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Abstract
A transformed version of the separable Bregman divergence minimization problem under linear inequality constraints has been introduced by Kas et al.

in [23], the Young programming problem.

Their

formulation led to a natural, symmetric duality theorem. They applied
a row action method previously introduced by Censor et al. [8] to solve
the problem and proved convergence under additional assumptions. In
this paper we revisit the problem and present a weakened assumption
that guarantees the convergence of the row action algorithm, furthermore give a new primal-dual iterative algorithm that can be used to
solve the Young programming problem.

The convergence of the new

algorithm is provided without any further assumptions.

1

Introduction

Our paper presents a convergent algorithm to a symmetric primal-dual convex
optimization problem pair. The Young programming problem was introduced
in 1998 by Mályusz [26] and in 2000 by Kas et al [23]. The authors chose
this name to emphasize the fundamental role of the Young inequality [32]
in their formulation. This problem is a transformed version of the separable Bregman divergence minimization problem (under linear constraints) and
is deeply related to this problem class. Therefore the problems introduced
in [30], [2], [1], [4] have a strong connection to the Young programming problem, but in the previous case the objective function is a sum of separable
Bregman functions. The approach of Mályusz and Kas et al. follows the
methods of Klafszky [24] and Terlaky [31], and the symmetric primal-dual
2019-06-29
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forms obtained by them also show some relation to these papers.
Mályusz [26] and Kas et al [23] introduced the dual of the Young programming
problem, proved the duality theorem and showed that under some additional
constraints, both a primal and a dual row action method can be constructed
to solve it. The new formulation lead to a very natural, symmetric dual
problem. Preliminaries of the duality theorem were also present in their articles [22] and [21]. Since the problem is a reformulation of the separable
Bregman divergence minimization problem under linear constraints, there are
numerous related classical results in connection with the duality theorem and
the presented algorithms as well. The same row-action type algorithm was
previously used by Censor [8] and Csiszár [13] to solve linear inverse problems.
The relation of the problem to other convex optimization problem classes was
examined in [5] by Boratas et al. They showed that there exists a Young programming problem instance which does not belong to the extended entropy
programming problem class. A generalized problem class was examined by
Csiszár et al. [16], [17].
Pietra et al. introduced a dierent formulation of the problem and also developed the duality theory [18]. Their result was further improved in [4], and
applied in [12]. Recent results regarding to the dual of this problem can be
found in [29], [28]. The formulation used by Kas et al. gives a more natural,
symmetric formulation of the problem.
Bregman divergences were introduced in [6]. An extensive bibliography on
dierent divergence functions is presented in [3]. A new, detailed summary
on Bregman divergence functions can be found in [30].
Row action methods belong to the class of alternating projection methods. An
introduction to alternating projection methods including row action methods
can be found in [19] and in [9]. A survey on projection methods for convex
feasibility problems was presented in [10]. Bregman's work in the area [6] was
followed by Censor et al. [8], [11], after this, the application of row action
methods became widespread in convex optimization.
Since the Young programming problem class contains various frequently used
divergence minimization problems as a subclass, possible applications of this
theory and algorithms arise from machine learning [27], [12], information theory, architecture [26], economy etc. Linear inverse problems are frequently
used in image processing ( [15], [22], [7]). Young programming can be applied
to approximate linear programming problems [23]. Several applications can
be found in clustering [1], [2] as well.
Here we would like to point out that the known algorithms to the poblem
in ( [12], [15]) all use further assumptions to provide convergence, meanwhile
the algorithm introduced in this article converges without any further assump-
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tions. In next two chapters, in order to present the problem, we follow the
main steps of [23].
2

Divergence and inaccuracy functions

Let ϕ : R → R be a continuous, strictly decreasing function, and consider
the curve Γϕ = {(x, ϕ(x)) : x ∈ R}. The following denition oers a way to
describe how much an arbitrary point (u, v) of the plane is away from the
curve Γϕ .

Remark 2.1. A similar description can be introduced if ϕ : R → R is a
continuous, strictly increasing function. Our choice of strictly decreasing ϕ
functions was motivated by a possible application, namely the approximation
of linear programming, see Mályusz [26].
Denition 2.1 (Inaccuracy function).
−1

ϕ

, then Sϕ : R → R

Z

Let (u, v) ∈ R2 and denote ψ =

u

Sϕ (u, v) = (u − ψ(v))v −

Z

v

ϕ(t)dt (= (v − ϕ(u))u −
ψ(v)

ψ(t)dt).
ϕ(u)

is called the inaccuracy of (u, v) with respect to Γϕ .
Geometrically Sϕ (u, v) is the area of the shaded region in Figure 1.

