2), . . . , γ(n)}, the cards numbered by their initial order and mixed with some

permutation γ. Then the transition with probability p(σa,b),is γ → σa,bγ . Based on the

criteria given in the previous section it can be easily seen the this chain is also ergodic so

with repeating the "shuffle" it should converge to its stationary distribution.

In the previous sections we already established the framework of analysing the conver-

gence of such processes. We are going to use it and since we are dealing with finite state

space the operators induced by the chains Markov kernel can be seen as stochastic matri-

ces. This is the usual transition matrix used in numerous works concerning this topic.[11]

To gain a better understanding of how these matrices look like we will introduce a bit

different way of looking at these random walks using products of groups. First let us take

a look at the mixing of just one card. Here we have the following state space

Ω1 = {1, 2, . . . n} (3.11)

We can still look at the elements of Sn as transformations acting on just that one card.

Here we will have the transition probabilities

P(i|j) =
∑
σ(j)=i

p(σ) (3.12)

We will use the n dimensional representations of the group elements of Sn. We can take

their action on the measures on Ω1 representing every measure µ with an n-dimensional

v vector.
n∑
i=1

vi = 1 and vi = µ (3.13)
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Now let us construct the following stochastic process. We start with an initial vector v

corresponding to an initial distribution on Ω1 then proceed to multiply it by a ξi series of

random matrices

vξ1ξ2 . . . (3.14)

Where ξi is a series of independent random variables taking values in the n dimensional

representations of the group elements and we generate them according to p Here it is

important to clarify that the multiplication itself does not hold any probabilistic attribute

it is not the transition matrix. We simply take the action of a permutation given by the

values of ξi on our current position. This induces the following random process.

Xn = vξ1ξ2 . . . ξn−1ξn (3.15)

It is easy to see that this is a Markov process. When we look at the distribution of any

value in Xn conditioned on Xn−1 we can say

P (Xn(i) = j) =
 ∑
Xn−1ξn(i)=j

p(σ)
 (3.16)

Where ρ(σ) is the representation of σ. Here the right side depends only on Xn−1. We can

see that this Xn is actually the distribution of the position of the card after n step of the

Markov process and we can make the following claim regarding the transition matrix of

the Markov chain on Ω1 induced by the action of the permutation group Sn.

3.2.3. Claim. Over the statespace Ω1, where each number indicates the position of the

followed card the transition matrix can be written as the sum of the representations of

permutations generating the shuffling method, weighted by the probability measure p.

P =
∑

ρ(σ)p(σ) (3.17)

In this way we can model the mixing of one card (when the position of that one designated

card will be equally distributed within the positions in the deck).

Now we have arrived to the big question. How can we write down the transition matrix

for the shuffling of the whole deck? For the sake of simplicity let us first consider the case
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where the positions of two cards are inspected. In this case the state space is contained in

the direct product of two one card state spaces. The pairs (i, j) where i is the position of

the first card and j is the position of the second. Our first intuition would be to take the

Kronecker product of the transition matrix but unfortunately it will not work this way.

Let us derive the correct way of writing the matrix.

In the previous section we had a few words about the direct product of groups and

their representations and we are going to use them now. We take our next state space, Ω2

to be the following.

Ω2 = Ω1 ⊗ Ω1 (3.18)

Over Ω2 we can take the action of the product group Sn ⊗ Sn and the random walk on

it will be induced by a random walk on Sn ⊗ Sn similarly like the one card case. Now we

still want to model a random walk on the permutations of an n element set. We can do

this by choosing the probability measure driving the random walk on the product group

accordingly. Instead of choosing it to be the product of the measures driving the walk on

Sn we choose it to be supported on (γ, σ) elements of Sn ⊗ Sn where γ = σ.

3.2.4. Definition. If the random walk on Sn was driven by the measure p1 then the walk

on Sn ⊗ Sn is driven by p2.

p2(σ, σ) = p1(σ)

p2(γ, σ) = 0

∀σ, γ ∈ Sn

(3.19)

By the properties of products of groups we can see that the induced Markov chain on this

bigger group of transformation will still be aperiodic. We have seen that if a walk induced

by a measure with support Σ on a group G is ergodic then the walk on the product group

associated with the product measure will also be aperiodic. Using 3.7 the aperiodicity can

be easily proved for this case as well. If we denote supp(p) with Σ1 we can see that p2

is supported a subset of Σ1 ⊗ Σ1. If this set is contained in a coset of a proper normal
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subgroup denoted by K1 ⊗ K2 then Σ1 would be also contained in a coset of a proper

normal subgroup K1. Now we can take the product of representations and will construct

the transition matrix from them in the same way it was done in the previous case.

