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Introdu tion

The dissertation is devoted to edge- onne tivity augmentation of graphs and hypergraphs:

Edge- onne tivity augmentation of graphs and
hypergraphs

with an approa h dierent from earlier ones we managed to generalize many known results
of this area, and we have given simple algorithmi

proofs of these old and new results. The

algorithms are usually stated in an abstra t form and the

onsidered spe i

edge- onne tivity

augmentation problems are the appli ations of these abstra t algorithms. Another merit of

Attila Bernáth

the dissertation is that through a unied approa h it shows the
whi h were not

ompared this way before.

augmentation. The rst is the

We

onne tions of some results

onsider two notions of edge- onne tivity

lassi al approa h when we in rease the edge- onne tivity of

a graph or hypergraph by introdu ing new edges or hyperedges.
Eötvös Loránd University of S ien es, Institute of
Mathemati s

This is the toppi

main part of the dissertation (Chapters 2-5). Although the starting stru ture

of the

an sometimes

even be a dire ted graph or hypergraph, we emphasize that the new (hyper)edges are always
undire ted in this thesis. The obje tive is almost always to minimize the total size of these
new (hyper)edges.
On the other hand, in Chapter 6 about

sour e lo ation

we

onsider a dierent notion of

edge- onne tivity augmentation. Here the aim is to nd a suitable, but smallest possible set
of nodes

2

S,

su h that

ontra ting

S

gives the required

onne tivity.

Edge- onne tivity augmentation by adding (hyper)edges

Chapter 2 is still an introdu tory

hapter in the thesis. First we show how to formulate the

overing problem.

onsidered edge- onne tivity augmentation problems as a
Do toral S hool: Mathemati s
Dire tor: Miklós La zkovi h

problem we mean that we are given a set fun tion
be

alled the

Dire tor: György Mi haletzky

By

overing

(whi h will also

de ien y fun tion) that we want to over with a graph or hypergraph

whi h simply means that
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p : 2V → Z ∪ {−∞}

dG (X) ≥ p(X)

number of (hyper)edges entering the set

has to hold for every

X ).

edge- onne tivity augmentation problems
with a suitably

hosen de ien y fun tion

p.

X ⊆ V

(here

dG (X)

G,

is the

In Se tion 2.1 we show that the investigated

an indeed be formulated as a
This se tion shows the

overing problem

onne tions and the main

dieren es between these edge- onne tivity augmentation problems based on the properties of

Supervisors:

their de ien y fun tions. It is important to note that every

onsidered problem has immedi-

ately two fundamentally dierent versions, depending on whether the new hyperedges
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arbitrarily large or they
denitions. If

p is a set

an be

an not (for example we only allow graph edges). Let us give some

fun tion and

X, Y ⊆ V

are subsets then we

onsider the following two

inequalities:

p(X) + p(Y ) ≤ p(X ∩ Y ) + p(X ∪ Y ),

(∩∪)

p(X) + p(Y ) ≤ p(X − Y ) + p(Y − X).

(−)

X ⊆ V is alled p-positive if p(X) > 0. A pair
X ∩ Y, X − Y, Y − X and V − (X ∪ Y ) are all nonempty
A set

Budapest, 2009

alled

X, Y

is

alled

rossing

if

lass of set

lass of positively skew-supermodular fun tions. A fun tion
skew-supermodular if at least one of (∩∪) and (−) holds for every pair X, Y ⊆ V .

fun tion in the thesis is the

p is

of sets

sets. The most general

1

If we only require that at least one of these two inequalities has to hold for
then

p

is

alled

positively skew-supermodular.

In many

p-positive set pairs,

ases however the de ien y

fun tion has an even more spe i property. A set fun tion p is alled (positively) rossing
supermodular if (∩∪) holds for every (p-positive) rossing pair X, Y . The fun tion p is
alled (positively) rossing negamodular if (−) holds for every (p-positive) rossing pair

X, Y .

We point out that the adje tive positively raises algorithmi

di ulties, but in the

onsidered edge- onne tivity augmentation appli ations this fortunately does not emerge. A
set fun tion

p

is

symmetri

if

p(X) = p(V − X)

holds for every

supermodular fun tions are the simplest fun tions that we

edge- onne tivity augmentation problems.

X ⊆ V.

