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1

Introduction

Throughout the past years Electric Vehicles have started to disrupt the
conventional automobile industry. The importance and relevance of sustainability has received increased attention because of problems caused by global
warming and pollution in general. The advantage of electric vehicles (EV’s)
over internal-combustion engine vehicles (ICEV’s) concerning environmental
issues is due to zero-emission, while driving. A decline in natural resources
and unstable market of fuel for ICEV’s has contributed to the rise in number
of electric vehicles. For the first time ever, electric cars outsold gasoline and
diesel vehicles in Norway in March 2019. This has naturally motivated most
manufacturers to invest in E-Mobility and to introduce attractive models,
while continuously lowering prices and thus reaching greater availability for
the mass market.
The usage of EV’s brings many advantages to users (lower maintenance
costs, lower fuel expenses ...), but also comes with certain difficulties. The
most relevant constraints are the limited battery, long time of recharging and
the lack of widespread charging networks. To make (especially long-distance)
travelling more convenient and more approachable an improvement in route
planning algorithms was necessary, since ICEV’s have relatively short refueling times and gas stations are available almost everywhere (eliminating
the need of considering re-fueling stops in route planning algorithms). The
goal of Route Planning algorithms for Electric Vehicles is to calculate routes
on road-maps which are not simply shortest paths, but additionally take into
consideration the constraints of Electric Vehicles (most importantly their battery capacity, range and recharging times).
It should be noted that in recent years many car manufacturers have
worked on solutions to these constraints: today there are various electric vehicles with ranges over 500 km, fast-charging stations are being deployed and
are made available for the public consumer to use. These improvements are
contributing to an even more seamless (long-distance) travelling experience
for EV-owners. This question will further be dealt with in the last section of
this work, where also questions for further research will be introduced within
the topic of Electric Vehicle Route Planning (EVRP).
Clearly, driving electric is more sustainable only if necessary precaution
5

regarding emissions is guaranteed during the production of electric vehicles,
especially their batteries. There are currently various companies working on
sustainable production of electric batteries. Zero-emission while driving has
advantages, including better air-quality in cities, but from a greenhouse-gas
emission viewpoint it is only valuable, if the generated electricity used comes
from sustainable sources, like wind-power or solar.
This work focuses mostly on graph based algorithms, since they are widely
used in research and also applications. After a short introduction to the
most important definitions in graph theory with respect to this topic, the
Electric Vehicle Route Planning Problem is introduced. While building on
fundamentals of graph theory, concepts, definitions and attributes concerning
e-mobility are introduced. In cases, where the total distance travelled exceeds
the battery’s capacity, charging stops are included. A heuristic and an exact
algorithm are described, which solve the problem. Furthermore a different
approach using non-linear programming is also mentioned before the work is
closed with putting these results into perspective: What changes will there
be in the future, regarding electric vehicles? What are the challenges arising
from an exploding number of electric vehicles on the roads, concerning route
planning? An additional goal is to lead throughout this scope of work to
further research questions, becoming relevant through recent developments
in battery and charging advancement.

6

2

Historic Overview of Research Prospects

This section provides a short summary of path-optimization research,
mainly focusing on PHEV-s problems.
During the second part of the twentieth century a new field of mathematics was born: Operations research. With the invention of computers,
algorithms and mathematical optimization became a useful tool for a broad
spectrum of applications. One problem, which had been of defining relevance,
was the Shortest Path Problem, introduced precisely in section 3. In 1959
Dijkstra introduced a breakthrough algorithm [5], developing a polynomial
method for computing shortest paths between two points. Being computationally very fast (almost linear time [4]) on weighted graphs, this algorithm
ensured the possibility of further applications. Solutions for the shortest path
problem paved the way for modern navigational systems, essentially calculating in a graph of a road map the fastest route from point A to point B. With
the appearance of the first electric cars of the modern ages, starting in 1997
with the birth of the Toyota Prius, new methods for calculating this shortest
path were necessary. Unfortunately, Dijkstra’s algorithm only works with
positive edge weights (which generally is the case for gas powered vehicles,
since driving time from A to B is positive). For Electric Vehicles, though,
the possibility of recharging the battery while braking (also called recuperation) introduces the possibility of negative edge weights. This meant, that
any route planning algorithm, based on Dijkstra’s algorithm, had to be altered in a way to take this into account. Limited battery capacity and long
recharging times added additional constraints to this problem. Since the first
electric cars had ranges only capable of short trips (sometimes not even daily
commute), there was a great emphasis on developing methods which result
in the most energy efficient routes.
There are two fields of research regarding EV route planning: single vehicle, single destination route planning (which can be compared to the task
of a GPS device in a car - finding the shortest way from point A to point B)
and single (or multiple) vehicle, multiple destination problems. This second
case is a sub-problem of the famous Travelling-Salesman Problem (TSP).
This work focuses on the first case, designed (mostly) for private use to help
navigation. In 2010 Artmeier et al. [2] introduced an algorithm, based on
Bellman-Ford’s algorithm, taking into account potential negative consumption (through the effect of recuperation). The algorithm (called Constrained
7

Generic Shortest Path) calculates energy-efficient routes, with a worst-case
time-complexity of O(n3 ), where |V | = n. Similarly, Sachenbacher et al.
[11] calculated energy-optimal routes, with the help of a speed-up technique
called A∗ -Search. These speed-up techniques are significant, because of the
complexity of this problem. As Zündorf mentions in his Master Thesis, [15],
a thorough survey of Route Planning algorithms was given by [3], which
compares various techniques to speed-up computations. While many of the
algorithms compared here optimize based on a single criterion (e.g. energyefficiency or travel-time), some construct multi-criteria searches with the help
of multi-dimensional vertex labels.
Zündorf himself proposes an algorithm, which uses pre-processing and
various other speed-up techniques to find optimal solution fast. The algorithm additionally calculates charging stops and incorporates charging stations as a subset of its vertices. They differentiate between goal-directed
speed-up techniques, which guide the algorithm towards the destination (e.g.
A∗ -Search and Potential Functions) and hierarchical speed-up techniques, interpreting the road network and e.g. use highways for the journey’s significant parts. A recent, and forward looking question also arises with electric
grid stability and pricing options for charging station operators. Fišer [6]
developed an algorithm taking dynamic pricing into account, which will play
a significant role, since the number of Electric Vehicles is continuously rising.

8

3

Preliminaries

This section covers the most relevant concepts and definitions used throughout the later work, setting a base for models introduced in later sections. The
definitions and notes are based on various papers, including [15] [2].
Definition 3.1. A finite graph is an ordered pair G = (V, E) of vertices
V = (v1 , v2 , ...vn ) and a finite set E = (e1 , e2 , ..., em ), where E ⊆ V × V . An
ordered pair ei = (u, v) ∈ E is called a directed edge from u to v. In this
case u is called the tail of the edge ei and v is called the head.
G0 = (V 0 , E 0 ) is considered a subgraph of G, under the condition that V 0 ⊆ V
and E 0 ⊆ E.
The number of edges connected with a given vertex u is called degree.
The number of edges with tail u is called out-degree, defined as degOU T (u) :=
|(u, v) ∈ E|, similarly the number of edges with u as head is called in-degree,
formally degIN (u) := |(v, u) ∈ E|
For various mathematical problems the use of undirected graphs is of
great importance, though in the routing problem, where a graph represents
a network of streets, it is necessary to consider edges as ordered pairs of two
vertices. This means in a directed graph the existence of e = (u, v) does not
imply an edge from v to u.
Definition 3.2. If v ∈ V , then u is a neighbor of v, if an edge e = (v, u)
exists.
Definition 3.3. A path P in the graph G is a sequence of distinct vertices
(v1 , v2 , ..., vk ) in V , where it holds for every 1 < i ≤ k, that edge ei =
(uj , uj − 1) exists in E.
[2] A path P has a length of |P | = k, if it is a sequence of k + 1 distinct
vertices (v1 , v2 , ...vk+1 ).
Definition 3.4. An edge weight function is a function, which assigns values
to each edge in the graph: wf : E → R
PnThe weight of a path from vertex u to w can be defined as ω(P ) =
i=1 ω(vi−1 , vi ), where ω is an edge weight function on the graph G, and
P = (u = v0 , v1 , v2 , ..., vn = w) is a path from u to w.