ϕ(u)

v

v

ϕ(u)

ψ(v)

u

u

ψ(v)

Figure 1: Geometric interpretation of Sϕ (u, v)
From the Young inequality [32] it follows that

Sϕ (u, v) ≥ 0 for every

(u, v) ∈ R2
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and equality holds if and only if v = ϕ(u). The geometric interpretation or a
straightforward computation also proves the statement. The inaccuracy can
be dened in R2n as follows.

Denition 2.2 (Inaccuracy function of two vectors).
u = (u1 , u2 , . . . , un ) , v = (v1 , v2 , . . . , vn ) , then
T

Let (u, v) ∈ R2n ,

T

Sϕ : R2n → R :

Sϕ (u, v) :=

n
X

Sϕ (uj , vj )

j=1

is called the inaccuracy of (u, v) ∈ R2n with respect to Γϕ , i.e. the inaccuracy
is computed coordinatewisely.
The separable Bregman divergence function in R2n can be dened in the
following way.

Denition 2.3 (Separable Bregman divergence function). Let x, y ∈
Rn . The separable Bregman divergence function DF : R2n → R is dened as
DF (xky)

=

n
X

(f (yj ) + f 0 (yj )(xj − yj ) − f (xj )) =

j=1

=

n
X

Z

0

yj

f (yj )(xj − yj ) +

!
0

f (t)dt .
xj

j=1

Let f : R → R be dened by f 0 = ϕ. It is clear that the inaccuracy function
is a transformed version of the separable Bregman divergence function, i.e.

Sϕ (u, ϕ(v)) = Df (u||v),

for all u, v ∈ R,

Sϕ (u, v) = Df (u||ψ(v)),

for all u, v ∈ R.

or alternatively

Some special cases, divergence functions known in the literature, are obtained
by choosing

• ϕ(t) = − ln t−1, then Sϕ (u, ϕ(v)) = u ln uv −u+v known as I-divergence,
introduced by Kullback [25],
• ϕ(t) = 1t , then Sϕ (u, ϕ(v)) = ln uv −
divergence [20],

u
v

− 1 known as Itakura-Saito
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• ϕ(t) = tα−1 , α < 1, α 6= 0, then Sϕ (u, ϕ(v)) =
v)) known as Csiszar's α-divergence [13].

1
α
α (v

7

− uα + αv α−1 (u −

Let ϕ : R+ → R+ be a continuous, strictly decreasing function with
limx→0+ ϕ(x) = ∞, limx→∞ ϕ(x) = 0. Let Γϕ = {(x, ϕ(x)) : x ∈ R+ } and
denote ψ = ϕ−1 . According to Denition 2.2, the inaccuracy of (x, z) ∈
R2 , x > 0, z > 0 with respect to Γϕ is
Z x
Sϕ (x, z) = (x − ψ(z))z −
ϕ(t)dt.
ψ(z)

Remark 2.2.

Elementary computation proves the following properties of

Sϕ (x, z).

(i) Sϕ (x, z) is strictly convex function both in x > 0 and in z > 0.
(ii) Sϕ (x, z) ≥ 0 for every x > 0, z > 0, and Sϕ (x, z) = 0 if and only if
x = ψ(z).
(iii) limx→0+

∂
∂x Sϕ (x, z)

= −∞ for every z > 0.

(iv) limz→0+

∂
∂z Sϕ (x, z)

= −∞ for every x > 0.

(v) limz→∞ Sϕ (x, z) = ∞ for every x > 0.
(vi) Sϕ (x, z) = Sψ (z, x) for every x > 0 and z > 0.
3

Duality

Let us consider the following feasibility problem, which is in fact the Young
programming problem in an equilibrium form.

Problem 3.1.

Let A ∈ Rm×n be a full row rank matrix, x, z ∈ Rn be
arbitrary but xed vectors with x̂ > 0, ẑ > 0. Find a feasible solution to the
set of constraints below.

Ax = Ax̂,
x > 0,

z = ẑ + AT y

(1)

z>0

(2)

xj = ψ(zj ), j = 1, 2, . . . , n.