P =
∑

ρ(σ)⊗ ρ(σ)p(σ) (3.20)

From these it is easy to see why the simple direct product of the transition matrices is

not the good transition matrix. Let P1 be the transition matrix.

P1 ⊗ P1 =
∑∑

ρ(σ)⊗ ρ(γ)p(σ)p(γ) (3.21)

Although it behaves differently it is also a useful transition matrix. This is the matrix

of the case when we have two decks of cards with one designated card each an we are

shuffling them independently but with the same method. It is intuitive to think that the

mixing time of such process is about the same as the process with one card only. For the

spectral gap estimate of the speed of convergence we can calculate the following for the

eigenvalues.

P ⊗ P (v1 ⊗ v2) = Pv1 ⊗ Pv2 = λ1λ2(v1 ⊗ v2) (3.22)

Where v1, v2 are eigenvectors. From this follows that the spectral gap is the same for the

Kronecker product transition, the second larges eigenvalue is λn−1λn = λn−11.

There is one little problem however with this approach. The state space also contains

the events (j, j), where both coordinates the same. Let us denote this state space with

Ω′ In real life it is obvious it cannot happen since it would be two cards in the same

position. But since this transformation is induced from a permutation they cannot take

two different numbers into the same. It means that if we start from a position where the

coordinates are distinct we cannot reach a position where they are the same. In practice in

means two things. First we have to be aware that we must start from a distribution whose

support is contained in the subspace of these "allowed" positions. Second, the chain will

no longer be irreducible but with the above choice of distributions we will only inspect

convergence in this "allowed" subspace. In fact, from the matrix there can be numerous
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stationary distributions extracted but they will have disjoint supports. If we are in the

correct L2(π) space the convergence will still hold.

lim
n→∞

µP n = π in the L2(π) sense of convergence (3.23)

Also when we are calculating the spectral gap we have to take into account only those

eigenvalues whose eigen vectors have non-zero values at our examined states. We can state

even more about these eigenvalues. If we take or statespace Ω⊗n1 and start our walk from

a position where at k entries we have the same position we can see it is equivalent to a

smaller version of this walk. We have already seen that the entries with identical positions

remain identical during the whole walk and they behave exactly like the one card process.

Therefore this case is identical to the case where we have the walk on the state space

Ω⊗n−k+1
1 , simulating the mixing of n − k + 1 cards. This makes it possible to use this

matrix when we are making estimations for the rate of convergence. This whole thought

process can be extended to the mixing of the whole deck making it easy to write down

the transition matrix using the following claim.

3.2.5. Claim. On the extended state space Ωn the transition matrix of the card shuffling

can be constructed the following way

P =
∑
σ∈Σ

ρ(σ)⊗np(σ) (3.24)

Where Σ is the support of the measure p driving the walk.

Another claim clarifies the correspondendce between the transition operator P ′ of the real

chain on the statespace Ω′ = Ωn \ {(i1, i2, . . . in) ∃ k, l : ik = il} and the operator in 3.2.5.

3.2.6. Claim. If we expand P ′ to Ωn over the L2(Ωn, π) space it is almost everywhere the

same as P Here π is a measure supported on Ω′ and on that it is the stationary distribution

of P ′.
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4. An analysis of the overlapping-cycles

shuffle

In this chapter I will take a closer look at a card shuffling algorithm proposed by Omer

Angel, Yuval Peres and David B. Wilson. There main idea is to construct an algorithm

for which the spectrum is easily computable in the one-card case.

4.1 A short overview of Angel, Peres and Wilson’s

results.

The algorithm itself is pretty simple. During the process we flip a coin to choose

between two actions. We either decide to put the top card to the bottom of the deck or

put the kth card to the bottom. Here is a bit more precise definition of the shuffle.

4.1.1. Definition. We call the following shuffling algorithm the k − n-shuffle. It is a

random walk induced by a probability measure on the subset consisting of two cycles. The

one which puts every element to the next position (mod n) and the other is which puts the

first k − 1 element into the next position at the kth to the first.

The authors then examine the behaviour of the spectral gap depending on the relation

between n and k. Namely the Diophantine approximations of k/n. Their main result is

giving an upper and lower bound to the spectral gap.
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4.1.2. Theorem. When for some α ∈ (0, 1) k is the closest integer to αn.