Symmetri

onsider: they emerge in

These fun tions are of

symmetrized of a set fun

tion: if

p

global

ourse also skew-

is any set fun tion then its symmetrized

p

is dened as

s

p (X) = max{p(X), p(V − X} for any X ⊆ V . Obviously, a hypergraph overs p if and only
s
overs p . The global ar - onne tivity augmentation problem of dire ted (more

if it

generally mixed) graphs or hypergraphs (with undire

formulated as

overing a

ted edges or hyperedges)

an be

rossing negamodular fun tion. We also dis uss variants of the

augmentation problem:

an be

rossing supermodular fun tion. On the other hand, the so

node-to-area edge- onne tivity augmentation problem

a

here the symmetri

onsidered as

alled

overing

skew-supermodular fun tion to be

This denition spe ialized to hypergraphs and further to graphs gives ba k the usual notion

Problem 2.4 (Global ar - onne tivity augmentation of mixed hypergraphs) Let M =

(V, A) be a mixed hypergraph, r ∈ V
Find a (hyper)graph H = (V, E) su

be a (hyper)graph and let r : V × V → Z+ be a symmetri edge- onne tivity requirement. Our aim is to
nd a (hyper)graph H su h that λH0+H (u, v) ≥ r(u, v) for every pair of nodes u, v .
H0

global edge- onne tivity augmentation of hypergraphs is the spe ial ase when
for every pair u, v ∈ V . Let us dene the λ fun tion (edge- onne tivity ) in a

r(u, v) = k

ontext.

Problem 2.5 (Node-to-area onne tivity augmentation problem) Given a (hyper)graph
a olle tion of subsets W of V and a fun tion r : W → Z+ , our aim is to nd a
(hyper)graph H su h that
λH0 +H (x, W ) ≥ r(W )

a

an think of a hyperar

node has a role: it is either a

head node,

a

as the subset

tail node

Ta ∪ Ha

of

V,

in whi h every

head-tail node).

or even both (

An undire ted hypergraph (shortly hypergraph) is a spe ial mixed hypergraph in whi h every
node of a hyperar

is a head-tail node of that hyperar . On the other hand, a path in a mixed

hypergraph is simply the following: we start from a node whi h is the tail of a hyperar , and
we jump to a head of this hyperar , from where we
whi h this new node is a tail node (of

an pro eed using another hyperar

ourse, we have to take
2

of

are of the repetitions). After

for any W ∈ W and x ∈ V.

(1)

The variants of these problems are the appli ations of the results given in Chapter 2-5 of
the dissertation. We don't give the denitions of the de ien y fun tions belonging to these
an be found in the thesis.

optimized in the above problems: the reader
the hypergraph

H,

We did not state the obje tive fun tion to be
an think of the minimization of the total size of

we will speak about other possible obje tive fun tions later. Let us also

formulate a general

overing problem for later referen es.

Problem 2.6 (Covering Problem) Given a symmetri , positively skew-supermodular fun -

tion p : 2V → Z ∪ {−∞} satisfying p(∅) ≤ 0, nd a (hyper)graph H satisfying dH (X) ≥ p(X)
for every X ⊆ V .

Denition 2.2 A mixed hypergraph M = (V, A) is a pair of a nite set V and a family A

ontaining nonempty ordered pairs of subsets of V (the same pair an o ur more than on e).
The elements of A are alled hyperar s. For a hyperar a = (Ta , Ha) ∈ A, the set Ta is alled
the tail set of a, while Ha is alled the head set of a. A path between nodes s and t is an
alternating sequen e of distin t nodes and hyperar s s = v0 , a1 , v1 , a2 , . . . , ak , vk = t, su h that
vi−1 is a tail node of ai and vi is a head node of ai for all i between 1 and k .

be a designated root node, and k, l be nonnegative integers.
h that λM +H (r, v) ≥ k and λM +H (v, r) ≥ l for any v ∈ V .

H0 = (V, E0),

problems, this

Problem 2.1 (Lo al edge- onne tivity augmentation problem) Let

More intuitively we

S and T

of edge- onne tivity. With these denitions we formulate the following problems.

overed has

results in this thesis, we formulate these problems expli itly.

more general

⊆ V , the edge- onne denoted by λM (S, T ) is the maximum number of ar -disjoint paths
starting in S and ending in T (we say that λM (S, T ) = ∞ if S ∩ T 6= ∅). If s, t ∈ V then let
λM (s, t) = λM ({s}, {t}).
tivity between

lo al edge- onne tivity

other spe ial properties. Sin e the versions of these problems are the main appli ations of our

The

Denition 2.3 Given a mixed hypergraph M = (V, A) and sets S, T

rossing

supermodular whi h is not ne essarily true without the symmetry. An important notion is the

s

these preliminaries the most general denition of edge- onne tivity needed in this thesis is the
following.

