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Chapter 1
Introduction
The bootstrap is a computer based method of assigning measures of accuracy to estimators, falling into the general category of resampling methods. The spiritual successor
of the jackknife, another resampling method mainly used for variance and bias estimation, the bootstrap proves much more versatile and accurate. This is achieved at the cost
of computing power, a commodity that is becoming ever cheaper with the exponential
growth of computing power.
The rst section discusses the nonparametric bootstrap, the most conceptually simple setting for the bootstrap. In the following section, the basic idea of bootstrapping is
generalized, making it applicable in more complicated situations, such as linear regression
and autoregressive models for time series. We shall then discuss the jackknife and it's
geometric connection to the bootstrap. Finally, we shall take a look at condence interval construction using the bootstrap, a topic that has sparked much theoretical discussion.
All chapters of this thesis, with the exception of chapter 5, are reconstructions of
material found in selected chapters from Bradley Efron and Robert J. Tibshirani's 1994
monograph, An Introduction to the Bootstrap [1], according to my understanding of
them, with some alternative proofs and datasets. Chapter 5 is mainly based on Efron's
1987 paper [2].
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Chapter 2
Non-parametric bootstrap
2.1 Plug-in estimates
We start with one of the most basic problems of statistical inference: a probability
distribution F and a random sample of values x = (x1 , x2 , ..., xn ) drawn from F , based on
which we wish to estimate some parameter θ = t(F ) of F . By random sample we mean
the usual:

Denition 2.1.1. x = (x1 , x2 , ..., xn ) is a random sample drawn from F , if x1 , x2 , ..., xn
are independent and identically distributed random variables with xi ∼ F .
Let's say we estimate θ with a statistic based on x, θ̂ = s(x). How accurate of an
estimate is θ̂? The bootstrap was initially introduced in 1979 by Bradley Efron [3] as
a computer based method of estimating the standard error of θ̂. By standard error we
mean the standard deviation of a summary statistic, in this case θ̂. Standard error is of
course not the only quantier of accuracy, we could try to estimate θ̂'s bias, or construct
a condence interval. Indeed, bootstrapping can be used to do all of the above, but for
now we shall only discuss standard error.
Before we dive into how the bootstrap works, it is rst necessary to become familiar
with some concepts. In the inferential problem described above, we can dene the the
following.

Denition 2.1.2. The empirical distribution F̂ is the discrete probability distribution
putting 1/n probability on all values xi , i = 1, ..., n of the observed sample.
The empirical distribution F̂ is a simple estimate of the original distribution F based
on x, without making any parametric assumptions, eg.: that xi has a normal distribution
4

with unknown mean parameter µ and variance of 1, or with more compact notation
xi ∼ N (µ, 1). A standard result of statistics, the Glivenko-Cantelli theorem tells us that
the cumulative distribution functions (CDFs) Gn (t) of the empirical distributions Fˆn based
on a sample of size n from F , converge uniformly with probability one to the CDF of F
as n → ∞. This reassures that F̂ is a good choice, in the asymptotic sense at least. For
small sample sizes, however, F̂ can sometimes be a quite misleading estimate of F , so one
must be careful when using non-parametric inference in small sample size situations.
The empiric distribution gives rise to the natural idea of estimating the parameter of
interest θ = t(F ) by applying t(·) to our estimated distribution F̂ , thus giving a so called
plug-in estimate θ̂ = t(F̂ ) of θ. This method of estimation is sometimes called the plug-in
principle. Some examples of plug-in estimates are:
• The plug in estimate of an expectation parameter θ = EF (x) is known as the sample

mean and is equal to

n

1X
θ̂ = EF̂ (x) =
xi := x.
n i=1

(2.1)

• The plug in estimate of a variance parameter θ = EF ((x − EF (x))2 ), called the

sample variance is
n

θ̂ = EF̂ ((x − EF̂ (x))2 ) =

1X
(xi − x)2 .
n i=1

(2.2)

Note that often a corrected version of the sample variance is used
n

1 X
(xi − x)2
n − 1 i=1

(2.3)

as this makes the estimate unbiased for the real variance of the distribution F .

2.2 Bootstrap estimate of standard error
Returning to our problem of estimation: the quantity we are interested in is the standard error of θ̂ = s(x) under distribution F , denoted by seF (θ̂). As we do not wish to
make any parametric assumptions of F , the plug-in principle will serve us well. Using the
plug in principle, we can estimate this quantity with seF̂ (θ̂∗ ), the ideal bootstrap estimate
of standard error. This warrants a denition.
5

Denition 2.2.1. The ideal bootstrap estimate of the standard error of θ̂ is seF̂ (θ̂∗ )
The θ̂∗ notation serves to dierentiate between θ̂ = s(x), which is based on a x sample
drawn from F , and θ̂∗ = s(x∗ ), where the x∗ bootstrap sample is drawn from the estimated
distribution F̂ . Now that we have dened the ideal estimate, the question is, how do we
calculate it? First we take a look at the mean as an estimator, for which there is an explicit
formula, then the general case.
P
The mean estimator x = n1 ni=1 xi , usually used to estimate the mean of a distribution,
has a quite simple formula for it's variance:
n

var

1X
xi
n i=1

!

Pn
=

i=1

var(xi )
var(x)
.
=
2
n
n

(2.4)
√

Therefore, the ideal bootstrap estimate of the mean's standard error σF / n, is simply
√
σF̂ / n. Having already calculated the plug in estimate of a variance parameter in (2.2),
we have
!1
√
seF̂ (x ) = σF̂ / n =
∗

n
X
(xi − x) 2
i=1

2

n2

.

(2.5)

For other, more complicated statistics such simple expressions for the ideal bootstrap
estimate may be hard gure out, or may not even exist. We can, however, approximate it
using bootstrap sampling. As the distribution F̂ , unlike F , is readily available to us, we
can draw as many bootstrap samples x∗ as we wish. Drawing samples from F̂ is exactly
the same as drawing with replacement from x. Applying s(·) to these bootstrap samples
gives us bootstrap replications of the original θ̂ statistic, and using these we can calculate
their (corrected) sample standard deviation, giving us an approximation to seF̂ (θ̂∗ ).
The algorithmic description of the non-parametric bootstrap procedure for estimating
standard error is the following.
1. Draw B independent bootstrap samples x∗1 , x∗2 , . . . , x∗B , each consisting of n values
drawn with replacement from x.
2. Calculate the bootstrap replication based on each sample
θ̂∗ (b) = s(x∗b )

b = 1, 2, . . . , B

3. Estimate the standard error seF (θ̂) by the corrected sample standard deviation of
6

the B replications.
se
ˆB =

where θ̂∗ (·) =

PB

b=1

B
2
1 X ∗
∗
θ̂ (b) − θ̂ (·)
B − 1 b=1

! 12

s(x∗b )/B

This gives us, nally, a new denition.