(4π2 + o(1))n−3 ≤ gap(n, k) ≤ (2π2 + o(1))n−3/2 for any k ∈ [1, n) (4.1)

gap(n, k) ≈ O(n−3/2) for almost every k ∈ [1, n) (4.2)

Where gap(k, n) denotes the spectral gap of a chain characterised by k and n

And also

4.1.3. Theorem. For n large enough and k is the closest integer to αn, and α = p
q

rational

gap(k, n) = (1 + o(1))π
2pq

2n2 (4.3)

This means that this method for shuffling will not give any better mixing time for a

rational α, it still will be of order n−2. On the other hand it will be faster for almost every

irrational α, of order n−3/2.

I am not going to get into a detailed explanation of their results. They are mostly

based on approximations using analytic number theory. However we can get an intuitive

idea of the mechanics behind this algorithm. We can see the shuffling method as the

following algorithm of a graph. Let the nodes of our graph be the different states of the

chain and tho node is connected if there is a positive transition probability from one to

the other. It is basically the directed graph obtained from the transition matrix as its

adjacency matrix. During the shuffling we can start with a weight one at one node and in

each step we distribute the weight between the adjacent nodes according to the transition

probability. The chain will reach the stationary distribution when the weights are equally

distributed on the nodes. We are right to assume that for our chain to converge fast we

need the distance between our nodes to be low on average. In the one card version of the

current example we can see that the diameter bound is not of much use, it will be n− 1

for every k and n. On the other hand, as we will talk about it in section 4.3, this can be

a basis of further investigations of chains generated by multiple cards.
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In the paper they also calculated the eigenvalues from the characteristic polynomial.

Due to the sparsity of the transition matrix it is pretty straightforward to formulate. As it

will be presented later with the results of my calculations, they also display the interlaping

circles of the random walk.

4.2 Numeric results for the shuffle of interlapping cy-

cles.

In this section I will provide a some numerical results of expanding the shuffling

algorithm described in the previous section to multiple cards. The calculations concerned

two main aspects of the walks. First, I wanted to know how the eigenvalues of the transition

matrices behave when we are increasing the number of cards followed. Second, how the

L2(π) distance between the stationary distribution and the distribution induced by the

shuffle behaves.

In my calculations I used the method described in section 3.2 to generate the transition

matrices of the different shuffles. Upon further inspection of the transition matrices one

can easily see that the eigenvalues of the smaller matrices are also eigenvalues of all the

larger ones. This is not surprising at all but we can also easily construct the eigenvectors

corresponding to the based on the smaller dimension eigenvectors.

4.2.1. Claim. Let us denote each entry of a vector v from the whole space with v[̄i] where

ī is a vector of length n each entry indicating the position of the respective card in the deck.

This way we have a vector of length nn where each entry corresponds to one combination

of the n numbers. Now let us suppose that s is an eigenvector of the transition matrix

corresponding to the chain of following only one card with eigenvalue λs. If for each

vī = sīn, where īn is the last element of ī, then v is an eigenvector of the transition matrix

Mn on the nn dimensional space with eigenvalue λs.

Proof. Let us say shuffling algorithm consists of the two permutations σ, γ and let ρ(σ) =
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P1 and ρ(γ) = P2. Now we have

(Mnv)ī =
((
p(σ)P⊗n1 + p(γ)P⊗n2

)
v
)
ī

= p(σ)vπ1 (̄i1)π1 (̄i2)...π1 (̄in) + p(γ)vπ2 (̄i1)π2 (̄i2)...π2 (̄in) =

p(σ)sπ1 (̄in) + p(γ)sπ2 (̄in) = sīn

(4.4)

�

In figure 4.1 we can see the eigenvalues of a 31 − 50 shuffle. First for one card then

for two cards. I calculated the eigenvalues for many different setups (some of them is

presented in 4.2 for the 13 − 32-shuffle, here in the 3 card case only the 200 largest in

absolute value is plotted) and found that the spectral gap did not decrease by increasing

the cards followed (up to 4 cards). There is also the same pattern mentioned in the article

[12] with the interlapping cycles appearing in the eigenvalues and also that the largest

eigenvalue will be obtained near plus 1. (I showed that region in 4.2b.)