9

Generally in the case of electric vehicles two main edge weight functions
are considered: the driving time and the energy consumption. Driving time
is denoted as dt : E → R>0 and represents the amount of time needed to pass
an edge ei = (u, v) from vertex u to vertex v. The co-domain of this function
is necessarily the set of positive real numbers, since a negative driving time
is impossible from any point a to b.
The Energy consumption is denoted as c : E → R, and models the consumed
or gained energy, by an electric vehicle traveling along the edges. The reason
the energy consumption function can also possibly be negative is a process
called recuperation. While braking EV’s can recover some of their kinetic
and/or potential energy. According to [2] this leads to a significant increase
in range - in urban settings up to 20 %.
Definition 3.5. The distance between the vertices u and v is the minimal length or weight of a path between these two vertices. It is defined as
distω (u, v) = inf ω(P )
P =(u,...,v)

Definition 3.6. In the single pair shortest path problem (SPSP) we are given
a graph G, an edge weight function ω, a source vertex s and a target vertex
t, where s, t ∈ V . The problem asks for the distance of the source and target
vertex, distω (s, t).
Definition 3.7. A potential function π : V → R, is a function mapping the
set of vertices to R. It is called feasible(w.r.t the edge-weight function wf ),
if for every e = (u, v) ∈ E : wf (e) − π(u) + π(v) ≥ 0.

10

4
4.1

Shortest-Path Algorithms
The Dijkstra Algorithm

[5] The Dijkstra Algorithm is a widely known procedure to find solutions
to the SPSP problem. Many of the later presented algorithms use this as
a base, therefore we shortly introduce it, focusing on its solution for the
Single-Pair Shortest Path problem. Note that with only minor changes the
algorithm also solves the single-source shortest path and all-pairs shortest
path problems. The single-source shortest path problem asks for the shortest
path to every vertex from source s in the graph G = (V, E) with respect to
an edge weight function ω.
In the all-pairs shortest path problem there is no source vertex given, instead
it asks for the shortest distance between each pair of vertices ∈ V
Rather than giving a pseudo-code describing the algorithm, we focus on
the idea behind it, since this gives us a better understanding of what is happening when solving our initial problem. We will be relying on a description
of the algorithm found in [6]
The Dijkstra algorithm has two main phases: initialization and iterations.
We are given a directed graph G = (V, E), a non-negative edge weight function wf , source vertex s and target vertex t.
During the initialization phase, the algorithm gives labels lv to every vertex:
for the source vertex s, ls = 0, while for every other vertex v ∈ V \ {s},
lv = ∞.
The algorithm creates a priority queue Q, adds the source vertex, and
sorts the vertices in ascending order, based on their distance label (in the
first iteration, the priority queue Q will only contain the source vertex s). In
the iteration phase, the algorithm removes the top vertex v (with minimal
distance lv ) from Q and inspects all its outgoing edges, meaning all edges
e = (v, u) where u ∈ E. For all neighbors u of v, the label lu will be updated
0
and replaced, as follows: lu = lv + wf (e), if lv + wf (e) < lu . The vertices,
where an update occurred, are then added to Q. The algorithm ends, meaning no further iterations are made, when t is removed from Q. Note: to
solve the single-source shortest path problem, the algorithm only terminates
when Q = ∅ holds, thus finding the shortest paths from s to every vertex
v ∈ V \ {s}.
11

An important advantage of Dijkstra’s algorithm is, that once a vertex
u ∈ V is polled from Q, no shorter path P (s, u) exists between s and u. This
property is also called label-setting property. This means, that every vertex
is polled no more than once.
Essentially our goal is to find one shortest path: this can be achieved by
adding a parent pointer to the label, while computing.
The Dijkstra’s time-complexity is in the worst case O(|V |2 ) [5], though
with the help of speeding-up techniques, as mentioned in [15] an order of
O(n + m) log n can be achieved easily. Note that Dijsktra’s algorithm finds
a shortest path when the edge weights are non-negative. The more general problem of EVRP with Charging is NP-complete and requires other
approaches. As will be seen in section 5.1, the Electric Vehicle Routing
Problem with Charging is NP-complete exactly because of an effect called
recuperation allowing negative edge weights.
Let us consider the following example:
The graph in Figure 1 shows an imaginary road graph, where we try to reach
t starting from s. Clearly, the Dijkstra algorithm would find P1 = (s, v1 , v3 , t)
as a solution to the SPSP with respect to driving time, with a total driving
time of dt(P1 ) = dt(e(s, v1 ) + dt(e(v1 , v3 ) + dt(e(v3 , t)) = 2 + 3 + 1 = 6.
Assuming our EV has a total battery capacity of 10 kWh, this path is
not feasible, since the battery’s state of charge at node v3 is negative, i.e.
b(P1 , v3 ) = −1 < 0. Note P
though, the overall energy consumption is equal
to the battery’s capacity:
e∈P1 cons(e) = 10, meaning it is not enough to
consider the sum of consumptions along a way, the SoC has to be constantly
within the accepted range.// Throughout this work there will be dealt with
different goals for optimization, e.g. electricity consumption or driving time.
The difference can be seen, when considering the following two, feasible paths:
Let P2 be the following path (s, v1 , v4 , t): traversing these edges we will arrive
after tt(P2 ) = 11 time units at t with b(P2 , t) = 3 charge remaining. This is
the energy-optimal solution to this problem. The fastest feasible path would
be P3 = (s, v2 , v3 , t), with a total driving time tt(P3 ) of 8 time units and
a consumption of 8 kWh, resulting in a remaining charge of b(P3 , t) = 2.
This example clarifies the difficulty of negative edge weights and trade-offs
between travelling time.
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Figure 1: An imaginary graph pointing out the difficulty of using conventional
shortest path algorithms (i.e. Dijkstra’s algorithm) for Electric Vehicles.
Electicity consumption [cons(e)] is labeled under the corresponding edge,
while driving time dt(e) above.
This occurs, because every subpath of a path found by the Dijkstra algorithm, is a shortest path on its own. It does not take into account the second
edge-weight function characterizing the electricity consumption.

4.2

The A*-Search Algorithm

One important extension and speed-up technique of the Dijkstra Algorithm, the A∗ Search Algorithm is presented in [15] and first introduced in
[9]. The basic idea here is to rearrange the order by which the vertices are
settled, preferring vertices which are closer to t. A heuristic potential function πt : V → R is introduced, which provides further information on the
vertex’s distance to t. Through preprocessing the values of πt (v) are determined for ∀v ∈ V and are then added to the input of the original algorithm
as follows: in the queue Q, the distances from the already polled vertices for
0
the remaining vertices gets updated by lv = lv + πt (v). This will generally
change the order by which the vertices are removed from Q and prefer vertices, which are closer to t, thus ending the algorithm earlier.
To maintain correctness and complexity, the potential has to be feasible,
meaning the reduced edge-weight, defined as w˜f ((u, v)) = wf ((u, v)) − πt (u) +
πt (v), has to be non-negative for every edge e = (u, v) ∈ E. If this holds,
13

then A∗ is label-setting and in fact processes the edges the same way Dijkstra
would process it with w̃((u, v)) as the edge-weight function.

4.3

Pareto-sets

As seen in Dijkstra’s algorithm this procedure works well, if we have one
edge weight function, based on which the optimal path has to be found. When
calculating shortest paths, there are (at least) two edge weight functions,
namely energy consumption and the time it takes to traverse an edge from
one vertex to another. Apart from the prior mentioned possible negativity
of the consumption function another extension to Dijkstra’s algorithm has
to be made, since this problem has two criteria. Looking at the algorithm, it
becomes evident a problem arises with the labels created. Optimization with
multiple objectives is commonly dealt with creating so called Pareto-sets of
Pareto-optimal solutions. These sets contain solutions optimal with respect
to different objectives, or trade-offs of these.
First of all, the label itself has to be extended for every vertex v, since
it has to hold two values: driving time (dtP (v)) from s to v and the state of
charge of the battery (bP (v)) . Therefore each label lv now has two values
(dtP (v), bP (v)) instead of one.
If there are two values assigned to each vertex, the question of when to
replace a label within the algorithm arises. The answer is not as straightforward as seen before, since a given solution can be better with respect to
one value and worse with respect to the other value. The solution here is to
keep all solutions as labels, which are somewhat optimal. This is explained
as follows:
Based on these two parameters, a solution is called Pareto-optimal, if there
is no other solution (no other path) from s to v being equivalent or better
0
with respect to every objective. The label lv dominates lv , if it holds that
for at least one value it is strictly better and for the other it is not worse. P
dominates P 0 (P ∝ P 0 ) if and only if:


dtP (v) ≤ dtP (v)
0
P ∝ P ⇐⇒ bP (v) ≥ bP 0 (v)


dtP (v) 6= dtP (v) ∨ bP (v) 6= bP 0 (v)
14

Hence, a label can be disregarded (and will therefore deleted by the algorithm), if it is dominated by another label. Only non-dominated labels
have to be considered. This means, that instead of having one label (as in
Dijkstra’s algorithm) we will have a Pareto-set of labels Lu for every vertex u.