(3)

The next lemma states some elementary but crucial observations about
Problem 3.1.
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Lemma 3.1. Let x̂ > 0, ẑ > 0 be arbitrary but xed vectors, x̂, ẑ ∈ Rn .
(i) If x and z satisfy (1) and (2) then Sϕ (x, ẑ) + Sϕ (x̂, z) = Sϕ (x, z) +
Sϕ (x̂, ẑ).
(ii) If x and z satisfy (1) and (2) then Sϕ (x, ẑ) + Sϕ (x̂, z) ≥ Sϕ (x̂, ẑ).
(iii) If x and z satisfy (1), (2) and (3) then Sϕ (x, ẑ) + Sϕ (x̂, z) = Sϕ (x̂, ẑ).
Elementary computation proves (i), (ii) and (iii).
Let P + = {x : Ax = Ax̂, x > 0} and D+ = {z : ∃y s.t. z = ẑ + AT y, z > 0}
be the set of primal and dual feasible solutions, respectively. The following
denition presents three equivalent settings of the Young programming problem.

Denition 3.1.

Let x̂ > 0, ẑ > 0 be arbitrary but xed vectors.

(i) (Equilibrium form) Find a feasible solution to 1,2 and 3.
(ii) P
(Optimization form) Find a feasible solution to 1,2 such that
n
j=1 Sϕ (xj , zj ) is minimal.
(iii) (Primal-Dual form) Find solutions to both problems below
primal

min

nP
n

j=1 Sϕ (xj , ẑj ) : x ∈ P

dual
+

o

min

nP
n

o
+
S
(x̂
,
z
)
:
z
∈
D
.
j=1 ϕ j j

The next theorem presents three equivalent forms of the duality theorem
corresponding to the problem settings in Denition 3.1 .

Theorem 3.2. (Duality theorem) Let x̂ > 0, ẑ > 0 be arbitrary but xed

vectors.

(i) The system 1,2, 3 is feasible.
(ii) There are unique x∗ ∈ P + and z∗ ∈ D+ vectors such that
0.

Pn

j=1

Sϕ (x∗j , zj∗ ) =

(iii) There exist x∗ ∈ P + and z∗ ∈ D+ unique optimal solutions to the primal and the dual problems, respectively. Furthermore x∗j = ψ(zj∗ ), j =
1, 2, . . . , n.
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The proof of Theorem 3.2 can be found in [23].
The next corollary points out that the optimal solutions of the primal and
dual problems do not depend on the choice of parameter vectors x̂ ∈ P+ and
ẑ ∈ D+ .

Corollary 3.1.
ψ(zj∗ ),

There exist unique x∗ ∈ P + , z∗ ∈ D+ such that x∗j =
j = 1, 2, . . . , n and

Sϕ (x∗ , z) + Sϕ (x, z∗ ) = Sϕ (x, z), ∀x ∈ P + , ∀z ∈ D+ .
The proof is obvious from Theorem 3.2.
Another important implication of the duality theorem is noted in the following corollary.

Corollary 3.2.

Let x̂, ẑ be given and denote x∗ = argmin{Sϕ (x, ẑ) : x ∈
P } and z = argmin{Sϕ (x̂, z) : z ∈ D+ }. Let us denote the rowspace
of A by L, the nullspace of A by L⊥ . Suppose that L0 ⊆ L and denote
∗
z0 = argmin{Sϕ (x̂, z) : z ∈ ẑ ⊕ L0 , z > 0}. Then
∗

+

∗

x∗ = argmin{Sϕ (x, z0 ) : x ∈ x̂ ⊕ L⊥ , x > 0}.
∗

Since z0 ∈ ẑ ⊕ L0 ⊆ ẑ ⊕ L, the statement follows from Corollary 3.1.

Corollary 3.3.

Let x̂ ∈ P + , ẑ ∈ D+ , a(k) denotes the k th row of A and
b represents the rth row of null(A)T . Let a(k) x(k) = a(k) x̂, x(k) > 0 and
b(r) z(r) = b(r) ẑ, z(r) > 0, then
(r)

Sϕ (x(k) , ẑ) + Sϕ (x̂, z(r) ) = Sϕ (x̂, ẑ) + Sϕ (x(k) , z(r) ).