Figure 4.1: The eigenvalues of the 31-50-shuffle

(a) One card (b) Two cards

After inspecting the eigenvalues the next step is to simulate the convergence of the

walk. For this I took the transition matrix as an operator on measures 1.2 and started

iterating them starting from different positions. In each step I took the supremum of the
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difference in L2(π) norm. Here I have to outline that instead of the probability distribution

π I will use it multiplied with a constant to have each non zero entries as one. I needed this

for computational reasons. It is a good idea to compare the convergence speed of our chain

with a chain driven by the transition matrix K⊗n which is just the Kronecker-product of

the one-card transition matrix K. In the previous chapter we already mentioned that it

yields the same spectral gap as the smaller matrix and also that the associated process

could be viewed as shuffling n decks independently following just one card. It is easy to

see from the definition that the τ2(ε) mixing time would be the same like in the one card

case.

Figure 4.2: The eigenvalues of the 13-32-shuffle

(a) 13-32-shuffle (b) closer look

In figure 4.4 I plotted the distance in norm between the stationary distribution and

the distribution induced by the chain for the permutations from 4.3. We can see that

in this case the convergence is almost identical to the one where the decks are shuffled

separately. Another example is 4.5 where I plotted the two and three card case for 4.2

where we see similar results. It is not always the case. In 4.6 which is the same algorithm

with one extra cycle added.
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Figure 4.3

(a) 29-32-shuffle (b) 29-30-32-shuffle

(c) 29-30-26-32-shuffle (d) closer look

4.2.2. Remark. We can see that in the plots of the distances there are slight differences

in the scales of the y axis. The reason behind this is that with big matrices the calculation

accuracy drops.

I observed that with different parameters there can be a slight bump in the convergence

of the shuffling algorithm. It is known that some chains does not converge uniformly but

there are frequent drops in the distance from the stationary distribution. It is called cutoff
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and in [6] it was defined like this.

4.2.3. Definition. Let us take a Gn family of finite groups with corresponding uniform

distribution un and with another measure pn inducing a random walk. We say that the

cut-off phenomenon holds (in total variation) for the family (Gn, pn) if there is a sequence

(tn) of positive reals such that

• lim
n→∞

tn =∞

• ∀ε ∈ (0, 1) and kn = [(1 + ε) tn] , lim
n→∞

∥∥∥νKkn − un
∥∥∥ = 0

• ∀ε ∈ (0, 1) and kn = [(1− ε) tn] , lim
n→∞

∥∥∥νKkn − un
∥∥∥ = 1

The reason behind this phenomenon is still unclear in [9] a few examples were examined.

In our case something similar happens but instead of drops in norm we can see the exact

opposite.

4.3 Final thoughts

First of all it was an interesting result that the spectral gap of the chains did not

seem to shrink by increasing the inspected cards. It certainly worth further investigation

especially since the distribution of the eigenvalues on the complex plain show certain

trends depending the relation between the length of the two cycles (k and n). I included

some more figures in the appendix.

The other interesting topic is the behavior of the norm. We saw that in some cases

the mixing time of multiple cards does not get significantly slower. By characterising

this phenomenon giving mixing time bounds could become fairly easier in some cases.

For doing this it would be a big step if we could give an explanation to the "bump" in

convergence exhibited in 4.6. For this examining the properties of the generated Cayley

graph could give some ideas. Using the perspective mentioned at the end of section 4.1 we

can see by increasing the number of cards followed we exponentially increase the degrees
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Figure 4.4

(a) 29-32-shuffle (b) 29-30-32-shuffle

(c) 29-30-26-32-shuffle

in the graph of the independent shuffles. It is important to note that when we are looking

at this graph even though some extra nodes are introduced (the ones corresponding to

the states where two or more cards have the same position) and this difference gets bigger

for shuffles with increased number of cycles. We can also observe that its is not just the

number of the cycles but also their difference in lenght can be a factor (see the difference

between 4.4c and 4.6b).

However these are currently not completely formulated ideas but they can be a promis-

ing start of further investigations.
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Figure 4.5

(a) 13-32-shuffle (b) 13-32-shuffle

Figure 4.6

(a) 19-13-32-shuffle (b) 19-13-32-shuffle
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6. Appendix

Here I added a few other results of my computations I found interesting.

37



Figure 6.1: The evolution of the cycles by increasing k

(a) 3-50-shuffle for 2 cards (b) 25-50-shuffle for 2 cards

(c) 40-50-shuffle for 2 cards (d) 47-50-shuffle for 2 cards
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Figure 6.2: The results for the 8-16-20-shuffle

(a) Eigenvalues of the 8-16-20-shuffle (b) Evolution of norms with 2 cards

(c) Evolution of norms with 2 cards (d) Evolution of norms with 2 cards
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