Denition 2.2.2. The bootstrap estimate of seF (θ̂) based on B bootstrap replications is
se
ˆB =

1
B−1

B 
X

θ̂∗ (b) − θ̂∗ (·)

2

! 21

b=1

In essence, we solved the problem of approximating seF̂ (θ̂∗ ) by applying the plugin principle again, in this instance to the sample of size B consisting of our bootstrap
replications. While the original F −→ F̂ approximation's accuracy is limited by the
size n of the original x sample, this approximation can be made arbitrarily accurate by
increasing the number B of bootstrap replications used, as shown by the Glivenko-Cantelli
theorem. The recommended number B of bootstrap samples for high accuracy is about
200, though fewer may be used when accuracy is less important, or in cases when the
calculational complexity of the function s(·) makes the cost of creating many bootstrap
replications prohibitive.
We end this section by providing an example use of the bootstrap, using an increasing
number of replications. Consider 40 normal variables with mean 5 and variance 4, the
realizations of which are pictured in Figure (2.1), with the mean statistic as an estimator
of the expected value of the population. In this case, as shown in (2.5) we can explicitly
calculate the ideal bootstrap estimate of standard error. Table 2.1 shows the bootstrap
estimate of standard error using an increasing number of replications. We can see that
the values converge, as we would expect, to the ideal bootstrap estimate of standard
error. 200 replications give a solid estimate, while 2000 replications serve as a very close
approximation.

7

Figure 2.1: Histogram of 40 normal variables with a mean of 5 and variance of 4
No. of replications B = 50 B = 100 B = 200 B = 2000
se
ˆB
0.2948 0.3132
0.3352
0.3176

√
σF̂ / n

0.3237

Table 2.1: Bootstrap estimate of standard error, using ever larger number of bootstrap
samples

2.3 Bootstrap estimate of bias
In this section we will remain in the nonparametric one sample situation as before,
but will now be discussing bias instead of standard error.

Denition 2.3.1. The bias of θ̂ = s(x) as an estimate of θ is dened to be
biasF = biasF (θ̂, θ) = EF [s(x)] − θ.

(2.6)

Large bias is an undesirable property of an estimate, so methods of estimating an
estimator's bias can prove quite useful when assessing the accuracy of said estimator.
Unbiased estimates are nonetheless not always desirable over other estimates; we would
for example prefer a slightly biased estimate with small standard error over an unbiased
estimate with large standard error.
We can use the same logic as before to dene an ideal bootstrap estimate of bias.
8

Denition 2.3.2. The ideal bootstrap estimate of biasF is biasF̂ = EF̂ [s(x∗ )] − t(F̂ )
Here we substituted in F̂ for F twice according to the plug-in principle, in t(F )
and EF [s(x)]. Now, again according to the logic of the previous section, we approximate
EF̂ [s(x∗ )] by the sample mean of B bootstrap replications.
EF̂ [s(x∗ )] ≈ θ̂∗ (·) =

B
X

θ̂∗ (b)/B =

b=1

B
X

s(x∗b )/B

b=1

Denition 2.3.3. The bootstrap estimate of bias based on B replications is
d B = θ̂∗ (·) − t(F̂ ).
bias

The accuracy of the formula above can be improved upon when the original estimate
is a plug-in estimate θ̂∗ = t(F̂ ). We will describe how this more ecient method works,
as the resampling notation required for it will play an important role in Chapter 3, but
we will not prove the improvements made. For more details on the method see Chapter
23 of Efron 1994 [1].
We need to dene the concept of resampling vectors for our new method. Let Pj∗
denote the the proportion of data values in a bootstrap sample x∗ = (x∗1 , x∗2 , . . . , x∗n ) that
equal the j -th original data value.
Pj∗ = #{x∗i = xj }/n

The resampling vector

j = 1, 2, . . . , n

P∗ = (P1∗ , P2∗ , . . . , Pn∗ )

consists of these components, the sum of which equals one. We can now represent a
bootstrap sample by it's corresponding resampling vector, though the order of the values
xj will be lost. Note that nP∗ has a multinomial distribution with n draws and equal class
probabilities.
1
n

P∗ ∼ M ult(n, P0 ).

Let us dene P0 = ( n1 , n1 , . . . , n1 ), which can be thought of as the resampling vector corresponding to a bootstrap sample identical to the original sample, except for the possible
reordering of the values. A resampling vector P∗ also implies a corresponding probability
measure F ∗ , namely the one putting probability Pj on the value xj for j = 1, 2, . . . , n,
9

which is independent of the ordering in the bootstrap sample. This gives us an alternate
way of thinking of our original plug-in estimate
θ̂ = t(F̂ ) = t(F 0 ) := T (P0 )

and of the bootstrap replications
θ̂∗ (b) = t(F ∗b ) = T (P∗b ).

Thus we can rewrite the bootstrap bias estimate as
d B = θ̂∗ (·) − T (P0 ).
bias
∗

Dening P :=

PB

b=1

P∗b /B , the better bootstrap bias estimate, denoted by biasB , is
∗

biasB = θ̂∗ (·) − T (P ).

The benet of switching T (P0 ) to T (P ) has to do with Monte Carlo sampling adjustments. In essence, the bootstrap estimates of bias and variance can be viewed as Monte
Carlo estimates, that is, estimates gained by performing Monte Carlo sampling. Therefore, sampling adjustments commonly used for Monte Carlo estimates can be used to
improve the eciency of bootstrap calculations. Sampling adjustments can also be used
to improve bootstrap sampling for the condence intervals discussed in Chapter 5. For
more details, see Chapter 23 of Efron 1994 [1].
∗
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Chapter 3
The Jackknife
3.1 The Jackknife estimate of standard error and variance
The jackknife, the predecessor of the bootstrap, is a resampling technique used for
variance and bias estimation. It was rst proposed by Maurice Quenouille in the mid
1950-s, and rened in 1956. John Tukey expanded on the method in 1956 and coined
the name, since like an actual jackknife, it's versatile tool that gives a quick solution for
most problems, though each individual problem may be more eciently solved by a more
specic approach.
In the usual one sample, non-parametric situation, given a data set x = (x1 , x2 , . . . , xn ),
the i th jackknife sample x(i) , is dened to be simply x with the i th data value removed

xi = (x1 , x2 , . . . , xi−1 , xi+1 , . . . , xn ).

(3.1)

The i th jackknife replication θ̂(i) of the statistic θ̂ = s(x) is s(·) evaluated for x(i) . The
jackknife estimate of bias is dened by
d jack = (n − 1)(θ̂(·) − θ̂)
bias

where
θ̂(·) =

n
X

θ̂(i) /n.