4.4

The Bicriteria Shortest-Path algorithm

With the help of Pareto-sets the goal of extending Dijkstra’s algorithm
to this bi- or multicriteria setting can be achieved through the Bicriteria
Shortest-Path (BSP) algorithm, as seen in [6] and [4]. During the initializationphase ls = (0, 0) (or in multi-criteria settings an arbitrary dimensional label)
is added to the source vertex’ Pareto-set Ls and gets added to the priority
queue Q. For every v ∈ V \{s} the Pareto-set Lv = ∅. Within the Q the labels are sorted according to driving time primarily, then with respect to SoC.
While iterating the label lu with the smallest driving time (or the associated
primary key) is extracted, scanning all corresponding outgoing edges. When
an incoming edge e of v (starting at u) gets relaxed, a new label is created:
0
lv = lu + (dt(e), cons(e)), where cons(e) represents the energy consumption
while traversing e. This label will only be added to the Pareto-set Lv (and
the priority queue Q) if it is non-dominated. If the label is dominated by
0
any other label of vertex v, it is not added. All labels dominated by lv are
removed from Pareto set of vertex v. For the BSP to keep Dikjstra’s labelsetting property, it is necessary for G’s edge-weights to be nonnegative, which
will not be the case in our problem setting.
Dijkstra’s label-setting property was essential for fast running times for
the algorithm. The BSP is also label-setting with one condition: the edge
weight functions (in our case driving-time and consumption) have to be nonnegative [4].

4.5

Contraction Hierachies

A second speed-up technique is called Contraction Hierarchies (CH),
which was introduced in [8]. The discription of this techniques is based
on [12].
A very specific characteristic of road networks is its hierarchy concerning various road types. Generally in long-distance traveling highways (only a small,
15

but important subset of the available roads) are preferred for the main journey segment, unimportant roads are skipped. This idea is used to generate
edges, which are of greater importance, changing the order the algorithm
scans roads. Here, the basic idea is a concept called vertex contraction. This
augments the graph with shortcuts that allow to skip a lot of edge relaxations
at query time. Essentially we remove (contract) vertices u from the graph
G, without changing shortest distances within the graph.
We will later see, that in the problem we are dealing with, there exists
not necessarily a unique shortest path. This means we do not only preserve the shortest path, but the complete Pareto-set. There can be various
Pareto-optimal paths between two points, meaning the new graph can have
multiedges. During the preprocessing phase every node is assigned an importance value, after which they are sorted in increasing order of this assigned
importance. Then the nodes are contracted in this order, one by one, while
maintaining the shortest paths, by inserting additional edges, which are the
shortcuts.
In this process when a node u is removed from every (v, u, w) path, the
distance from v to w must remain the same. This means, that if the only
shortest path from v to w is (v, u, w), then the edge e = (v, w) has to be
added. The cost (driving time) of e (based on our later definition we denote
it by conse ) has to equal the chained costs of (v, u) and (u, w).
This is not necessarily the case for the energy consumption, but with the
help of the energy consumption function defined in section 5.4.2 this hurdle
can be overcome.
For every pair v, w of neighbors of u a witness search is performed, with the
help of Dijkstra’s algorithm. If there is a path, which dominates the shortcut
(v, u, w) and does not contain u, it will be omitted.
After removing all nodes, a modified graph G̃ is created. This graph consists
of all nodes and edges of the original graph and all valid shortcuts.
Similarly to A∗ , the goal is to create an order of importance among label(sets) to find optimal solutions faster.

4.6

Contracting Vertices with Two Neighbors

An approach refining Contraction Hierarchies is mentioned in [4]. In case
of parallel edges, the number of Pareto-optimal sets can greatly increase. If
16

a chain of n vertices is connected to (at most) two neighbors by k parallel
edges, than the BSP algorithm scans k edges for each label in Lv at every
vertex v. This means, that in the worst case we can get O(k n ) non-dominated
labels at the last vertex of the chain.
The sizes of Pareto-sets therefore depend on detail of the road-network presented, rather than its structure and it would be unreasonable to make drivers
adjust their speed to constantly varying speed-limits. In this setting, vertex
v, e1 = (v, u) and e2 = (u, w) is removed from the graph and (v, w) is added,
if driving speeds of e1 and e2 coincide. Through this process, the number of
edges will decrease and contracting vertices will not result in removing intersections, or road road segments, where speed-limit changes.
Now, that the fundamental Dijkstra Algorithm and various extensions
and speed-up techniques have been introduced, the work focuses on putting
these into perspective by introducing and precisely defining the original problem of finding shortest (feasible) paths for electric vehicles in a road network.
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5

The Electric Vehicle Route Planning Problem

In this section we formulate the Electric Vehicle Route Planning Problem,
successively adding further and more complex constraints and requirements
to the initial Single-Pair Shortest Path Problem. Throughout research in
this field these problems are commonly introduced in a certain order, as can
be found in [14] and [15]. Each new problem definition can be seen as a more
complex and sophisticated, thus more exact and more valuable solution to
the main problem.

5.1

The Constrained Shortest Path Problem (CSP)

The first constraint added to the SPSP introduced in definition 3.6, will
be a consumption upper-bound and another edge-weight function, called resource consumption. Solutions not exceeding this upper-bound in terms of
the consumption function, are called feasible. The goal is to find the optimal
solution among the feasible solutions.
Definition 5.1. The Constrained Shortest Path Problem [15] [14]
Given a directed graph G = (V, E), a non-negative edge weight function
wf : E → R+ , source vertex s, target vertex t, similar to the SPSP problem.
Additionally we are given a resource consumption function rc : E → R, and
a consumption upper-bound C.
The problem asks for the shortest path P = (s = v0 , v1 , v2 , ..., vk = t) from s
to t, that does not exceed the consumption bound C.
rc (P ) =

k
X

(rc (vi − vi−1 )) ≤ C

i=1

This is the so-called minimal or shortest feasible path from s to t.
Interestingly, this consumption upper-bound, not only makes this problem impossible to solve for Dijkstra’s algorithm, but in contrast to the SPSPproblem it also is NP-complete, as shown by Garey and Johnson [7].
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5.2

Battery Constraints and State of Charge

After considering the CSP Problem, one might wonder, how these added
constraints and conditions are connected to the initial problem.
The most essential goal for the EVRP Problem is to find the fastest possible way from a point to a target, translated to the shortest feasible path
from s to t in the CSP. In this scenario, the driving time from one point
(vertex) to another can be considered the edge weight function we are trying
to minimize. Similarly, the consumption upper-bound, the limiting factor, is
the electric energy stored in the vehicles battery. The upper-bound for the
capacity of the battery, or maximal charge is denoted by M .
An important difference arises, when considering the consumption function:
while in the CSP this function has a codomain of non-negative real numbers (R+ ), through the effect of recuperation in the case of EV’s the energy
consumption on a given edge can be negative as well (note, that cycles with
negative weight are physically ruled out [4]). While driving downhills and
breaking, there is energy generated, making EV’s up to 64 % more efficient.
This energy can be stored in the battery (as long as the battery is not already fully charged) and can be reused later. Therefore the upper-bound,
as described in the constrained shortest path problem, is not sufficient to
capture the complexity of the route planning problem for EV’s, namely the
battery constraints. The lower-bound of the battery is naturally 0, though
in case there are reasons not to fully discharge the battery (range anxiety
or harming the battery) a given lower bound can set to be 0. This will not
influence the operation of the algorithms presented later, only result in a
smaller usable range. The range of upper-bound and lowerbound is denoted
as B = (0, M ].
This effect of recuperation adds considerable mathematical complexity
to the initial problem, because it is not strictly positive (or at least nonnegative). While it was sufficient to consider the overall resource consumption of a given path (rc (P )) to check the path’s feasibility, the battery’s
property requires some extra work. Within the context of EV’s, feasibility
means, that the battery’s state of charge (SoC) is always within the bounds
of the battery. This means, every vertex v within path P has to be checked
for its state of charge.
Starting at s, initially the state of charge is b(s), and after traversing the
edge e = (s, v), the state of charge is reduced by rc (e), unless this would cause
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an overcharging of the battery in which case the SoC reaches its maximum,
earlier defined to be M .
A negative value of b(v) means, that the edge prior to this vertex cannot be
traversed, since the initial SoC was insufficient for passing that edge.
With the help of these two conditions, the function b(P, i) can be defined,
which provides the SoC after passing the first i vertices in path P = (s =
v0 , v1 , v2 , ..., vn = t).
(
b(v0 )
if i = 1
b(P, i) :=
min(b(P, i − 1) − cons((vi−1 , vi )), M ) else.
In terms of electric vehicles, the path P is feasible, if for all it holds for
all .