(4)

Observations of Corollary 3.1, 3.2 and 3.3 give rise to the row-action method
proposed in Section 5.
4

Convergence of the row action algorithm

In [26] and [23] a primal row action method has been introduced to provide
a solution to the problem. The row action method for separable objective
functions without duality was introduced earlier by Csisz¤»r [15] in context
with linear inverse problems. By introducing duality, Kas et al. presented
a new sucient condition that provides the convergence of the row action
method.
In contrast with the usual notation, here the iterates given by the primal
algorithm are dual feasible solutions, and the vectors given by the dual version
Operations Research Reports No. 2019-02
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are primal feasible solutions, to be consistent with the notation of the previous
articles.

Algorithm 1 Csiszár's algorithm
Input: A ∈ Rnxm with full row rank, ẑ ∈ Rn , x̂ ∈ Rn ,  > 0
x0 := x̂
k := 1
i := k (mod m)

repeat

x(k) = argmin{Sϕ (x, zk−1 ) : a(i) x = a(i) x̂ }
(k)
zj = ϕ(xkj ) (∀j = 1, 2, . . . , n)
k := k + 1
i := k (mod m)
until kx(k) − x(k−1) k < 

As it can be seen from the description of the algorithm, the k th step - where
i = k (mod m) - is a minimization of the primal objective function along the
ith row of matrix A. This in dual terms is a one-dimensional minimization of
the dual objective function along the row vector a(i) for all k . In dual terms,
this algorithm can be viewed as a dir action method.
To make our implementations more ecient, it is important to notice that
the primal feasible set can be transformed to the form given in the the dual
problem, and this way the primal iterations can also be computed as one dimensional minimizations along the row vectors of null(A)T . It was showed by
Mályusz [26] and Kas et al. in [23] that Csiszár's algorithm can be considered
as a primal algorithm and using the duality theorem the convergence result
of the algorithm can be extended to the dual side.


Ax = Ax̂
x = x̂ + null(A)T y
⇒
x >0
x >0
The following theorem and proof is a modied version of the results from
[13] and [14] by Csiszár. It provides the convergence of the row action algorithm under weakened sucient conditions, meaning that the convergence of
the algorithm is provided for a larger function class.

Theorem 4.1. The row action method is convergent if any of the following
two assumptions hold:

P1. the set {x : a(i) x = a(i) x̂, x ≥ 0} is bounded for at least one i index
(1 ≤ i ≤ m).
Operations Research Reports No. 2019-02
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P2. lim+ Sϕ (x̂j , zj ) > Sϕ (x̂, ẑ) ∀j = 1 . . . n.
zj →0

Proof. Here we follow the main steps of Csiszár's proof. From Lemma 3.1:
Sϕ (x̂, ẑ) = Sϕ (x(1) , ẑ) + Sϕ (x̂, z(1) ),
Sϕ (x̂, z(1) ) = Sϕ (x(2) , z(1) ) + Sϕ (x̂, z(2) ),
..
.

Sϕ (x̂, z(k−1) ) = Sϕ (x(k) , z(k−1) ) + Sϕ (x̂, z(k) ),
..
.
Summing up the rst N equations:

Sϕ (x̂, ẑ) =

N
X

Sϕ (x(k) , z(k−1) ) + Sϕ (x̂, z(N ) )

k=1

It implies that the sequence Sϕ (x̂, z(k) ) is strictly decreasing for every x̂ ∈ P + ,
and limk→∞ Sϕ (x(k) , z(k−1) ) = 0, therefore
(k)

xj



(k−1)
→ ψ zj
, ∀j = 1, 2, . . . n.

(5)

Furthermore (if N → ∞):

Sϕ (x̂, ẑ) =

∞
X
k=1

(6)

Sϕ (x(k) , z(k−1) ) + lim Sϕ (x̂, z(k) )
k→∞

Since the sequence Sϕ (x̂, z(k) ) is strictly decreasing and has a lower bound, the
(k)
{zj } sequence has an accumulation point for all j = 1, 2, . . . , n in [0; K] ⊂ R
(k)

for a suitable large K . We have to ensure that limk→∞ zj
If any of the two conditions hold:

6= 0 ∀j = 1, 2, . . . n.
(k)

• in case of P 1.: xkj cannot converge to innity, meaning that limk→∞ zj
0 ∀j = 1, 2, . . . n.