The edge- onne tivity augmentation problems investigated in Chapters 2-5 are reformulated into su h a

overing problem with a positively skew-supermodular de ien y fun tion

(possibly with more spe ial properties in the spe i

problems).

Every problem has many

H

versions depending on, for example, whether the

overing hypergraph

trarily large hyperedges or it

onsider variants of the problems diering

annot. We

in their obje tive fun tion. In the
of the hypergraph
to

H.

an

ontain arbi-

minimum version the aim is to minimize the total size

However, be ause of the skew-supermodularity it is more

onsider the more general

given a fun tion

an also

m : V → Z+

onvenient

degree-spe ied version of the problems, where we are also
and we are looking for a hypergraph

spe i ation at the nodes, meaning that

dH (v) = m(v)

onne tion between these two versions is given by the

H

satisfying this degree-

has to hold at every node
ontrapolymatroid

C(p)

v ∈ V.

The

determined by

the good degree-spe i ations:

C(p) = {x ∈ RV : x(Z) ≥ p(Z) ∀Z ⊆ V, x ≥ 0}.
3

(2)

C(p) are alled admissible degree-spe i ations. The properC(p) imply that the total size of a hypergraph overing p is at least
p(X) : X is a subpartition of V }. It is also due to the properties of a

The integer ve tors in
ties of the polyhedron

SLB(p) = max{

P

X∈X

ontrapolymatroid that we

an usually handle the so

these problems: here the target is to nd a hypergraph
where

c : V → R+

are given node

alled

H

minimum node- ost version of

minimizing the sum

P

v∈V

and p2 are two su h fun tions satisfying max{p1 (X) : X ⊆ V } = max{p2 (X) : X ⊆ V } = k
and y ∈ C(p1 ) ∩ C(p2 ) is ve tor satisfying y(v) ≤ k for every node v ∈ V then there exists
a hypergraph H ontaining exa tly k hyperedges that overs both p1 and p2 and satises the
degree-spe i ation y .
p1

c(v)dH (v)

osts.

If we apply this to problems 2.1, 2.4 and 2.5 we obtain that their optimal solution
be

hosen nearly uniform, or we

arti ial)

3

Edge- onne tivity augmentation by adding hyperedges

an

an solve two su h problems simultaneously, if the (fairly

ondition on the maximum de ien ies holds.

ondition, sin e we show in the thesis that without this

Unfortunately we still need this
ondition we obtain

NP -

omplete

problems.
In Chapter 3 we

onsider the problem of

overing a positively skew-supermodular fun tion by

(arbitrarily large) hyperedges. Sin e the size of the hyperedges is not bounded, this problem
an be solved in its whole generality, the solution is due to Szigeti [6℄.
following fun tion for a hypergraph

Let us dene the

H = (V, E):

We say that the hypergraph

X ⊆ V.

H

Edge- onne tivity augmentation by adding graph edges

In Chapters 4 and 5 we investigate what happens if we try to

weakly overs

p

if

bH (X) ≥ p(X)

holds

Based on the following two observations we managed to generalize Szigeti's

results in many dire tions. The rst observation says that S hrijver's supermodular

olouring

theorem (and its polyhedral proof due to Tardos) an in fa t be extended to skew-supermodular
fun tions, and that this is strongly related to the notion of weak

p be a positively skew-supermodular fun y ∈ C(p) ∩ ZV su h that y(v) ≤ k holds for

tion, k ≥ max{p(X) : X ⊆ V } an integer and
every v ∈ V . Let us dene the following polyhedron:
V

if y(v) = k;
if p(Z) = k; x(Z) ≤ y(Z) − p(Z) + 1 ∀Z ⊆ V ; x ≤ y}.

Q = Q(p, k, y) = {x ∈ R : 0 ≤ x ≤ 1; x(v) = 1
x(Z) ≥ 1

Then Q is an integer g-polymatroid and an integer ve tor in Q orresponds to a hyperedge in
a hypergraph H that ontains exa tly k hyperedges, weakly overs p and satises the degreespe i ation y .

Lemma 3.2 ([10℄, with Tamás Király) If p : 2V

→ Z ∪ {−∞} is a symmetri , positively
skew-supermodular fun tion, k = max{p(X) : X ⊆ V } and H is a hypergraph whi h ontains
exa tly k hyperedges and weakly overs p then H in fa t overs p.
Using the known properties of g-polymatroids (and their interse tions) these observations

in

H

The splitting-o operation is

orollary (we note that in the following results the number of hyperedges

and

for a given

p′ = p − d(V,{(uv)}) .