5.3

The Electric Vehicle Routing Problem (EVR)

As shown previously, the CSP does not capture all conditions and requirements of planning efficient and fast routes for EV’s, therefore we further extend the CSP, capturing the additional information from the previous
section.
Definition 5.2. The Electric Vehicle Route Planning Problem [14](Definition
4.2) [15](Definition 2.2)
We are given a Graph G = (V, E), a driving time dt : E → R+ , an energy
consumption cons : E → R, a range of valid battery states B = (0, M ],
source and target vertices s, t ∈ V , as well as the initial state of charge b(s).
The problem asks for the shortest path P = (s = v1 , v2 , ..., vn = t) ∈ G from
s to t, which is feasible i.e., that for all 0 ≤ i ≤ n b(P, i) ∈ B.
Computationally, the main problem of the EVR is, that a subpath of a
shortest path is not a feasible shortest path on its own [14].
It is worth noting that this problem definition only asks for the fastest
path from s to t, if it is feasible in this scenario, including that the net consumption can never be greater than the battery’s maximum capacity.
Up until now, almost no EV’s have ranges greater than 400 km, which is very
well suitable for daily commute, where the vehicle can be fully charged over
night. When considering trips longer than this basic range, vehicles have to
be recharged along the way, contributing to the overall travel time.
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Therefore, the problem statement and also any algorithm solving this problem, is not of high importance in daily applications, since routes without
recharging (daily commuting and usage, short trips) have rarely an overall
consumption coming close to maximum battery capacity in real-world settings.
Because of this, the scope of this work focuses more on adding an extra
condition: recharging. For this, previously defined functions have to be modified and the problem is extended with additional variables.

5.4

Electric Vehicle Route Planning with Recharging
(EVRC)

The most commonly mentioned difficulty associated with owning an EV
is the possibility of long-distance travelling. In general EV’s have rather long
recharging times compared to refueling an ICE vehicle and their range is in
most cases very limited. Recently both these difficulties have been tackled,
by introducing high-speed charging stations, capable of charging at rates of
up to 1600 km per hour and greater battery ranges of up to 640 kilometers.
These both lead to a decline in the importance of route planning algorithms
in real-world settings, but until these improvements are wide-spread, the algorithms are still essential in planning long-distance trips for EV’s. This
topic will be covered more thoroughly in section 8.

5.4.1

Feasibility and Minimal Time

Evidently, the input data set has to be modified, when considering recharging. First of all, a set of charging stations (CS) will be added to the original
graph, where CS ∈ V is a subset of the road network vertices. Various research has handled the question of charging station characteristics differently:
some algorithms assume linear charging time, which describes charging up
to 80 % quite accurately, after which the rate slows down; others have used
picewise linear [10] functions, or even quadratic functions [14].
A recharging function cfv : B × R+ → B is associated to every v charging
station, mapping the pair of initial SoC b ∈ B (with which the vehicle arrives
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to the charging station) and charging time ct ∈ R+ to the resulting SoC. The
charging time at a given CS ∈ V ∩P is the time spent recharging at a station.
Therefore, depending on the initial charge and the charging time spent at a
station, charging at a rate based on the a recharging function cfv , we get a
defined SoC when leaving the station.
Also the aim is to modify the output as follows:
1. Feasible path: the characteristics of feasability for a path will be modified
2. Based on the recharging function, it provides information on charging
location, and charging time throughout the journey.
The solution will therefore consist of a minimal feasible path from s to t,
and the charging times for each charging station along the path, denoted as
ct : CS ∩ P → R>0 .
Since the EVR did not include charging, the feasibility has to be slightly
altered to adjust to this scenario: the function b(P, i), which indicates the
state of charge when arriving at vertex vi , has to include the possibility of
recharging.


if i = 1
b(v0 )
b(P, i) := min(b(P, i − 1) − cons((vi−1 , vi )), M )
if vi ∈
/ CS.


min(cfvi−1 (b(P, i − 1), ct(vi−1 )) − cons(vi−1 , vi ), M ) else
This function takes care of all conditions, including overcharging (M ) and
reachability (negative value for b(P, i)). With this modified function, a path
is feasible, if it holds for all 1 ≤ i ≤ n that b(P, i) ≥ 0.
As mentioned earlier, charging times have a significant impact on the journey
time, since (compared to ICEVs) it takes a long time to recharge the battery.
Therefore it is essential to add charging time to the travel time, since only
then can we get an accurate estimation of the time spent on the road. We
define the travel time as follows:
X
tt(P ) =
ct(v) + dt(P )
v∈CS∩P

This is simply the sum of the charging times spent at charging stations
along the path P and the driving time of the path P .
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5.4.2

Energy Consumption functions

In general, the battery constraints have to be checked explicitly, as an
additional operation in the algorithm. The speed-up techniques introduced
in section 4 make it possible to compute results faster, but make it complicated to explicitly check these constraints. It is, however, possible to include
these checks into the problem itself, namely to the consumption edge-weight
function. We do this by introducing an energy consumption function, which
describes the consumed energy based on the SoC before traversing the edge
e. [14]
This means, instead of assigning constant consumption values to the edges
and then checking, if the conditions are fulfilled, we assign function to every edge: this is the so-called energy consumption function. The function
c : B → R ∪ {∞} formally maps the SoC to energy consumption, meaning
that depending on the state of charge, when arriving to the vertex u the
energy consumption of e = (u, v) ∈ P is calculated.
The idea is to include over- and undercharging into this function, fulfilling
the battery constraints:


if b < cons(e)
∞
conse (b) := cons(e) if 0 ≤ b − cons(e) ≤ M.


b−M
if b − cons(e) > M
The first case, resulting in ∞, means that undercharging would occur
and therefore it is impossible to traverse the edge with the current SoC.
The second case is where neither over- nor undercharging occurs, therefore
the consumption equals the original consumption, while in the third case
overcharging would be a problem. This would result in a full battery after
traversing the edge.
It is possible to make this function simpler to use, given the fact, that
it can be represented by only three values: cost, minIn and maxOut, where
cost is the actual energy consumption, minIn represents the minimial charge,
with which the edge can be passed, while maxOut is the maximal SoC after
passing the edge. Based on cons(e), the three values are:
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coste := cons(e)
minIne := max(0, cons(e))
maxOute := min(M, M − cons(e))
With the help of these values, the energy consumption function can be
redefined as:


if b < minIne
∞
conse (b) := cons(e)
if b − conse < maxOute


b − maxOutb otherwise
Summarizing these newly introduced variables, constraints and concepts,
the electric vehicle route planning problem with recharging can be defined.
Definition 5.3. Electric Vehicle Route Planning with Recharging [14]
Given a graph G = (V, E), a driving time (edge weight function) dt : E →
R+ , energy consumption(edge weight function) cons : E → R, a range of
valid battery states B = (0, M ], source and target vertices s, t ∈ V , as well
as the initial state of charge b(s), a set of charging stations CS ⊆ V . The
problem asks for the shortest path P = (s = v1 , v2 , ..., vn = t) ∈ G from s
to t, and a recharging function cfv : B × R+ → B, so that P is the shortest
feasible path i.e., the path minimizes the travel time among all s − t paths
for which 0 < b(P, i) < M.
In real-world applications, an algorithm is naturally only useful, if besides
the path and energy consumption the output includes the used charging
stations used, and the time necessary to recharge to the proposed level. Note,
that since the path P is a sequence of vertices, where CS ⊆ V , the output
path already includes the charging stations and the charging time can easily
be added as a further output.
Since the EVRC was reached through extending and specifying the original Constrained Shortest Path problem is more general than the CSP. As
mentioned in section 5.1 the CSP is NP complete, therefore this more general
case is NP-complete as well.
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After introducing the problem thoroughly, the focus will be on various
algorithms proposed by the research community solving this problem (or
slightly altered versions of it).
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6

Solving the EVRC

As seen in Section 5.1 and thereafter this problem has two difficulties:
it is computationally complex (NP-complete) and from a user point-of-view
small mathematical differences often result in similar outcomes, since the calculated route is almost never exactly followed, the results have to be used as
guidelines and minor changes should not result in stranding along a highway.
Considering NP-complete problems, there are in general two ways of approaching algorithms for solutions:
1. Heuristics: the idea is to generate a computationally fast algorithm,
which usually provides a fairly good approximation, though it does not
provide performance guarantees on the quality of the solution produced.
2. Approximation Algorithms: While providing performance guarantees of the produced solution, these algorithms work usually slow.
Specifically exact algorithms are in this category.
Understandably, considering the route planning for electric vehicles - or vehicles in general - there is a need for a trade-off between optimal solutions
and fast calculations. This section covers a very straightforward heuristic
algorithm, with low time-complexity and fairly good results, as well as an
exact algorithm, which theoretically provides an optimal solution, though
with the help of heuristics faster computing is achieved and it is terminated
before checking every possibility.
Generally two approaches are considered when constructing algorithms to
solve this problem: time-optimal and energy-efficient solutions. From a consumer viewpoint time-optimal solutions are more interesting, since electricity
is not too costly. Generally time-optimal approaches include energy-efficiency
to some extent, since charging times for EV’s are long, therefore if additional
charging can be avoided it is time saving to use energy-efficient routes. As
mentioned in section 8, energy-efficient routing approaches are becoming less
relevant, since battery capacity increases in fast paces. The algorithms will
be shortly introduced, building on fundamentals based from section 3 and 4.
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6.1