6=

• in case of P 2.: zjk cannot converge to 0, since the sequence Sϕ (x̂, z(k) )
is strictly decreasing.
Operations Research Reports No. 2019-02
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Let z∗ be an accumulation point of {z(k) }, and {zkr } be a subsequence converging to z∗ . z∗ ∈ D+ because of the construction of the algorithm. Let x∗j =
ψ(zj∗ ), ∀j = 1 . . . n. Then, because of (5) x(kr ) → x∗ . The sequence z(k−1)
is from a compact subset of D+ and because of limk→∞ Sϕ (xk , z(k−1) ) = 0,
||x(k) − z(k−1) || → 0. Therefore x(kr ) → x∗ implies that xkr +1 → x∗ , . . . ,
x(kr +m−1) → x∗ . Since xkr , x(kr +1) , . . . x(kr +m−1) are from a cyclic permutation of the ane spaces Li = {x : a(i) x = a(i) x̂} , x∗ ∈ ∩m
i=1 Li , meaning that
x∗ ∈ P . We have seen that x∗ ∈ P , z∗ ∈ D and x∗j = ψ(zj∗ ), j = 1, 2, . . . n.
Then due to the duality theorem, x∗ and z∗ are the unique optimal solutions
to the primal, and dual problems, respectively.
It can be proved by using Remark 2.2, that the new condition is indeed
R a a weakened version of the previous one, meaning that if the constraint
ψ(t)dt = ∞, for some a > 0 is true for the ψ(t) function, then the new
0
constraint lim Sϕ (x̂j , zj ) > Sϕ (x̂, ẑ) ∀j = 1 . . . n is also satised.
zj →0+

As it was pointed out by Kas et al. in [23], using the duality theorem, the
following sucient condition can be derived:
D2. lim Sϕ (x, z) = ∞, for all z ∈ R+ .
x→0+

Using the dual problem pair we can also derive a weakened sucient condition (D2 ) to the convergence of the algorithm:
D1. the set {z : b(r) z = b(r) ẑ, z ≥ 0} is bounded for at least one i index
(1 ≤ r ≤ m), where b(r) is the rth a row of matrix B = null(A)T .
D2.

lim Sϕ (xj , ẑj ) > Sϕ (x̂, ẑ) ∀j = 1 . . . n.

xj →0+

he main dierence between P2 and P2' is that P2 only depends on the
choice of the ψ function, meanwhile P2' depends on the starting feasible
vectors x̂, ẑ as well.
5

A new primal-dual algorithm

In this section x̂ and ẑ denote primal and dual feasible vectors, respectively. i
denotes the iteration counter of the row action algorithm, a(k) is the k th row
of matrix A, b(r) is the rth row of matrix B = null(A)T and j denotes j th
element of vector x or z.
Row-action type algorithms as dened in [8] are the ones that use only the
previous iterate in each iterative step, and access is required to only one row
Operations Research Reports No. 2019-02
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of the system of equations of the constraint set. The following algorithm
is consecutively a row action method on the primal side and a row action
method on the dual side for the solution of Problem 3.1 as it is stated in
Problem 3.1(iii). Kas et. al [23] showed that a row action step in primal
side is a dir action step on the dual side and in each iteration we have a dual
feasible solution.

Algorithm 2 Primal-Dual Algorithm
Input: Let A ∈ Rm×n be a full row rank matrix, x̂ ∈ P + , ẑ ∈ D+ ,  > 0
m := rank(A), q := n − m, B ∈ Rq×n = null(A)
x̂1 := x̂, ẑD1 := ẑ
i := 1

repeat

Take m primal row action (dual dir action) steps starting from (x̂i , ẑDi )
(k)
to obtain zDi ∈ D+ :
for k = 1..m do
(k) (k)
Calculate (xi , zDi ), where
(k)

xi

(k)

(k−1)

= argmin{Sϕ (xi , zDi
(k)

(zDi )j

(k)

= ϕ(xij ),

(k)

) : a(k) xi

= a(k) x̂i }

j = 1, 2, ..., n.

end for

(m)

ẑi := zDi
Take r dual row action steps (primal dir action) starting from
(r)
(x̂Pi−1 , ẑDi ) to obtain xPi ∈ P + :
for r = 1..q do
(r) (r)
Calculate (xPi , zi ), where
(r)

zi

(r)

(r)

(xPi )j

end for

(r)

(r)

= argmin{Sϕ (xPi , zi )) : b(r) zi
(r)

= ψ(zij ),

= b(r) ẑi }

j = 1, 2, ..., n.