(3)

admissible if m′ ∈ C(p′) holds (in other words, starting from

an admissible degree-spe i ation it

reates another admissible degree-spe i ation).

The

starting point of the results is Lemma 4.1 whi h is proved with a new approa h to splittingo.

Lemma 4.1 ([11℄, with Tamás Király) If p : 2V

→ Z ∪ {−∞} is a symmetri , positively
skew-supermodular fun tion, m ∈ C(p) ∩ ZV and p(X) > 1 for some set X ⊆ V then there is
an admissible splitting-o.
A dire t

onsequen e of this lemma is the following new generalization of Szigeti's above

mentioned theorem: while so far we tried to
we try to

The se ond observation is the following.

imply the following

m′ = m − χ{u} − χ{v}

overing dened above.

Theorem 3.1 ([10℄, with Tamás Király ) Let

splitting-o :

m ∈ C(p) ∩ ZV (admissible
degree-spe i ation) and a pair of nodes u, v (satisfying that m(u) and m(v) are both positive)
we try to in lude the edge uv in the solution. More formally we substitute the fun tions p and
m by the modied fun tions p′ and m′ , where
spe ied version of su h problems is

the set fun tion

over the de ien y fun tion

only with graph edges (with fewest possible, say). The usual te hnique to solve the degree-

bH (X) = |{e ∈ E : e ∩ X 6= ∅}|.

for any

4

over

p

with a fewest number of hyperedges, here

over it with smallest possible hyperedges.

Corollary 4.2 ([11℄, with Tamás Király) If p : 2V

→ Z∪{−∞} is a symmetri , positively
skew-supermodular fun tion, m ∈ C(p) ∩ ZV then there exists a hypergraph H satisfying the
degree-spe i ation m and overing p that ontains only one large hyperedge.
As further appli ations of Lemma 4.1 we give simple proofs for known results in Se tion
4.2.2. These proofs are in luded for dida ti

reasons: we think that these proofs

an be taught

well.

is always fewest possible).

Corollary 3.3 ([10℄, with Tamás Király) If p is a symmetri , positively skew-supermodular

fun tion then the hypergraph of minimum total size overing p an be hosen nearly uniform. If
4

Lemma 4.1 suggests the idea of a simple algorithm that performs admissible splitting-os
in a greedy way, and when it gets stu k then nishes by adding one large hyperedge to the
graph edges found so far. This algorithm (in a more or less modied form) and this optimisti
5

greedy approa h appears many times later on as well. This approa h also motivates the

respe ting versions of the

rank

onsidered problems. This only means that in problems 2.1, 2.4

and 2.5 we want that the rank of the hypergraph

H

starting hypergraph

H0

had rank more than 2, but it

an in rease the rank with 2 if

H0

was

a graph.
In Se tion 4.4 we investigate what happens if we apply the greedy algorithm to Problems

in demand should not ex eed the rank

of the starting (mixed) hypergraph (the obje tive fun tion is the same). In Se tions 4.3-4.4

2.1, 2.4 and 2.5.

we show that the greedy algorithm sket hed above applied for these problems (and even for

augmentation of hypergraphs gives an optimal solution without in reasing the rank.

some suitable generalizations) does not give a very bad answer: it will not in rease the rank

remark that after we have proved this result it turned out that it was also proved by Ben
Cosh in [4℄: in fa t by mixing his proof with ours we

too mu h. Let us look at these results in more detail.
In Se tion 4.3 we investigate the

ase when there is no further admissible splitting-o (that

is, the greedy algorithm is stu k), and our fun tion has some spe ial form. In Se tion 4.3.1 we
assume that the fun tion

q.

p

is the symmetrized of a positively

We make the surprising observation that after

rossing supermodular fun tion

ontra tion of tight sets every subset will

p value 1. This indu es the question: hara terize the rossing set families F ⊆ 2V for
V
V
whi h F ∪co(F ) = 2 (where a family F ⊆ 2 is alled rossing if X ∩Y, X ∪Y ∈ F for every
V
rossing pair X, Y ∈ F , and co(F ) = {X ⊆ V : V − X ∈ F } for a set family F ⊆ 2 ). An
example of su h a family is the following: let x ∈ V arbitrary and let X1 , . . . , Xt be pairwise
disjoint subsets of V − x for some t ≥ 1 (possibly t = 1 and X1 = ∅). Consider the following
have

family:

for this statement. In Se tion 4.4.2 we

or

X ⊆ Xi

for some

i ∈ 1, . . . , t}.