(3.2)

(3.3)

i=1

Note that this denition implicitly assumes that the statistic s(·) can also be applied to
11

the jackknife data set.
The jackknife estimate of bias works only for plug-in statistics θ̂ = t(F̂ ), and only
in cases when the statistic T (·) in resampling form T (P∗ ), is twice dierentiable. We
d jack is a quadratic approximation to the ideal
will show in the following section that bias
bootstrap estimate of bias biasF̂ , which explains why the formula breaks down for cases
when T (P∗ ) is not twice dierentiable. Though a less accurate approximation to biasF̂
d B or biasB , it has the advantage of being far less computationally intensive, only
than bias
requiring n recomputations of the function t(·) as opposed to the B required by bootstrap
estimates (where B must be at least 200 even for biasB ).
d jack , which
There is also a jackknife estimate of standard error, denoted here by bias
was developed by John Tukey in the late 1950's. It is only applicable when working with
a plug-in estimate and serves as a quickly computable, less accurate alternative to seB .
We will show the jackknife estimate of standard error in the following to be a linear
approximation to the ideal bootstrap estimate of standard error, meaning the formula is
reliable only when T (·) is dierentiable.

Denition 3.1.1. The jackknife estimate of standard error is dened to be
n

se
ˆ jack =

n−1X
(θ̂(i) − θ̂(·) )2
n i=1

!1/2
.

3.2 Geometric relation between the bootstrap and jackknife
In this section we are still in the one sample, non parametric situation. We assume
that the paramater θ = t(F ) is estimated by a plug in estimate θ̂ = t(F̂ ). Returning to
the resampling vector notation of Section 2.3, recall that we dened P0 = ( n1 , n1 , . . . , n1 )T .
The observed value of the statistic is then T (P0 ). The bootstrap replications of T (P0 )
can be thought of as being realizations of T (P∗ ), where P∗ has distribution
1
n

P∗ ∼ M ult(n, P0 ).

12

(3.4)

For future reference, the mean and covariance of this distribution is

P∗ ∼ P0 ,

"

I
n2

P0 P0

T

−

#!

n

(3.5)

where I is the n × n identity matrix. Because resampling vectors P∗ = (P1∗ , P2∗ , . . . , Pn∗ )
P
have the property ni=1 Pi = 1 and ∀i : 0 ≤ Pi ≤ 1, they take values on the n-dimensional
simplex, denoted by Sn .

Figure 3.1: Simplex in three dimensional space, aka. S3
The images in this section, taken from An Introduction to the Bootstrap [1] will
represent the n = 3 case, to help give a geometric image for the statements made. In this
section we will use P∗ to denote resampling vectors, while S indicates a generic point of
the simplex Sn . Figure 3.1 shows the simplex for n = 3, while Figure 3.2 shows it laid
at, with points of interest marked. We assume that the statistic T (·) can be evaluated on
any point on the simplex, meaning that t(·) can be evaluated for any distribution putting
arbitrary positive probability weights, summing up to one, on the observed values of the
original sample.
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Figure 3.2: S3 , laid at. The solid points show possible values of the resampling vector P∗ ,
while the open circles show the jackknife points
Recall that the jackknife values of the statistic are dened to be
θ̂(i) = T (P(i) )

where

P(i) =



1
1
1
1
,
, . . . , 0,
,...,
n−1 n−1
n−1
n−1

(3.6)
T
,

(3.7)

the 0 being in coordinate i. These points are shown on the three dimensional simplex in
Figure 3.2. The statistic T (S) can be thought of as a surface over Sn , as shown in Figure
3.3. Every point of the simplex is a vector of probabilities S summing up to 1, and the
value above it is t(·) applied to the corresponding probability distribution FS .
The ideal bootstrap estimate of variance can be expressed, using the resampling notation, as
var∗ T (P∗ ),

where var∗ indicates variance under the distribution (3.5). The ideal bootstrap estimate
of variance will in this chapter serve as the gold standard, and we will show how the
jackknife and other estimates of variance serve as approximations to it.

Denition 3.2.1. A linear statistic T(S) is dened to be a statistic of the form
T (S) = c0 + (S − P0 )T U

14

Figure 3.3: T (S) viewed as a surface above the simplex
where c0 is a constant and U = (U1 , U2 , . . . , Un ) is a vector satisfying

Pn

i=1

Ui = 0.

A linear statistic, as a surface, denes a hyperplane over the simplex Sn . A simple
P
example of a linear statistic is the sample mean x∗ = n1 Pi∗ xi , satisfying the denition
with c0 = x and Ui = xi − x. Now, with denitions and notations in hand, we can
present the following result, which states that the jackknife estimate of variance for T (P∗ )
is (almost) equal to the bootstrap estimate of variance for a statistic that is a linear
approximate of T (P∗ ).

3.2.1. Theorem. Let T LIN be the unique hyperplane passing through the jackknife points

P

(

P

(i) , T (

(i) ))

for i = 1, 2, . . . , n. Then

P ) = n −n 1 vd
ar

var∗ T LIN (

∗

15

jack θ̂,

(3.8)

where vd
arjack θ̂ is the jackknife estimate of variance for θ̂:
n

varjack θ̂ =

and θ̂(·) =

Pn
1

n−1X
(θ̂(i) − θ̂(·) )2
n
1

(3.9)

θ̂(i) /n.

Proof. The denition of T LIN implies a set of n linear equations
θ̂(i) = T LIN (P(i) ) = c0 + (P(i) − P0 )T U = c0 + P(i) U

The last equality holding because of

Pn
1

Ui = 0. Written explicitly:

U2
Un
+ ··· +
= c0 −
n−1
n−1
U1
Un
= c0 +
+ 0 + ··· +
= c0 −
n−1
n−1

θ̂(1) = c0 + 0 +
θ̂(2)

..
.

θ̂(n) = c0 +

U1
n−1
U2
n−1

U1
U2
Un
+
+ · · · + 0 = c0 −
n−1 n−1
n−1

By summing the n equations and dividing by n we get
c0 =

n
X
θ̂(i)

n

i=1

= θ̂(·) .

which in turn implies
Ui = (n − 1)(θ̂(·) − θ̂(i) ) i = 1, 2, . . . , n.

Finally, using (3.5) and

Pn

i=1

Ui = 0,

var∗ T LIN (P∗ ) = UT ΣP∗ U = UT
1
n−1
= 2 UT U =
n
n

16

I
n
n

P0 P0

T

−

n

!

U

n−1X
(θ̂(i) − θ̂(·) )2
n
1

!

Figure 3.4: The jackknife plane approximation to the surface T (S∗ ), resulting in the
jackknife estimate of variance.

Figure 3.5: The tangent plane approximation to the surface T (S∗ ), giving the
innitesimal jackknife estimate of variance.