A Time-Efficient Heuristic Approach

In this section heuristic algorithms are presented, which are generally
computationally fast, but do not provide guarantees on the solutions optimality. An interesting and clear heuristic is presented in [15]’s Section 6.1,
called the Conventional Car Driver’s Approach (CCDA). The idea of this
algorithm is to disregard battery constraints in the first place, simply look
for the fastest route and then find a feasible solution for recharging. The
name of this approach is understandable, since it can be compared to the
proceedings of a gas powered vehicle driver: finding the fastest path between
origin and destination and whenever refuelling has to occur, a stop at a gas
station is added along the way.
There are two problems with this approach regarding EVs: When considering the fastest route between two points, only with respect to driving
time, the electricity consumption can increase to a degree, where additional
charging times make up the difference in driving time. This means, there is
not only one path from the current vertex to the destination, but a whole
Pareto set (if an optimal solution has to be found).
Second, charging stations are not located as densely (and therefore as naturally along highways) as gas stations. Thus, when travelling from s to t, the
next charging stop (or target) is not really known, until the last charging stop
before t. In a situation, where more than one charging stop has to be made,
the algorithm has to pick a first charging stop at one point, and would like
to compute the Pareto set of paths for the next stop. This is not possible,
since the next stop is not a given vertex (t), but another charging station,
which again is unknown. It would be possible, to simply calculate Pareto
sets of paths for all charging stations, but this would increase the number of
labels exponentionally, and thus computational time greatly.
In this approach the goal is to not waste time with recharging, thus the
algorithm proposed will always work towards a solution with the help of minimal charge needed to reach a given point.
The basic idea of the CCDA is to only use shortest paths, with respect
to driving time, and disregard feasibility of the whole path in terms of battery constraints. The only restriction made, is to fulfill battery constraints
between any two stops. A stop is either starting at s, ending t or using a
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charging station. When considering feasibility in such a way, the path between two charging stops is uniquely defined (for a specific EV model, with
given batter capacity M and consumption attributes). The algorithm then
basically just chooses charging stations between s and t, if there is a need for
recharging.
6.1.1

Conventional Car Driver’s Approach

Preprocessing: The path connecting two charging stations is unique,
therefore it can be pre-computed and stored in an auxiliary graph. This,
so-called shortcut graph G0 = (V 0 , E 0 ) will consist of charging stations as
its vertices (V 0 := CS) and edges which are shortest paths (with respect to
driving time) and feasible (with respect to battery constraints) between these
charging stations. This means, two charging stations A and B will be connected by e = (A, B) in G0 if and only if there exists a path between these two
points which is reachable with a fully charged battery. If there is more than
one feasible path, then only the fastest one will be the edge between A and B.
To achieve this for every charging station u ∈ CS a shortest-path tree Tu
is calculated. This can be done with the help of the classic Dijkstra’s algorithm, but additionally to the distance from the origin and a parent pointer,
also the consumed energy along the path in this tree Tu is kept track of. An
edge is added to Tu , if and only if its energy consumption value is still feasible, meaning the algorithm can terminate once there are no more feasible
consumption values in the priority-queue Q. This only eliminates solutions,
which are reachable while having a negative SoC at one point, thus these
solutions are not feasible.
When retrieving the shortest-path tree Tu for every u ∈ Cs, the edge weight
driving-time is added. Considering consumption, recall its definition:


if b < minIne
∞
conse (b) := cons(e)
if b − conse < maxOute


b − maxOutb otherwise
This definition was formulated with the help of the three edge-weight functions cost, minIn, and maxOut, where the following holds:
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coste := cons(e)
minIne := max(0, cons(e))
maxOute := min(M, M − cons(e))

Thus, these three edge-weight functions are added to the auxiliary graph as
well.
The Algorithm at Query: When running an actual request, the algorithm
uses the pre-processed auxiliary graph G0 as an additional input.
During the first phase, the algorithm starts two searches: one in forward
direction starting at s, the other one in backwards direction, starting at t.
Here again, the regular Dijkstra is used to find shortest path trees (w.r.t.
driving time), terminating once no more vertices with feasible consumption
are in Q. If t is reached from s, then the path is feasible with a single charge,
and the algorithm outputs this path. If t is not reached, the output will be
two sets: CSs , all reachable charging stations from s and CSt , all charging
stations, from where t can be reached.
Now, in the second phase, it is known, that t is not reachable from s, but
CSs and CSt are known. The shortcut graph G0 is used to calculate the
shortest path between any pair of vertices of CSs and CSt . For this reason
we add s and t to V 0 and edges e = (s, u) to every charging station reachable
from s (u ∈ V 0 ∩ CSs ) and similarly edges e = (u, t) between u ∈ V 0 ∩ CSt
and t. This basically means, we expand the graph G0 with CSs + CSt . This
new, extended graph is denoted by G00 = (V 00 , E 00 ) where V 00 = V 0 + {s, t}
E 00 = E 0 + {e : e ∈ CSs + CSt }. Driving time and consumption are copied
according to the results in phase one.
An altered version of Dijkstra’s algorithm is used to compute the shortest
path between s and t in G00 . An additional array b(u) is created for every
vertex, thus the label consists of travelling time up to this vertex and the
current state of charge at the vertex ([tt, b]).
When a new shortcut edge e = (u, v) is relaxed, the current state of charge
at u (b(u)) is known, and the minimal charge needed to traverse this edge
is provided by minIne := max(0, cons(e)). Thus, using a charging function, mapping the charging time and current state of charge to the thereby
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reached SoC, we can calculate the charging time needed to reach v as follows:
f (ct) = cfu (b(u), ct) = minIne . This means, we recharge the battery at u
sufficiently to reach v. Now we can create another label at v: [tt0 , b0 ]. Here
tt0 := tt[u] + f −1 (minIn(e)) + dt(e), which is the sum of the time needed to
reach u, the time spent recharging at u and the time needed to traverse e.
The new SoC at v, b(v) := minIn(e). In this case the edge gets relaxed, if
the following holds: tt0 , tt[v].
In G0 an edge was added between charging stations A and B, if B was reachable from A. This means, that only edges e = (u, v) ∈ E 00 are relaxed for
which b[u] < minIn(e) holds, otherwise there would be an edge from the
parent of u to v.
Non-optimality: Consider the case, where the fastest path between two
charging stations has an electricity consumption which is disproportionately
high compared to the saved time. In this case, the pre-processing will ad
an edge, with slightly lower travel time, but much higher consumption (in
case this consumption is still lower than the battery’s capacity). Therefore
the time spent recharging can be significantly more, than what is saved by
choosing this path with lower driving time.

6.2

An Energy-Efficient Exact Algorithm

As mentioned in the beginning of this section, there are two kinds of
algorithmic approaches: heuristics and approximation algorithms (of which
special cases are exact algorithms). The second algorithm in this section,
presented in [4] will be of the latter kind and counter to the first and will
focus on energy-efficiency.
In section 4.4 the Bicriteria shortest-path algorithm was introduced as an
extension of Dijkstra’s algorithm, using Pareto-sets. As mentioned, in the
case of EVRC nonnegativity of edge weights cannot be ensured. In fact, a
surprising number of edges in an actual road-graph turns out to have negative consumption for EVs. In section 7.1 of [15] various road-maps are
compared. Maps provided by PTV AG for scientific purposes are used for
Germany, Luxembourg and Europe. About 10% of edges in each map has
negative consumption associated through the edge-weight function, meaning
in a real world setting this cannot be disregarded. Naturally, due to the law
of physics, circles with negative edge-weights are ruled out.
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In a setting, where non-negativity of edge-weights cannot be guaranteed, the
BSP algorithm is still correct, but through losing its label-setting property,
the running times are greatly affected. Additionally to the introduced settings, the battery constraint of capacity (M ) has to be taken into account.
Throughout the journey (in this case, while traversing the path P = (s, ..., t))
the battery’s SoC has to stay within the interval [0, M ].
The first step in this model is to consider consumption and travel-time
trade-offs. Driving with higher speed results in higher consumption. Therefore, an algorithm resulting in an output with fast road-segments will naturally have higher consumption, than choosing roads, where the speed-limit
is lower. The approach in this case is to let cars drive slower on roads with
higher speed limits. A interval of minimum and maximum speed is defined,
and divided in steps of 10 kM/h to make it easier for the driver to comply
with the speed. A multigraph G = (V, E) is created, where each road segment is added, with the representing edge-weights (dt(e), cons(e)) as many
time as the number of possible speeds to traverse the edge.
With the help of this procedure, the Pareto set of non-dominated paths is
calculated, which then can be used to get various forms of speed and consumption tradeoffs.