(r)

x̂Pi := xPi
i := i + 1
until Sϕ (xrPi , zDmi ) < 
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Two important observations referring to the primal and dual algorithms
coming from the transitivity property of Bregman functions (see Csiszár [15]
in Section 4) are summarized in the following remarks:

Remark 5.1.

If we exchange the x̂ vector to a primal feasible x̃ vector, the
zk iterates given by the dual algorithm do not change.

Remark 5.2.

We can exchange ẑ to a dual feasible z̃ without changing the
primal optimal solution of the Young programming problem.

Theorem 5.1. The primal-dual algorithm converges to the optimal solution
of the Young programming problem.

Proof. Let x̂1 = x̂ and ẑD1 = ẑ and i = 1...N . The ith row action iteration
on the primal side gives the following:

(1)

(1)

Sϕ (x̂i , ẑDi ) = Sϕ (xi , ẑDi ) + Sϕ (x̂i , zDi )
(1)

(2)

(1)

(k)

(k−1)

(2)

Sϕ (x̂i , zDi ) = Sϕ (xi , zDi ) + Sϕ (x̂i , zDi )
..
.
(k−1)

Sϕ (x̂i , zDi

(m−1)

Sϕ (x̂i , zDi

)) = Sϕ (xi , zDi
..
.
(m)

)) = Sϕ (xi

(m−1)

, zDi

(k)

) + Sϕ (x̂i , zDi )

(m)

) + Sϕ (x̂i , zDi )

(m)

Let ẑi = zDi and x̂Pi = x̂i , the row action iteration on the dual side consists
of the following steps:
(1)

(1)

(2)

(2)

Sϕ (x̂Pi , ẑi ) = Sϕ (x̂Pi , zi ) + Sϕ (xPi , ẑi )
(1)

(1)

Sϕ (xPi , ẑi ) = Sϕ (xPi , zi ) + Sϕ (xPi , ẑi )
..
.
(r−1)

, ẑi ) = Sϕ (xPi
..
.

(q−1)

, ẑi ) = Sϕ (xPi

Sϕ (xPi

Sϕ (xPi

(r−1)

, zi ) + Sϕ (xPi , ẑi )

(r)

(r)

(q−1)

, zi ) + Sϕ (xPi , ẑi ).

(q)

(q)
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These equations can be summarized as follows when N → ∞.

Sϕ (x̂, ẑ) =

∞ m−1
X
X

(k) (k−1)
Sϕ (xi , zDi )

q−1
∞ X
X

+

(r−1)

Sϕ (xP i

(r)

, zi )+

i=1 r=1

i=1 k=1

∞ n
o
X
(m) (m−1)
(q−1) (q)
(q)
+
Sϕ (xi , zDi ) + Sϕ (xP i , zi ) + lim Sϕ (xP i , ẑi )
i→∞

i=1

Since the left hand side of the equation is a nite number and the elements of
the numerical series on the right hand side are nonnegative, the three sums
on the right side must be nite and the limit of the sequence is 0. Moreover
Corollary 3.3 provides that:
(m)

Sϕ (xi

(m−1)

, zDi

(q−1)

where xP i

(q−1)

) + Sϕ (xP i
(m−1)

∈ P , zDi

(q)

(m)

, zi ) = Sϕ (xi

(m)

lim Sϕ (xi

(q−1)

lim Sϕ (xPi

i→∞
(q−1)

(m−1)
zDi j

(m−1)

, zDi

(q−1)

(m−1)

, zDi

)
(7)

∈ D, and
i→∞

Since Sϕ (xPi

(q)

, zi ) + Sϕ (xP i

(q)

, zi ) = 0
(m−1)

, zDi

)=0

(8)

)) is strictly monotonically decreasing, the sequences

(q−1)
xPi j

and
have accumulation points on [0; K] for an arbitrary large
K for all j indices. Because of 8 and
(q−1)

lim Sϕ (x̂j , zj ) > Sϕ (xPi

zj →0

(m−1)

, zDi

) ∀j = 1 . . . n

and
(q−1)

lim Sϕ (xj , zj ) > Sϕ (xPi

xj →0
(m−1)