The "jackknife plane" T LIN is visualized in Figure 3.4. The theorem proved above gives
us information about how good of an approximation the jackknife estimate of variance
(or standard error) is to the ideal bootstrap estimate: it all depends on how well T LIN
serves as an approximate of the surface T (S).
The previous calculations also tell us what the variance of a general linear statistic is
under (3.5) is, namely
n
1 X 2
U .
n2 1 i

(3.10)

While jackknife estimate of variance uses the hyperplane passing through the jackknife
points to approximate T (S), another natural idea would be to approximate using the
tangent plane at T (P0 ), as shown in Figure 3.5. This plane has the form
T T AN (S) = T (P0 ) + (S − P0 )T U

17

(3.11)

where U is dened to be
T ((1 − )P0 + (ei − P0 )) − T (P0 )
,
→0


Ui = lim

i = 1, 2, . . . , n

(3.12)

and ei = (0, 0, · · · , 0, 1, 0, · · · , 0)T is the ith coordinate vector. This tangent approximating plane leads to the innitesimal jackknife estimate of variance
n
1 X 2
var θ̂ = 2
U .
n 1 i

(3.13)

IJ

The Ui , known as empirical inuence values, can be thought of as the rate of change in
the value of T (P0 ) when shifting an innitesimal amount of probability onto the ith data
value. The empirical inuence values will make an appearance again in section 5.5.
The relationship between jackknife and bootstrap estimate of bias can also be expressed using this geometric framework. The approximating statistic will not be linear in
this case, as the bootstrap estimates of bias for any linear statistic is
E∗ [T (P∗ )] − T (P0 ) = c0 + (E∗ [P∗ ] − P 0 )U − c0 = 0.

(3.14)

We shall therefore consider so called quadratic statistics.

Denition 3.2.2. A quadratic statistic is dened to a statistic of the form
1
T QU AD (S) = c0 + (S − P0 )T U + (S − P0 )T V(S − P0 ),
(3.15)
2
P
P
P
where n1 Ui = 0 and V is an n×n symmetric matrix satisfying ∀i, j i Vij = j Vij = 0

3.2.2. Theorem. Let T QU AD (S) be a quadratic statistic passing through the center point

P , T (P ) and the jackknife points (P , T (P

(

0

0

i

(i) ))

for i = 1, 2, . . . , n. Then

d
P ) − θ̂) = n −n 1 bias

E∗ (T QU AD (

∗

jack (θ̂).

(3.16)

d jack is the jackknife estimate of bias for θ̂:
Here bias
d jack = (n − 1)(θ̂(·) − θ̂)
bias

(3.17)

That is, the jacknife estimate of bias for estimate θ̂ = t(F̂ ) is n/(n−1) times the bootstrap
estimate of bias for the quadratic approximation T QU AD .

18

Proof. Because of the points T QU AD must pass through, we have the equations:
c0 = T QU AD (P0 ) = T (P0 )
1
θ̂(i) = c0 + (P(i) − P0 )T U + (P(i) − P0 )T V(P(i) − P0 )
2

(3.18)

for i = 1, 2, . . . , n. Using the previous equation, we can express the jackknife estimate of
bias as:
(n − 1)(θ̂(·) − θ̂) = (n − 1)
(n − 1)
=
n

n
X

θ̂(i) − θ̂
n

1
n
X

!

(P(i) − P

n

(n − 1) X
) U+
(P(i) − P0 )T V(P(i) − P0 ).
2n
1

0 T

1

(3.19)
Considering that

Pn
1

Ui = 0 and

n

P

i

Vij =

Vij = 0, the expression simplies to

P

j

n

n

n

n

(n − 1) X T
(n − 1) X T
(n − 1) X X X
P(i) U +
P(i) VP(i) =
Vjk P(i)j P(i)k
n
2n i=1
2n i=1 j=1 k=1
i=1
n

n

n

X
1 XX
1
=
−Vji P(i)j =
Vii
2n i=1 j=1
2n(n − 1) i=1

(3.20)

Now to expand on the left side of equation (3.16), we must rst prove a statement.

3.2.3. Statement. For a symmetric matrix
and covariance matrix Σ

A, and a random vector X with mean µ

E(XT AX) = µT Aµ + tr(ΣA)

(3.21)

Proof.
E(XT AX) =

n X
n
X

Aij E(Xi Xj ) =

i=1 j=1
n X
n
X

=

n X
n
X

Aij E(Xi )E(Xj ) +

i=1 j=1

Aij E(Xi )E(Xj ) +

i=1 j=1

n X
n
X
i=1 j=1
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n X
n
X

Aij Σij

i=1 j=1

Σij Aji = µT Aµ + tr(ΣA)

(3.22)

Using the previous statement, we can expand the left side of equation (3.16)
1
E∗ (T QU AD (P∗ )) − T QU AD (P0 ) = c0 + E∗ (P∗T VP∗ ) − c0
2 !
!
n
0 0T
I PP
1 X
1
V = 2
= tr
−
Vii
2
n2
n
2n i=1

(3.23)

Finally, comparing equation (3.20) and (3.23) yields
E∗ (T QU AD (P∗ )) − T QU AD (P0 ) =

n−1
(n − 1)(θ̂(·) − θ̂).
n

(3.24)

Similarly as previously, another natural choice for an approximating quadratic statistic
is a two term Taylor series around P0 , which will have the form 3.15. Note that the
derivatives in the Taylor series expansion is of the empirical inuence value variety. The
P
bootstrap estimate of bias for this quadradtic statistic is also of the form ni=1 Vii /2n2 ,
and is called the innitesimal jackknife estimate of bias for T .
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Chapter 4
Bootstrap for general data structures
4.1 The general bootstrap scheme

Figure 4.1: Nonparametric bootstrapping scheme
So far we have restricted ourselves to the one sample, non parametric setup for bootstrapping. The basic idea behind bootstrapping can, however, be extended to the general
case where inference has to be made based on a sample. To show how this can be done,
we will review the logic behind the nonparametric bootstrap scheme. Figure (4.1), taken
from Efron, Tibshirani [1] summarizes the idea concisely. Given a statistic s(x) of a sample
from unknown distribution F , we estimated it's sampling distribution by constructing an
estimate of F based on the sample, namely the empirical distribution, denoted here by F̂ .
We then take as many samples as we deem appropriate from this estimated distribution,
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and calculate the corresponding bootstrap replications, the distribution of which give us
and estimate of the sampling distribution of s(x).
In the general case, shown in Figure (4.2) from Efron, Tibshirani [1], the process is
conceptually very similar. The dierence is in generality: the data x, given by a probability mechanism P →, could be something more complicated than a single sample vector;
it could be a set of multiple samples, or any data structure in general. The mapping ⇒ is
conceptually the key step: deciding how we construct the estimated probability mechanism
P̂ from x. There is no general rule, as in the specic nonparametric case; the statistician
must make a decision based on the characteristics of the data. The sampling from P̂ is
then done according to the same mechanism → that yielded our original sample, and the
bootstrap replications θ̂ = s(x) are calculated based on these bootstrap samples. The
sampling of bootstrap samples and the calculation of bootstrap replications are conceptually simple, but computationally they can be quite cumbersome, especially if the sampling
process → is complicated or the calculation of s(·) is costly.