6.2.1

The CBSP algorithm

The problem can be solved simply by using the BSP algorithm presented
in section 4.4, though without the label-setting property it is inconveniently
slow. Therefore some speed-up techniques are presented in this setting as
well.
Hopping Reduction: when the top label (tt(v), b(v)) of priority queue Q
is extracted, the next step would be to scan the edge (u, v), and update labels (if the new label is not dominated). Here an additional step is inserted,
where it is checked, whether v is already the predecessor on the current path
to u. It can be proved, that this cannot improve the label set at v, thus it
can be disregarded.
The following idea is to win back the BSP’s label-setting property. This
will enable a technique not influencing the algorithm’s exactness: Target
Pruning.
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To achieve this feasible vertex potential functions are introduced. In fact,
any feasible solution would help our goal, but similarly to the technique A∗Search presented in 4, the potential function obtained here, will guide the
search towards the target.
This is achieved through running two seperate Dijkstra’s backwards from
target t: First, based on consumption values, stopping where the battery’s
capacity is exceeded, second on these edges based on travelling time. If
the labels created by the algorithm are used, two vertex potential functions
denoted as πdt : V → R and πcons : V → R respectively, can be obtained.
Generally speaking, on the remaining path (v → t) these potentials constitute
lower bounds on both costs. These potentials can be used to modify the labels
and thus regain the algorithms original label-setting property, with the help
of the following theorem.
Theorem 1. For a label (tt(v), b(v)) at vertex v, let the priority queue key
be defined as:
(tt0 (v), b0 (v)) = λ(tt(v) + πdt(v) ) + µ(b(v) + πcons(v) )
. Where µ, λ ∈ R+ . Then the BSP-algorithm is label-setting.
Proof. The proof is done by contradiction. Assuming, that a label (tt(v), b(v))
will be dominated after extraction, by the label (tt(u), b(u)) (at a neighbor
u of v).
tt(u) + πdt(u) + µ(b(u) + πcons(u) ) ≥ tt(v) + πdt(v) + µ(b(v) + πcons(v) )

(1)

Since the label was extracted subsequently at u with greater or equal key,
this equation has to hold. Note, without loss of generality, λ = 1.
On the other hand, when scanning the outgoing edge e = (u, v) at v the
following must hold since the label (tt(v), b(v)) is dominated: dt(u) + dt(e) ≤
dt(v) ∧ b(u) + cons(e) ≤ b(v) (and at least one case inequality has to hold).
This is called the domination condition.
A potential is feasible if and only if: dt(e) ≥ πdt(u) − πdt(v) (from its definition
in section 3). Plugging in feasibility into the domination condition:
dt(u) + πdt(u) ≤ dt(v) + πdt(v)
b(u) + πcons(u) ≤ b(v) + πcons(v)
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(2)
(3)

The domination condition required, that inequality holds in either (2) or (3),
this contradicts (1).
Regaining the label-setting property, target pruning can be applied. This
technique functions as follows: Instead of right away adding an additional
label (tt(v), b(v)) to v’s label set it checks the following:
If
(tt(v) + πdt(v) , b(v) + πcons(v) )
is dominated by any label in t’s label set it disregards (tt(v), b(v)). This can
be done, since both πt(v) and πdt(v) yield lower bounds on their cost of any
path from v to t.
Two further techniques preserving the algorithm’s correctness are presented
in [4]: Contracting Vertices with Two Neighbors (introduced in section 4)
and Subgraph Extraction.
6.2.2

Heuristics to improve Computing-Time of the BSP algorithm

Starting from s the number of labels in a label set grows quickly, since
full Pareto sets are considered. This results in great computation time.
One goal can be to reduce the size of label sets, through discarding labels which (nearly) do not contribute to optimal solutions. This is often done by intuition: in a road-system what kind of paths are usually
taken, which can be disregarded? The technique introduced here is called
Early Aborting. After extracting a label d = (tt(u), b(u)) and scanning
parallel edges with head v (recall: G = (V, E) is a multigraph) the algorithm starts the scanning process. The scan is stopped (aborted) after the
first (newly generated) label is dominated by any element of v’s label set:
(tt(u) + dt(e), b(u) + cons(e)) ∝ (tt(v), b(v)).
The intuitive thought behind it is, that tentative labels created by parallel edges usually differ only slightly, thus influencing the final outcome
minimally. This method is rather simple and still keeps solutions close to
the optimal, but impacts calculating time notably. Using only this heuristic improvement technique for one query the number of queue extractions
dropped by about one third (32 607k to 21056k), while the average number
of label comparisons dropped to nearly 30% of the query where no heuristics
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where applied. The solution’s quality (how much it covers the optimal path)
dropped by 0.4% almost nothing.
Relaxing Dominance and Label-Discarding Techniques as heuristic improvement possibilities are also presented in this paper, though this scope
of work does not include detailed descriptions of them. One might wonder,
how much these influnce the original algorithm and whether they influence
the algorithms termination.
The following theorem is formulated to answer this question:
Theorem 2. If the graph contains no negative edge weights, all cycles in the
graph have positive weights, and, for each label set, the (lexicographically)
smallest label is never discarded, the BSP algorithm terminates.
The proof is based on the fact that number paths not-dominated by d(v)
is finite, where d(v) is the smallest label in D(v), v’s set of labels.
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7

A Mixed-Integer Nonlinear Programming
Solution

This far, the problem has been constructed based on graph theory. In
many ways this is beneficial, since it enables us to visualize the problem and
use algorithms and methods, which are easy to apply. Mathematically it
often makes sense, to transform these conditions and constraints into equations, and look for the solutions with the help of these. This section is based
on [13], where a slightly different problem (Multi-Vehicle Routing) has been
introduced thoroughly.

7.1

Problem Definition and Variable Setting

Recalling what has been mentioned so far:
1. A Path P = (s = v0 , v1 , v2 , ..., vn = t) going from source vertex s to
target vertex t, traversing edges e = (u, v) ∈ E
2. The driving time between two neighboring vertices (vi , vi+1 ), denoted
by dt : E → R>0
3. The Energy consumption between two neighboring vertices: cons :
E → R, which is allowed to be negative as well, due to the effect of
recuperation.
4. The set of charging stations CS ⊆ V . For the optimization problem we
define a two subsets of all charging stations: {vc } is a set of charging
stations along the path P and {vr } is the set of charging stations along
the path P actually used for recharging. Note, that the following holds:
{vr } ⊆ {vc } ⊆ CS ⊆ V .
5. The recharging function cfv (i), which determines the the associated
charging time at every station vi ∈ {vr }. Note that for every vi ∈
CS \ {vr } : cfv (i) = 0. The charging time at each charging station is
denoted as: ct(vr ).
To formulate a Linear Program, some further notations have to be introduced. To make the formulation more comprehensible, certain assumtions
regarding the problem will be made.
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1. A number (1, ..., k) is assigned to every vertex vi .
2. Source and target vertex are denoted as 1 and k respectively.
3. I(i) denotes the set of vertices with edges having an i as their head,
meaning I(i) = {j ∈ V |(j, i) ∈ E}. Similarly, O(i) = {j ∈ V |(i, j) ∈
E}.
4. The driving time between two vertices, which are not connected (i, j)
is defined to be dt(i, j) = ∞
5. The driving time and energy consumption of a given edge is assumed
to be constant, prior to calculating the shortest path. In a real-world
setting this does not have to be true necessarily, since traffic conditions
can change over time, but the scope of this work does not cover this
case.
6. The decision variables are as follows: xi,j = {0, 1}, i, j ∈ V represents
the selection of the edge (i, j) (meaning xi,j = 0 if the edge is not chosen
and xij = 1 if the edge will be traversed through the journey).
7. For reasons of simplicity, another assumption is that every vertex (besides the target vertex) has charging capacity. In the presented linear
program this can be altered with some extra work, but from a calculational point of view it is less interesting.
8. The charging time (ct) can be written for every vertex i as ct(i) =
ri ∗ g, ri ≥ 0, i ∈ V , where g is a constant charging rate per time
unit (i.e. the reciprocal of a fixed charging rate), assuming that every
charging station has the same fixed rate of charging.
9. Adjusted to this setting, the function b(P, i) introduced in section 5.4.1
will be denoted as Ei , representing the residual energy at vertex i,
since the path will only be determined through the solution of the
linear program. This means that for all j ∈ O(i) we have
(
Ei + ri − cons(i, j) if xi,j = 1
Ej =
0
otherwise.
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This can also be expressed as:
X
Ej =
(Ei + ri − cons(i, j))xij ,

xij ∈ {0, 1}

i∈I(j)

The objective now, is to determine a path from 1 to k and the recharging
amounts at the vertices along the path, minimizing the total travel time (tt).