( lim zDi j
i→∞

(m−1)

, zDi

(q−1)

6= 0 ∀j = 1, 2, . . . n) and ( lim xPi j

and from Theorem 3.2,

i→∞

) ∀j = 1 . . . n
6= 0 ∀j = 1, 2, . . . n) holds,

(q−1)

x∗ = lim xPi
i→∞

and
(m−1)

z∗ = lim zDi
i→∞

are optimal solutions of the Young programming problem.
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By applying the new primal-dual algorithm, we can generate a primal-dual
feasible pair that satises the new sucient condition D2, independently from
the properties of matrix A. It means that the new algorithm can also be used
as a rst phase before applying the primal or dual algorithms from [23], to
generate a pair that satises the weakened sucient conditions.
6
6.1

Numerical results
A function that doesn't satisfy the original conditions

As it was mentioned in [23] and [13], many of the famous divergence functions
or their Fenchel conjugate - as a dual objective function - satisfy the P 2 or
D2 conditions. However it is not the case for all functions. For example, if
we choose ϕ to be the function


1
+1 ,
ϕ(x) = ln
x2
the inverse function ψ is

1
.
ez − 1
This ϕ(x) has all the properties listed in the denition of the Young programming problem. In this case neither A2 nor A20 can be satised since
Z ∞
Z ∞
1
√
dt = π < ∞.
ψ(t) =
t
e −1
0
0
ψ(z) = √

As it was mentioned, the fullment of B2 and B20 depends on the choice of
x̂ and ẑ as well.


2 3 5 −1
Example 6.1. Let A = 4 2 6 −3 . In this case the P 1 condition
doesn't hold.
 
 
 
1
1
2
1
2
3

 
 
Let x̂ = 
1, ẑ1 = 1, ẑ2 = 2. In case of ẑ1 , P 2 is met, but it is not
1
1
1
satised for ẑ2 .
To solve the problem with the input parameters A, x̂, ẑ2 none of the previous algorithms can be used in their original form, but we can apply the new
primal-dual algorithm, because in this case it is not necessary to satisfy any
of the above conditions.
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Implementation, numerical results

To be able to compare the performance of the new primal-dual algorithm to
the primal and dual row action methods, we implemented the three algorithms
in Matlab.
The following table shows the results for the data given in Example 6.1 with
ẑ2 and  = 10−8 . As it can be seen, the desired precision was achieved in 8
iterations, in 6 seconds.

algorithms
epsilon
iteration number
running time (sec)
epsilon
iteration number
running time (sec)
epsilon
iteration number
running time (sec)

primal
 = 10−8
2
0,01
 = 10−10
19
0,01
 = 10−12
99
0,05

dual
 = 10−8
5
0,004
 = 10−10
14711
9,322
 = 10−12
>200.000
137,8

primal − dual
 = 10−8
2
0,002
 = 10−10
2
0,002
 = 10−12
3
0,006

Based on the results of the numerical tests, it can be stated the primal-dual
algorithm is more stable than the other two. There were many cases where
either the primal or the dual algorithm could nd the solution faster than the
primal-dual method, but in these cases, the third algorithm (the primal, if the
dual was the fastest, and conversely) could not nd the solution in reasonable
time (and under a limited iteration number). The primal-dual algorithm
always gave the correct solution. If we orthogonalized the row vectors of A by
using the Gram-Schmidt orthogonalization process, generally the algorithm
performed better.
7

Conclusions, further research

In this paper, we revisited the Young programming problem, discussed its
relationship to other results from dierent areas of operations research as well
as possible application areas.
We extended the class of functions for which the convergence of the primal
and dual row action methods given by Kas et al. can be assured by proving
a weakened sucient condition. We also showed that our new algorithm
can be used as a rst phase to construct feasible solutions that satisfy the
new, weakened sucient condition before using these algorithms as a second
phase.
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The main result of this paper is the introduction of the new primal-dual
projection algorithm for which the convergence to the optimal solution of
the Young programming problem (or alternatively to the separable Bregman
divergence minimization problem under linear constraints) can be provided
without any further assumptions. We also carried out preliminary numerical
tests to examine the eciency of the algorithm in practice.
In our future work, we would like to examine and improve the eciency of
the algorithm. To further our research, we intend to examine the complexity
of the Young programming problem for dierent inaccuracy functions.
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