Figure 4.2: Bootstrapping scheme for general data structures
As an example, the bootstrap scheme implemented for one sample problems when we
are willing and have reason to make parametric assumptions of the unknown distribution,
is the so-called parametric bootstrap. Here we assume that the sample is from a parametric
family of densities x ∼ fθ (x). We have an estimate θ̂ of θ, and draw bootstrap samples
from the distribution fθ̂ .
In the remainder of this chapter we will demonstrate a few distinct ways of applying
the bootstrap scheme to time series data.
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Figure 4.3: Australian monthly beer production in megalitres, including ale and stout and
excluding beverages with alcohol percentage less than 1.15, January 1993 through December
1994 (Australian Bureau of Statistics)

4.2 Bootstrap scheme for rst order autoregression
Figure (4.3) shows Australian monthly beer production in megalitres, including ale
and stout and excluding beverages with alcohol percentage less than 1.15, from January
1993 to December 1994, courtesy of the Australian Bureau of Statistics. This dataset is
an example of time series data : a data set indexed in temporal order. As is the case with
many real world time series data, we assume the values obtained are not simply a random
sample from some distribution; we assume the contiguous values are related to each other
in some manner, that is that the time series data is short term dependent.
There are many statistical approaches used to analyze this type of data; we shall begin
here with a simple model, a rst order autoregressive scheme. Let t index the observation
times, t ∈ {1, 2, 3, . . . , 24}, and yt denote the measured quantity at time t. We assume
that the time series is stationary, that is µ, the expectation of yt is the same for all times t;
this is a reasonable assumption upon viewing the data. Dene the centered measurements
as
zt = yt − µ.
(4.1)
These centered measurements all have expectation 0. In the rst order autoregressive
scheme we also assume that zt is a linear combination of the previous value zt−1 and an
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independent disturbance term t ,
zt = βzt−1 + t

for t = 2, 3, . . . , 24

(4.2)

where β is an unknown parameter, a real number between -1 and 1. The disturbances t
are assumed to be a sample from an unknown distribution F with expectation equaling
0. Now, if we believe that this model applies to our beer production data, the question is
how do we estimate the unknown parameter β based on our data? A simple approach is
based the method of least squares. Let us rst estimate µ by the sample average y . We
can now calculate the approximately centered measurements
ẑt = yt − y.

(4.3)

Suppose that b is a guess at the true value of β . The residual square error for this guess
is dened to be
RSE(b) =
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X

(zt − bzt−1 )2 .

(4.4)

t=2

The estimate given by the method of least squares is the b which minimizes RSE(b)
β̂ = arg min RSE(b).
b

(4.5)

The beer dataset gives us least squares estimate
β̂ = 0.623.

(4.6)

We can now implement the general bootstrap scheme to get an idea of how accurate
the estimate β̂ is. The probability mechanism P has three elements, β , µ and F , for
short P = (β, µ, F ). The data x consists of the pairs (t, yt ), and the mechanism P →
that yielded it is described by equations (4.1), (4.2). β̂ is the statistic of interest, the
construction of which is given by (4.5).
Now comes the more dicult part: how do execute x ⇒ P̂ , that is, how do we estimate
the probability mechanism P = (β, µ, F ) based on the observed data. The least squares
technique already gave us an estimate of β , and we estimated µ with y while calculating
it. We need now only to estimate F in some manner. The problem is that we do not
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directly have access to the disturbance terms
F → (1 , 2 , . . . , 24 ).

(4.7)

We could, if we knew the value of β , calculate these epsilons using t = zt − βzt−1 . Not
knowing the value of β , we can instead use our estimate β̂ to calculate the approximate
disturbances
ˆt = zt − β̂zt−1 for t = 2, 3, . . . , 24.
(4.8)

Figure 4.4: Histogram of approximate disturbances
Figure (4.4) shows a histogram representing the approximate disturbances. We can now
estimate F simply with F̂ , the empirical distribution of the approximate disturbances.
Having constructed P̂ = (β̂, µ̂, F̂ ), now carry out a bootstrap accuracy analysis of β̂ .
A bootstrap sample x∗ from P̂ is a time series dataset created recursively. We start, for
all bootstrap samples, with the initial xed value ẑ1∗ = y1 − y . The further data points are
generated as follows:
∗
+ ∗i f or i = 2, . . . , 24,
(4.9)
zi∗ = β̂zi−1
where ∗i is drawn from F̂ . With bootstrap sample in hand, we can create a bootstrap
replication β̂ ∗ for the original least squares esimate β̂ by calculating the least squares
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estimate of β for the bootstrap sample. We created 200 bootstrap replications of β , their
distribution is pictured in Figure (4.5). These replications gave us bootstrap estimate of
standard error se
ˆ 200 = 0.172.

Figure 4.5: Histogram of boostrap replications of β̂

4.3 Bootstrap scheme for second order autoregression
A more rened model than the rst order autoregressive scheme is the second order
autoregressive scheme, where the dependence of zt on previous values is extended to also
include zt−2 . More explicitly, the second order model assumes that
zt = β1 zt−1 + β2 zt−2 + t

f or

t = 3, 4, . . . , 24,

(4.10)

where the t -s are independent disturbances as before. Let β denote the two dimensional parameter vector β = (β1 , β2 )T . We will use the least squares approach to estimate the parameters, as in the rst order case. Let z denote the vector (z3 , z4 , . . . , z24 )T ,
and Z be a matrix with two columns, the rst being (z2 , z3 , . . . , z23 ), and the second
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Figure 4.6: β̂1∗

Figure 4.7: β̂2∗

(z1 , z2 , . . . , z22 ). The second order model can then be expressed compactly as

z = Zβ + ,

(4.11)

where  = (3 , 4 , . . . , 24 ) is the vector of independent disturbances. Per denition β̂ is
a least squares estimate of β if and only if kz − Zbk is minimized by b = β̂. This is
achieved i. Zβ̂ is an orthogonal projection of z onto Im(Z). This, and some basic linear
algebra gives us the following series of equivalences:

Zβ̂ is an orthogonal projection of z onto Im(Z) ⇔
z − Zβ̂ ⊥ Im(Z) ⇔ z − Zβ̂ ∈ Ker(ZT ) ⇔ ZT z − ZT Zβ̂ = 0 ⇔ ZT Zβ̂ = ZT z.