7.2

The MINLP Model for the EVCR

Taking into account all the previously defined variables and notations the
MINLP can be expressed as follows:
min

k X
k
X

xij ,ri , i,j∈V

s.t.

X

xij −

j∈O(i)

dtij xij +

i=1 j=1

X

k X
k
X

ri gxij

(1)

i=1 j=1

xij = bi

for each i ∈ V

(2)

j∈I(i)

b1 = 1, bk = −1, bi = 0
for i 6= 1, k
X
Ej =
(Ei + ri − cons(i, j))xij for j = 2, . . . , n

(3)
(4)

i∈I(j)

0 ≤ Ei ≤ M, for i = 2, . . . , n,
xij ∈ {0, 1}, ri ≥ 0

E1 given

(5)
(6)

In (1) the minimization problem is described. For every chosen edge the
driving time is summed, and for every recharging point, the time spent at
the station is summed, similar to the definition of travel time introduced
in section 5.4.1. (2) states that for every vertex i, the number of outgoing
edges minus the number of incoming edges chosen in the path have to equal
bi , which is clearified in (3) to be 0 for i 6= 1, k (b1 = 1, bk = −1). This is
also referred to as flow conservation and implies that only one path starting
from vertex i is chosen. The so-called energy dynamics are represented by
(4). This means, that when travelling from i to j the available energy at j
(Ej ) equals the energy available at i, plus the amount of charging at vertex
i, minus the consumption between the two edges (unless, this would result in
overcharging, which the function cons already takes into account). (5) provides conditions to the decision variables: clearly the output only provides
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significant information if a path is either chosen or not (thus xij ∈ {0, 1})
and the amount recharged is assumed to be positive.
Now the goal is to divide the problem into two sub-problems:
1. First the route planning is solved, determining which edges to drive on.
2. Then the charging amounts at each vertex along the route {vr } is determined.

7.3

Route Planning with Integer Linear Programming

To determine the route we replace equation (1) and eliminate ri as decision variables, with help of the following lemma.
Lemma 1. Given the equations from the initial MINLP (1)-(6),
k
k X
X

(ri xij − cons(i, j)xij ) = E1 − Ek

(7)

i=1 j=1

This means that the SoC at arrival is equal to initial SoC minus the
consumed energy plus the energy gained at recharging.
Proof. The proof is quite straightforward, looking at the sums of SoC, energy
consumption and recharging. Summing up both sides in (4) (disregarding the
initial SoC):
k
X

Ej =

j=2

Ej −

k
X

(Ei + ri − cons(i, j))xij

j=2

j=2 i∈I(j)

k
X

k X
X

Ej =

j=2
k
X

k X
X

X

j=2 i∈I(j)

Ei xij =

Ei xij +

j=2 i∈I(j)
k
X

X

k X
X

(ri − cons(i, j))xij

j=2 i∈I(j)

(ri − cons(i, j))xij

j=2 i∈I(j)

(8)
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The equation’s left side can be altered and written in a more approachable
way:
Looking at the second sum on the left side, if the double sum is expanded,
it can be written as follows:
n X
X
X
X
X
Ei xij =
Ei xi2 +
Ei xi3 + · · · +
Ei xik
j=2 i∈I(j)

i∈I(j)

i∈I(j)

i∈I(j)

Note, that i ∈ I(j) is denoting the vertices, which have an outgoing edge
ending in j. Furthermore, xij is 1 if and only if the edge is part of the path P ,
otherwise zero. This means, that in every sum, we only have one summand,
the value of Ei , where i is part of the path. Note that the only value not
represented in this sum is Ek , the value for the target vertex. Thus,
n X
X

Ei xij =

j=2 i∈I(j)

X

Ei − Ek

i∈P

Now, looking at the first sum, equation (4) states, that for every j ∈
/P :
Ej = 0. Therefore, the first sum can also be rewritten, similarly to the above
(excluding E1 ):
k
X
X
Ej =
Ei − E1
j=2

i∈P

Subtracting the second sum from the first:
k
X
j=2

Ej −

k X
X

Ei xij =

j=2 i∈I(j)

X

Ei − Ek −

i∈P

X

Ei − E1 = E1 − Ek

i∈P

Returning to (8), the left side already has the correct form, now the right
side: As seen prior, every xij = 0, where (i, j) is not a selected edge. Thus,
in (7) the sums can be changed:
k X
k
X

(ri xij −cons(i, j)xij ) =

i=1 j=1

k X
X

ri xij −cons(i, j)xij =

j=2 i∈I(j)

which is exactly the right side of (8). Therefore
E1 − Ek =

k X
k
X

(ri xij − cons(i, j)xij )

i=1 j=1
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k X
X

(ri −cons(i, j))xij

j=2 i∈I(j)

holds.
The reason this has been done is to eliminate ri , i = 2, 3, . . . , n from the
objective function. Looking at (1) and using Lemma 1:
E1 − Ek =

k X
k
X

(ri xij − cons(i, j)xij )

(g)

i=1 j=1

(E1 − Ek )g =

k X
k
X

(ri xij g − cons(i, j)xij g)

i=1 j=1
k X
k
X

ri gxij = (E1 − Ek )g +

i=1 j=1

k X
k
X

cons(i, j)xij g)

i=1 j=1

The initial SoC (E1 ) is given, this means, only Ek has to be calculated.
Considering journeys with EV’s, there are two cases: (i) either the journey
can be completed without recharging (if the battery has sufficient capacity)
or (ii) thePvehicle has to be recharged during the journey. Clearly, in the
first case k−1
i=2 ri = 0, while in the second case it is to reach the destination
with a remaining charge as low as possible. This is formally written as:
Lemma 2. If the vehicle has to be recharged along the journey (

k−1
X

ri > 0)

i=2

in the optimal routing policy, then Ek = 0.
This lemma can be proven by contradiction and some technical steps
quite easily, but it is not part of this work. It can be found in [13], where
the proof is thoroughly explained.
Cassandras et al. (2014) point out, that the problem without recharging,
can be simplified to an integer linear program, in which only xi j, i, j ∈ V
are variables and thus is much easier.
As mentioned earlier, the approach is to divide the problem into an optimal route planning problem (with a feasible recharging solution) and then
with the optimal path determining the recharging function cf . If the problem
is solved in these two steps, the recharging function can also take another
point into account e.g. different pricing at charging stations. This is formulated in the following theorem:
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P
Theorem 3. If i ri > 0 in the optimal policy, then xij in the original
problem (1) can be solved by the following linear programming problem:

min

k X
k
X

xij , i,j∈V

X
j∈O(i)

(dtij + eij g)xij

(9)

i=1 j=1

xij −

X

xij = bi

for each i ∈ V

j∈I(i)

b1 = 1, bk = −1, bi = 0
0 ≤ xij ≤ 1

for i 6= 1, k

Proof.
from
PLemma 1 and Lemma 2, the optimal solution satisfies
P P As seen P
i
j cons(i, j)xi,j − E1 , consequently, (1) can be changed
i
j xi rij =
to the form below, without affecting optimality:
min

xij , i,j∈V

k X
k
X

(dtij + eij g)xij

i=1 j=1

ri is now only contained in the energy dynamics (4), thus ri only has to be
chosen in a way to satisfy constraints (4)-(5). Changing xij ∈ {0, 1} instead
of 0 ≤ xij ≤ 1 results in an integer programming problem, which is equivalent
to the linear programming problem with an integer restriction to xij (due to
the minimal cost flow problem) [1].

7.4

Calculating the Recharging Function

After determining the optimal path P = (s = v0 , v1 , . . . , vk = t) from s to
t, it is not too difficult to find a feasible recharging function, in other words
exact values for ri , i = 1 . . . k.
Another interesting possibility arising, is to include a second objective into
the optimization problem, e.g. pricing difference at charging stations, to find
optimal solutions with respect to another parameter. Considering charging
prices pi at vertex vi ∈ V \{vk } the problem can be formulated as a multistage
optimal control problem ([13]).
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min

ri :vi ∈P

s.t.