The following theorem, whi h is interesting also in itself, gives the

ould give a relatively simple proof

onsider the global ar - onne tivity augmentation of

mixed hypergraphs and using the results of Se tion 4.3.1 we show that the greedy algorithm

following generalization of the rank respe ting version of Problem 2.5.

Problem 4.5 Let q = R − dH where R is a rossing negamodular fun tion that does not take
0

the value 1, and dH0 is the degree fun tion of an arbitrary hypergraph H0 . Find a hypergraph
H of minimum total size overing q su h that the rank of H does not ex eed that of H0 .
Then we show that a (simple) modi ation of the greedy algorithm solves this problem if

H0

is at least 3 (if it is 2, then we need more sophisti ated modi ations, but this

is des ribed in [5℄). The result of Se tion 4.4.3 appeared in [8℄.

hara terisation of the

5

families above.

Theorem 4.3 ([11℄, with Tamás Király) Let F

We

applied to this problem in reases the rank by at most 1. Finally in Se tion 4.4.3 we dene the

the rank of

Fx,X1 ,...,Xt = {X ⊆ V : x ∈ X

First we show that the algorithm applied to the lo al edge- onne tivity

be a rossing family with ∅, V ∈ F
that satises F ∪ co(F ) = 2 . Then either V has exa tly four elements and F = 2V \ {{y, z}}
for some y 6= z , y, z ∈ V or there exists a node x ∈ V and X1 , . . . , Xt pairwise disjoint subsets
of V −x for some t ≥ 1 su h that either F or co(F ) is equal to Fx,X1,...Xt or Fx,X1,...Xt ∪{V −x}.

Covering symmetri

rossing supermodular fun tions

with graph edges

⊆ 2V

V

If the fun tion satises the supermodular inequality for any
symmetri , then

rossing set pair, and it is even

overing it with a minimum number of graph edges

mial time. This results is due to Ben zúr and Frank. A partition
In Se tion 4.3.2 we investigate the stu k situation of the greedy algorithm applied to the

q . Sin e overing su h a fun tion only with
NP -hard questions (see the node-to-area problem in graphs), we
need to make further restri tions on the fun tion q . The assumption of Ishii and Hagiwara
suggests to onsider the ase when q = R − dH0 , where R is a rossing negamodular fun tion
that does not take the value 1, and dH0 is the degree fun tion of an arbitrary hypergraph H0 .
We prove the following lemma about the stu k situation (the node v ∈ V is alled positive if
m(v) > 0).

symmetrized of a

rossing negamodular fun tion

graph edges already in ludes

Lemma 4.4 ([11℄, with Tamás Király) If q is a fun tion of the above form, p = qs , m ∈

C(p) ∩ Z , there is no
H0 that ontains more

admissible splitting-o and m(V ) ≥ 5 then there exists a hyperedge in
than 1 positive nodes. Furthermore there is at most one positive node
that is avoided by su h hyperedges.
V

As a

onsequen e of this lemma we get the following surprising statement about the rank

respe ting version of Problem 2.5: the greedy algorithm in reases the rank by at most 1 if the

is

p-full if p(∪i∈I Xi ) > 0 for any nonempty I ( {1, 2, . . . , t}. The
p-full partition is the dimension of p and is denoted by dim(p).

alled

of a

an be solved in polyno-

X = {X1 , X2 , . . . , Xt }
maximum

of

V

ardinality

Theorem 5.1 (Ben zúr and Frank [3℄) The minimum number of graph edges overing a

symmetri , positively rossing supermodular fun tion p : 2V → Z∪{−∞} equals max{⌈SLB(p)/2⌉,
dim(p) − 1}.
In Se tion 5.3 we give a relatively simple algorithmi proof of this theorem, this appeared in

[7℄. The simpli ity of this proof is demonstrated by the fa t that after the suitable modi ations
we

an even solve the partition

onstrained version of the problem, whi h is the following.

Problem 5.2 Given a symmetri , positively rossing supermodular fun tion

{−∞} and a partition P = {P1 , P2 , . . . , Pr } of V , we are looking for a
that has only edges between dierent members of the partition P .
A spe ial

ase of this problem, the

augmentation of graphs

p : 2V → Z ∪
graph G overing p

partition onstrained global edge- onne tivity

was solved by Bang-Jensen, Gabow, Jordán and Szigeti in [2℄.