β̂ is a least squares estimate ⇔

This implies that if ZT Z is invertable, we can express β̂ uniquely: β̂ = (ZT Z)−1 ZT z. When
not invertable, one can obtain a solution by using the Moore-Penrose pseudoinverse of
ZT Z. In the case of our dataset, ZT Z happens to be invertable, and unique least squares
estimate is β̂ = (0.714, −0.206). We implemented the bootstrap scheme similarly as before
by generating bootstrap samples recursively, to estimate the standard error of β̂ , using
200 replications. The histograms of the rst and second coordinates of these replications
are pictured in Figures (4.6), (4.7).
The replications gave us bootstrap estimates of standard error se
ˆ 200 (β̂1∗ ) = 0.219 and
se
ˆ 200 (β̂2∗ ) = 0.192. Notice that according to this estimate of standard error β̂2 is almost
within one standard error of 0; therefore we cannot condently state that the extra parameter of the second order model captures any further information in the beer sales dataset
as compared to the rst order model.
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4.4 Moving blocks bootstrap
A dierent, interesting yet simple method of bootstrapping time series is the moving
blocks bootstrap. Note that the assumptions we made previously, that the time series is
stationary and short term dependent is crucial to this approach as well. Instead of tting
a model to the data and then resampling the residuals, this method uses an approach
more similar to the one-sample bootstrap. The method is illustrated in Figure (4.8) from
Efron, Tibshirani [1]. We create a set of all blocks of contiguous datapoints with length

Figure 4.8: Diagram representing the moving blocks bootstrap. The black circles are the
original time sereis data points. The bootstrap sample (white circles) is constructed by
selecting a block size (here 3) and sampling with replacement from all contiguous blocks
of this size.
k from the original time series data, then sample with replacement from this set l times,

where n ≈ k · l. We then construct bootstrap replications by pasting these l blocks next
to each other. This method renes the crude approach of sampling from the data points
with replacement by preserving the relationship between contiguous datapoints in the k
sized blocks from the dataset. The trick is to select k to be big enough so that data points
more than k far in the original sample can be considered almost independent. There is
no standard methodology of selecting the block size, but many compelling ideas can be
found in the literature. An advantage of the moving blocks bootstrap is that it is mostly
model independent; as long as we have reason to believe that the time series is stationary,
and short term dependent, the method can be used validly.
We executed the moving blocks bootstrap on the beer production dataset, with a block
length of 4 and 200 replications. We chose the statistic of interest to be the least squares
estimate of the parameter in the rst order autoregressive scheme. This produced the
histogram shown in Figure (4.9), and a bootstrap estimate of standard error se
ˆ 200 (β̂ ∗ ) =
0.182. Interestingly, the moving blocks bootstrap construction shifted the replications to
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have mean 0.391, as opposed to the autoregression based resampling methods, which
produced replication distributions with a mean close to the value of the statistic being
replicated. This is not surprising, as in autoregressive bootstrapping we used the statistic,
β̂ or β̂ as the parameter for the construction of the bootstrap samples; in the moving
blocks bootstrap no such considerations were made.

Figure 4.9: Histogram of bootstrap replications of β̂ ∗ , using moving blocks bootstrap
In conclusion, which of these model choices seem the most appropriate? This is hard to
answer denitively without conducting further analysis, or using a larger sample. A rough
picture can be formed by viewing the line plots of the bootstrap samples. Figure (4.10)
shows three-three samples corresponding to each method mentioned in this chapter, as
well as the original dataset, and bootstrap samples obtained by non-paramatricly sampling
single values with replacement from the beer dataset. As we can see, all of the reviewed
methods produce datasets of similar shape to the beer dataset, compared to the simple
nonparametric method. Nonparametric bootstrap sampling produces datasets with much
higher volitility and no discernable relationship between contiguous datapoints, as we
would expect.
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(a)

(b)

Bootstrap samples obtained using rst order autoregressive construction

Bootstrap samples obtained using second order autoregressive construction

(c)

(d)

Bootstrap samples obtained using moving blocks construction

Bootstrap samples obtained by sampling with replacement from data values

(e)

Original times series data, in the same scale

Figure 4.10: Comparison of bootstrap samples obtained via the methods reviewed in this
chapter. The line plots of these samples are seperated into groups of three. For reference,
there is also a group of samples obtained using simple sampling with replacement (d) as
well as the original beer production dataset (e).
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Chapter 5
Bootstrap condence intervals
5.1 Standard condence interval
Condence intervals are a useful concept within the context of parameter estimation.
While an estimate gives only a single value to estimate the parameter, a condence interval
gives more information about the possible values of the parameter. An α level or α ·
100% condence interval is an interval constructed based on a sample in such a way that
the parameter lies inside it with probability α. To clarify, when a condence interval is
constructed using the realized values of our sample, chance has no more part to play;
the parameter is either inside the condence interval or not. Probability comes into play
earlier, when we draw the sample from the underlying distribution.
Exact condence intervals, where the probability is exactly α, can be constructed in
quite a few specic problems, but often one must make do with approximate condence
intervals. In this case, even while operating under the assumed probability model of the
sample, the probability of the parameter of the parameter lying in the approximate condence intervals is approximately, but not exactly α.
Before getting into condence intervals constructed using bootstrapping techniques,
we will rst give a brief review of the 90% standard condence interval
θ̂ ± 1.656 · se.
ˆ

(5.1)

Suppose that we are in the one-sample situation F → x, attempting to estimate a parameter θ of distribution F using the estimator θ̂. Let se
ˆ be an estimate of θ̂'s standard
error, possibly obtain using bootstrapping. The standard interval operates on the as31

sumption that as n → ∞ the distribution of θ̂ converges to N (θ, se)
ˆ , denoted shortly by
θ̂ ∼
˙ N (θ, se
ˆ 2 ). This can be stated equivalently as
θ̂ − θ
∼N
˙ (0, 1).
se
ˆ

(5.2)

This assumtion is a strong one, though many common estimators do in fact have a normal
limiting distribution similar to N (θ, se)
ˆ owing to the central limit theorem and the asymptotic distribution of maximum likelihood estimators. Let z α indicate the α-th quantile of
the N (0, 1) distribution. If we take (5.2) to hold exactly, then
P(z α ≤

θ̂ − θ
≤ z (1−α) ) = 1 − 2α.
se
ˆ

(5.3)

This can be reorganized as
P(θ ∈ [θ̂ − z (1−α) · se,
ˆ θ̂ − z α · se])
ˆ = 1 − 2α.

(5.4)

z α = −z (1−α) as the standard normal distribution is symmetric around 0; therefore, if we

take (5.2) to hold exactly, the condence interval
θ̂ ± z α · se
ˆ

(5.5)

has coverage probability 1 − 2α. Using the above formula with α = 0.5 yields the 90%
standard interval, as z α = 1.645. Note that a more accurate name would be an approximate standard condence interval, as the interval is exact only if we take the asymptotic
assumtion (5.2) to hold exactly for small sample sizes as well.

5.2 Bootstrap percentile interval
The the standard interval was constructed based on the percentiles of the normal
distribution. This idea can be used in tandem with bootstrap resampling to produce the
so called bootstrap percentile interval. Instead of the normal distribution, the percentile
interval is constructed using the distribution of bootstrap replications. Let θ̂∗(α) denote
the α quantile of θ̂∗ 's distribution. The 1 − 2α level ideal percentile interval is then dened
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to be
[θ̂∗(α) , θ̂∗(1−α) ].

(5.6)

We can approximate this ideal percentile interval by rst drawing B bootstrap samples
x∗1 , x∗2 , . . . , x∗B , and generating B bootstrap replications θ̂∗ (b) = s(x∗b ). We then approximate θ̂∗(α) using the B · α-th value in the ordered list of these replications, which we
will mark as θ̂B∗(α) . When B · α is not an integer, we round it to an integer using some
convention. The approximate 1 − 2α percentile interval is
∗(α)

∗(1−α)

[θ̂B , θ̂B

].