X

ri pi

(10)

i:vi ∈P

Ei+1 = Ei + ri − cons(i, i + 1)
0 ≤ Ei ≤ M
ri ≥ 0 for all vi ∈ P

This can be solved as a linear program where Ei and ri are decision variables.
One limitation of this solution approach is the assumption of fixed charging rates g, which can vary in real-world scenarios, though in general they also
depend on the specific time when the charging occurs, since other vehicles
charging at the same station influence the charging rate anyway.
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8

Applied EV Route Planning

In this section the attempt is made to put the significance of this work
into perspective. Two questions are dealt with:
1. How are these algorithms used on a day-to-day basis? What implementations exist and what are the advantages for users?
2. How relevant will this problem be in the future, and in what ways is it
important to extend the research to satisfy the conditions in the future?

8.1

Online EV Routeplanners

In this section this work focuses on implementations of EV Route Planning algorithms, mainly on the user experience (UX). Online EV Route Planners are interfaces which assist the owner (or driver) of an EV to find an
optimal route and recharging possibilities along the journey. Two important
data sets are needed to develop software helpful for planning journeys with
EVs: road maps and maps with charging infrastructure.
Since the documentation of these Routeplanners is either incomplete, missing
or subject to trade secret regulations [6], algorithms working behind these
solutions are unknown and are thus not presented in this work.
8.1.1

Tesla - Go Anywhere

Tesla, leading EV manufacturer uses their own route planner called Go
Anywhere. Since Tesla has developed their own charging network with more
than 12.000 charging stalls around the globe and every Tesla vehicle has
a large on-board computer built in with a well developed navigation tool.
This tool is also available online. Road-map information is gathered through
Google maps, while the information about charging facilities are in-house,
since the planner only uses their own infrastructure. Using the in-car version
the interface automatically calculates the fastest route to the wished destination and also includes charging stops, according to the available range
and battery capacity. The user’s input is simply the destination, while the
system’s output provides a detailed navigation and charging stops along the
route with included charging times (updated in real-time based on available
charging capacity).
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The software is also connected to Tesla’s servers, constantly giving information about available stalls at a specific charging station, meaning that if all
stalls are used at the time, it gives the user the possibility to recalculate
the route, thus avoiding waiting times at charging stations. An example of
a route plan can be seen in Figure 2. In this example the route between
Budapest (Hungary) and Groningen (Netherlands) for a Model with a 100
kWh battery capacity was calculated, with charging stops in Bratislava (Slovakia), Humpolec (Czech Republic), Nossen, Hohenwahrsleben, Stuhr (all
in Germany) with charging times 25 min, 45 min, 35 min, 40 min, 30 min
respectively.

Figure 2: The Tesla - Go Anywhere route planning from Budapest, HU to
Groningen NL
Tesla is currently working on a battery pre-heating feature for more efficient charging. The idea is to get the battery to the optimal temperature for
charging, with the help of temperature controlling liquids, prior to arriving
at the charging station. Since the route-planner knows the cars location at
every time, when approaching a charging facility it optimizes the battery’s
condition to a point where the vehicle can start recharging with the highest
possible rate.
There are two main disadvantages to this software, first that it is only
available for Tesla’s own vehicle specifications - though for all of their models,
second it only takes into account their own charging infrastructure.
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8.1.2

A Universal Solution

A more universal solution, also tackling the two disadvantages of the
Tesla’s route planning software is presented now.
In Europe (and also some parts of the US) there is a wide network of
public (fast) charging stations, which can be found on Open Charge Map’s
hompage (Figure 3). Only the company’s own infrastructure is chosen for

Figure 3: A Map of EV Charging Stations in Hungary on openchargemap.org
recharging, thus sometimes resulting in sub-optimal recharging solutions.
The second problem, vehicle limitations (the software does not take into
account every kind of EV available on the market, thus not calculating the
best option for the given specification), can be overcome by creating models of
every available vehicle modification, specifying battery capacity, recharging
attributes and consumption figures. The website A Better Route Planner
has created a model using open-source road maps and open-source charging
maps, with the help of a large EV driver community to find very exact
solutions to this problem. The interface is especially interesting, since it gives
the user the possibility to specify different settings: starting from reference
speed and consumption, over outside temperature, to approximate service
time various specifications can be made, resulting in a precise output.
The output contains besides charging stops and times, the projected SoC
before and after arriving at the charging station and even charging cost at
various chargers.
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Figure 4: Available Settings for abetterroutplanner.com
The main disadvantage of this version is user-experience and lack of
vehicle-compatibility.

8.2

Evolving Route Planning algorithms

This work was started with statements, why route planning algorithms
are necessary for EVs and what their significance is. In recent years, technological advancements and projections for future specifications raise a question about the outcome of research regarding this topic: How relevant is this
question still and what will be the challenges regarding route planning and
charging of electric vehicles.
8.2.1

Rise in number of EV’s

Countless projections are made about the number of EVs on the road in
the coming years. Even the most conservative (but still serious) estimates
say, that the number of EVs will surge extremely fast within the following
decades. The example of Norway, where in March 2019 EVs outsold ICEVs
already further proves this point. With the surge in numbers of EVs naturally
charging infrastructure has to be expanded, but also optimized. According to
the Kairos, an Austrian independent non-profit organization, nowadays the
question of where to locate charging stations is relevant to many companies
and governments, though within a couple of years charging infrastructure has
46

to be expanded so rapidly, that the possibility to refuel an EV will be even
more dense than Gas Stations for ICEVs. The question then changes from
where is it the most important to have further stations to where is it possible
to locate charging stations, based on availability of the electric grid and realestate. The rise in EVs also results uneven electricity consumption, since
throughout a day the exploitation of charging infrastructure and charging
capacity varies periodically. An algorithm dealing with dynamic pricing has
been introduced in [6], which is likely to be introduced when peak-demand
is wished to be lowered.
8.2.2

Relevance of this Problem

Another question is the main functionality of such an algorithm: while in
early days of EV Route Planning research the emphasis was mostly on planning efficient routes with respect to consumption, since the battery capacity
was very limited and planning a route for an EV mostly depended on driving
efficient routes, the research later changed to calculate time-optimal routes.
Battery capacity grew and charging infrastructure became more widespread.
The focus shifted to planning charging stops and including them into time
calculations. Nowadays most car-manufacturers introduce all electric models, excelling with longer ranges than their competitors. There are models
available with over 600 km ranges (Tesla Model S - Long Range) and charging infrastructure charging at 250 kW, translating to a charge rate of around
1000 miles per hour. If vehicles with greater changes exist and charging becomes faster, the threshold where the driver chooses to stop, rather than the
car needing additional electricity is not far away anymore.
8.2.3

Advanced Algorithm

Because of these challenges and changes, current algorithms have to be
altered or expanded to take into account the rise of EVs and availability of
recharging infrastructure. With the help of Kairos - Institut für Wirkungsforschung und Entwicklung, an idea for a new kind of EV Route Planning
algorithm was developed, consisting of one important improvment: adding
availability of charging stations to the calculational process by introducing
the possibility of reservation. It should be noted, that even with the existence
of such an algorithm, the main work lies in adopting charging infrastructure
to these changes, making it possible to reserve a charging station.
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The model itself consists of a regular route-planning algorithm (similar
to those introduced in this work) and is extended with communication with
charging stations. This approach is closely connected to Kairos’ experience
regarding customer preferences with route planning and electric vehicle usage.
The algorithm works in an iterative way, repeating each step until the
final destination is reachable with the remaining charge. During the initialization phase, the driver enters as an input the final destination, the vehicle’s
model, range, average consumption and current location are provided by the
vehicle itself. First, the algorithm runs a pre-processing phase, in which the
shortest path is determined (similar to the first calculation in [13]) Then, in
every iteration, if the destination point is unreachable with the given capacity, the next available charging stations along the way are found (similarly
to [15]) and are calculated with additional information: available time-slots
for recharging, approximate arrival time, cost of recharging. The algorithm
filters out the most best options (based on driver preference, charging rate,
price, etc.) and presents these options to the driver. The driver then selects
the charging stop of his choice, and has the possibility to specify the maximal time spent at this location. This is especially relevant, if infrastructure
around the charging stop is not well developed, thus making it uncomfortable to stay at the stop for an extended time. After choosing the stop the
time-slot for this charging station is stored locally, and the next iteration
follows. This is continued, until the destination is within range. After the
driver has approved the entire journey, with charging stops the vehicle reserves the time-slots at the given charging stations, ensuring availability at
arrival.
This system can be compared to seat-reservation on trains: once the
traveller decides which train to take, it is possible to automatically make
a seat-reservation, avoiding unnecessary inconveniences, in this case waiting
times. It would make sense to introduce a small reservation fee, thus steering
clear of unused charging capacities for other drivers. Another important thing
would be to make it only possible for the reservation holder to recharge,
though there already are infrastructures which closely monitor, which car is
recharging currently (Tesla Supercharger).
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