Together with Roland Grappe and Zoltán Szigeti we managed to handle the more general
6
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Problem 5.2, too.

For the solution of the minimum version of the problem

onsider the

following lower bounds (the solution of the degree-spe ied version is not detailed in this
summary be ause of the spa e limitations).

βpi = max{

X

p(Y ) : F

number of

is a subpartition of

Pi }

for every

i = 1, . . . r.

φp = max{⌈SLB(p)/2⌉, βp1, . . . , βpr , dim(p) − 1} is a lower bound
graph edges overing p and satisfying the partition onstraints.

show algorithmi ally that this bound
ases ( alled

C6∗ -

on the minimum

The denitions of

C4∗ -, C5∗ -

and

ongurations appearing in the theorem below is not given here, again for spa e limitations.

Theorem 5.3 ([12℄, with Roland Grappe and Zoltán Szigeti) Let p : 2V

→ Z ∪ {−∞}
P = {P1 , P2 , . . . , Pr } be a

be a symmetri , positively rossing supermodular fun tion and
partition of V . The minimum number of graph edges overing p and satisfying the partition
onstraints is φp , unless a C4∗ -, a C5∗ - or a C6∗ - onguration exists for (p, P), when the minimum
is φp + 1.

global edge- onne tivity augmentation problem
of hypergraphs with partition onstrained graph edges then we get the following result
If we spe ialize this theorem for the

and the

C6∗ -

C4 - and the C6 -

d

is

alled

posimodular if −d is negamodular).

ongurations an be obtained by spe ializing the

C4∗ -

ongurations appearing in the abstra t Theorem 5.3, details are again omitted

due to spa e limitations; it is worth to note however that the

C5∗ -

onguration arises only in

the abstra t Problem 5.2).

Theorem 5.4 ([13℄, with Roland Grappe and Zoltán Szigeti) Let H0 = (V, E0) be a
hypergraph, P be a partition of V and k be an arbitrary positive integer. The minimum
number of graph edges between dierent lasses of the partition P that result in a k-edgeonne ted hypergraph when added to H0 is φp0 + 1, if a C4 - or a C6 - onguration exists for
H0 , and it is φp0 otherwise, where p0 is dened with p0 (X) = k − dH0 (X) for any nonempty
X ( V , and p0 (∅) = p0 (V ) = 0.

→ R+ , a weight fun tion
requirement fun tion r : V → R+ . Find a mimimum weight subset of the

d(X) ≥ max{r(v) : v ∈ X}

We managed to

an almost always be a hieved, ex ept in some parti ular

ongurations), when we need one more edge.

(in the theorem below the

an be solved in polynomial time. We also formulate the following

Problem 6.2 Given a posimodular and submodular fun tion d : 2V

w : V → R+ and a
nodes S su h that

Y ∈F
Obviously,

onstant, then the problem

abstra t form of Problem 6.1 (a set fun tion

for every X ⊆ V − S.

(4)

By generalizing the methods of [1℄ we show that the abstra t Problem 6.2 an also be solved
if the fun tions
of

V

su h that

r and w are ompatible, whi h means that there is an ordering v1 , v2 , . . . , vn
r(v1 ) ≤ r(v2 ) ≤ · · · ≤ r(vn ) and w(v1 ) ≥ w(v2 ) ≥ · · · ≥ w(vn ). We show

that a simple greedy algorithm solves the abstra t Problem 6.2 (with
requirements) in polynomial time even if

d

ompatible weights and

does not satisfy the submodularity, however in

order to implement this algorithm one would need to minimize an interse ting posimodular
fun tion, whi h is an open problem.

On the other hand, if

d

is also submodular then this

an be solved with standard submodular fun tion minimization te hniques. We furthermore
show that a little more sophisti ated algorithm improves the running time in the

ase when the

requirement fun tion is onstant. Spe ializing these results for Problem 6.1 we get the following

M(n′ , m′ ) denotes the running time of a maximum ow omputation in a
n nodes and m′ edges, and the total size of a hypergraph H = (V, E) is denoted

appli ation (where
graph with
by

′

||E||).

Theorem 6.3 ([9℄) Problem 6.1 an be solved in O(nM(n + |E|, ||E||)) time if the fun tions

and w are ompatible. The running time an be improved to O(n2 log(n) + n||E||) if the
fun tion r is onstant.

r
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