(5.7)

As a rule of thumb, the recommended number of bootstrap replications for the construction of condence intervals is aboout 2000. It is natural that bootstrap condence intervals
require more samples than standard error estimates, as condence intervals requires an
accurate estimation of the tails of a distributions, which cannot be achieved using as few
samples as 200.
For most common estimators, thanks to the central limit theorem and properties of
ML estimates, as n → ∞ the bootstrap histogram will become normal shaped, often quite
similar to the PDF of N (θ, se)
ˆ . For smaller sample sizes, however, the histogram may look
non-normal, and therefore the standard and percentile interval will dier. In these cases
the percentile interval can have an advantage, which we will become clear shortly.
In some statistical problems, one can nd a perfectly normalizing and variance stabilizing transformation, that is a monotone increasing mapping m(·), for which φ̂ = m(θ̂)
has distribution
φ̂ ∼ N (φ, c2 ),
(5.8)
where φ = m(θ), and c is some non-zero constant. Some examples of this are m(·) = log(·)
for a log-normal distribution, or the Fischer-transformation for the sample correlation
coecient of two random variables. When there is in fact such a transformation, the
percentile interval has the following good property.

5.2.1. Statement. Suppose the transformation φ̂ = m(θ̂) perfectly normalizes the distribution of θ̂:
φ̂ ∼ N (φ, c2 ).

(5.9)

The ideal percentile percentile interval based on θ̂ is [m−1 (φ̂ − z (1−α) c), m−1 (φ̂ − z (α) c)]
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Proof. The proof is quite straightforward; because the mapping m(·) is monotone increasing, it preserves the standard ordering on R, which means the percentiles simply map to
each other through m(·).

This result implies that when there exists some normalizing transformation, the bootstrap percentile interval will produce an accurate interval by, in the background, calculating the percentiles of the normalized distribution, and transforming it back to our original
scale. This shows the advantage of the percentile interval over the standard interval. The
standard interval only gives correct results when the distribution of θ̂ is normal, while the
percentile interval will produce correct results for any distribution where a perfectly normalizing transformation exists, without requiring us to actually know the transformation.

5.3 Bias corrected and accelerated bootstrap condence
interval
We saw in the previous section that percentile interval can be viewed as an improvement over of the standard interval, in the sense that in order to be correct, the standard
interval requires the distribution of θ̂ to be N (θ, se
ˆ 2 ) , while the percentile interval more
laxly also allows for the distribution of ψ̂ = m(θ̂) to be N (θ, c2 ) with constant c through
the transformation m(·). The bias corrected and accelerated (abbreviated as BCa ) bootstrap condence interval is in an improvement of the percentile interval.
The BCa interval improves upon the percentile interval in two respects. Firstly, it
allows the transformation m(·) to give ψ̂ = m(θ̂) a normal distribution which is biased
for ψ . The predecessor of the BCa interval, the simpler bias corrected (BC ) interval, gave
only this allowance. More explicitly the BC interval assumes that
(ψ̂ − ψ)/c ∼ N (−z0 , 1)

(5.10)

where c is a non-zero variance constant, and z0 is a bias constant.
The BCa condence interval pushes even further; it allows for the variance of the
normalized distribution to change as a linear function of ψ . The assumption of the BCa
interval is that
(ψ̂ − ψ)/c ∼ N (−z0 σψ , σψ2 ),
σψ = 1 + aψ,
(5.11)
where c is some non-zero constant, z0 is a bias constant, and a is an acceleration constant.
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The shed some light on why the acceleration constant is so called, note that for any
xed parameter value of ψ0
σφ = σφ0 + a(φ − φ0 ).
(5.12)
The value of a gives the rate at which the standard deviation changes while the parameter
φ shifts from any xed value.
These improvements made by the BCa over the standard and percentile interval result in better asymptotic coverage properties, which are stated and proven for the oneparameter and multiparameter case in Efron (1987) and Efron (1996), respectively. The
BCa interval approach is not the only way to improve the coverage properties of the percentile interval. A commonly used and conceptually simpler, but more computationally
intensive approach is condence point calibration. For a description of this method see
Chapter 18 of Efron, Tibshirani [1].
Returning to the BCa : now that we have introduced these extra factors to the normalized distribution, the question is, how do we construct a condence interval? We will
rst discuss the simple one parameter situation for calculating the BCa interval, and the
more general multiparameter situation later.
Beginning with the one parameter situation, let's assume that our sample x is from
a probability distribution fθ parameterized by a one dimensional real parameter θ. The
statistic θ̂ estimates θ. We use parametric bootstrap resampling to produce bootstrap
replications, as discussed in Chapter 3, that is
(5.13)

θ̂∗ ∼ fθ̂ .

We will denote the cumulative distribution function of the parametric bootstrap distribution as Ĝ(s)
Z
s

Ĝ(s) =
−∞

fθ̂ dλ = Pθ̂ (θ̂∗ < s).

(5.14)

Now let's assume that there is a monotone increasing transformation m and constants z0
and a so that
ψ̂ = m(θ̂), ψ = m(θ)
(5.15)
satisfy
ψ̂ = ψ + σψ (Z − z0 ),

Z ∼ N (0, 1)

(5.16)

where σψ = 1+aψ . This is simply a reformulation of (5.11), with the exception that c = 1.
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We can assume that c = 1 without any loss of generality, as if we have σθ = c(1 + Aψ),
so that σ0 = c (c 6= 1), then the transformation ψ̂ 0 := ψ̂/c gives ψ̂ 0 = ψ 0 + σψ0 0 (Z − z0 ),
where σψ0 0 = 1 + aψ 0 and a = Ac. We also assume that ψ > −1/a if a > 0 so that σψ > 0,
and likewise ψ < −1/a if a < 0; this assumption is not very limiting for most real use
cases, for more details see section 4 of Efron 1987 [2]. Now, under these assumptions, we
can state a result.

5.3.1. Lemma. Under the preceding assumptions, an exact condence interval of level
1 − 2α for θ is
θ ∈ [Ĝ−1 (Φ(z[α])), Ĝ−1 (Φ(z[1 − α]))],

(5.17)

where Φ is the cumulative distribution function of the standard normal distribution, and
z[α] = z0 +

(z0 + z (α) )
.
1 − a(z0 + z (α) )

(5.18)

Proof. Since
ψ̂ = ψ + (1 + aψ)(Z − z0 )

(5.19)

1 + aψ̂ = 1 + a[ψ + (1 + aψ)(Z − z0 )] = (1 + aψ)(1 + a(Z − z0 ))

(5.20)

we have

Taking the logarithm of this equation gives us the nice form
ξˆ = ξ + W

(5.21)

where ξˆ = log(1 + aψ̂), ξ = log(1 + aψ), and W = log(1 + a(Z − z0 )). Note that here
we disregarded the fact that the arguments of the logarithms may have been negative.
The lemma still holds for this case; section 4 and 8 of Efron 1982 [4] gives a more careful
discussion where negativity is also considered.
The form of (5.21) gives a simple way of constructing a 1 − 2α an interval for ξ :
ξ ∈ [ξˆ − w(1−α) , ξˆ − w(α) ]

(5.22)

where w(α) is the 100 · α percentile point of W . It is convenient to introduce a new
notation here. Let θ[α] indicate the endpoint of an α level one sided condence interval
for parameter θ that is unbounded on the left side. (5.22) then says that ξ[α] = ξˆ− w(1−α) ,
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and ξ[1 − α] = ξˆ − w(α) . Resuming the proof, we can transform the interval back using
the transformation t(x) = (ex − 1)/a. This transformation gives us ψ̂ = (eξ̂ − 1)/a,
ψ = (eξ − 1)/a, and Z − z0 = (eW − 1)/a.
(1−α)

φ[α] =

(1−α)

(eξ[α] − 1)
(eξ̂ /ew
− 1)
eξ̂ − ew
=
=
a
a
ew(1−α) a
1 + aφ̂ − (1 + a(z (1−α) − z0 ))
φ̂ + (z (α) + z0 )
=
=
a(1 + a(z (1−α) − z0 ))
1 − a(z (α) + z0 )
= φ̂ +

φ̂ + z (α) + z0 − φ̂(1 − a(z (α) + z0 ))
z0 + z (α)
=
φ̂
+
σ
, (5.23)
φ̂
1 − a(z (α) + z0 )
1 − a(z0 + z (α) )

which, in summary, leaves us with
z0 + z (α)
φ[α] = φ̂ + σφ̂
.
1 − a(z0 + z (α) )

(5.24)

The CDF of φ̂ according to (5.16) is

H(s) = Φ


s−φ
+ z0 ,
σφ

(5.25)

which implies that the CDF of bootstrap replication ψ̂ ∗ is
Ĥ(s) = Φ

!
s − φ̂
+ z0 .
σφ̂

(5.26)

The inverse of Ĥ(s) is therefore Ĥ −1 (α) = φ̂ + σψ̂ (Φ−1 (α) − z0 ). Now, if we take a look at
our previous result (5.24) and the denition of z[α] (5.18), we can see that Ĥ −1 (Φ(z[α])) =
φ[α]. This is similar to the form of the lemma we want to prove, all we have to do now is
transform back to the scale of θ.
Thankfully, the BCa interval transforms in the natural way, that is given the monotone
increasing transformation m, φ̂ = m(θ̂), φ = m(θ), then φ[α] = m(θ[α]). This follow from
the fact that Ĥ(m(s)) = Ĝ(s), or equivalently Ĥ −1 (s) = m(Ĝ−1 (s)):
Ĥ(m(s)) = P(φ̂ < m(s)) = P(m(θ̂) < m(s)) = P(θ̂ < s) = Ĝ(s).

(5.27)

Thus, we have nally proven the lemma; the transformations θ̂ → φ̂ → ξˆ give a translation
form where we can easily construct the interval, and transforming back this interval gives
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us the BCa interval points stated in the lemmma.
The condence interval points in Lemma 5.3.1 are dened to be the ideal 1 − 2α level
BCa condence interval points.
How do we approximate these ideal points? The bootstrap distribution's cumulative
distribution function can be easily approximated by the empirical CDF of B bootstrap
replications; the two constants prove more dicult, as we do not know the normalizing
transformation they are associated with. It turns out, however, that they too can be
approximated well using the bootstrap replication distribution. The approximation of z0
is rather straightforward:
z0 =
˙ Φ−1 (Ĝ(θ̂)).
(5.28)
To prove (5.28) note that because of (5.15), (5.16) and our assumption directly after it
that σθ > 0, the following equalities hold for every value of θ
Pθ (θ̂ < θ) = Pφ (φ̂ < φ) = P(Z < z0 ) = Φ(z0 ).

(5.29)

Substituting θ = θ̂ into this equation gives us Ĝ(θ̂) = Pθ̂ (θ̂∗ ) = Φ(z0 ), which is equivalent
to (5.28).
Approximating the acceleration constant a is more complicated, so will omit a detailed
discussion here. Efron 1987 [2] connects the role of a to transformation theory discussed
in Efron 1982 [4] and shows that a good approximation of a is
a=
˙

1
SKEW θ=θ̂ (l˙θ ).
6

(5.30)

Here SKEW θ=θ̂ (X) denotes the skewness random variable X, µ3 (X)/µ2 (X)3/2 at parameter point θ = θ̂, and l˙θ is the score function of the family of densities fθ ,
δ
l˙θ = logfθ .
δθ

(5.31)

We now have methods of approximating a and z0 without knowing transformation m,
based on the bootstrap distribution Ĝ; therefore we can now compute approximate bootstrap BCa intervals using Lemma 5.3.1 with the approximate values of a and z0 , and
approximating the distribution Ĝ using the empirical CDF of B bootstrap replications
(the recommended number of replications B typically being around 2000).
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5.4 Parametric BCa for multiparameter families
So far we have discussed only the simple case, when our data x is from a one parameter
family. We will now discuss the case of multiparameter families, which will somewhat
strangely lead us to be able to apply the BCa interval to non-parametric situations as
well.
Let's assume that our sample x comes from a parametric family F of density functions
fη , where η is a vector of parameters, based on which we are trying to construct a
condence interval for the real valued parameter θ = t(η). In this section we also assume
that θ̂ is a maximum likelihood estimator (MLE); from x we calculate η̂ , the MLE of η ,
and θ̂ = t(η̂), the MLE of θ. Parametric bootstrap sampling is done by
fη̂ → x∗ .

(5.32)

We calculate the MLE of η based on bootstrap sample x∗ , which gives us a bootstrap
replication η̂ ∗ , which in turn gives us the bootstrap replication of θ, θ̂∗ = t(η̂ ∗ ). The distribution of θ̂∗ is the parametric bootstrap distribution of θ̂, which gives us the bootstrap
CDF
Ĝ(s) = Pη̂ (θ̂∗ < s).
(5.33)
The bias-correction constant z0 is equal to Φ−1 (Ĝ(θ̂)) as previously, and can be approximated in the same way. The accelerating constant a is more complicated, as our previous
approximation for one parameter families a =˙ 61 SKEW θ=θ̂ (l˙θ ) cannot be used outright
in the multiparameter case. We can, however, still make use of this approximation, by
replacing the multiparameter family F with a special one parameter family F̂ contained
within F : the least favorable one parameter family.
Let l̇η denote the vector with ith coordinate δ/δηi log fη (x), then by denition
of the MLE l̇η̂ (x) = 0, and let Ïη̂ (x) be the k × k matrix with ij th coordinate of
ˆ be the gradient vector of θ = t(η) evaluated
δ 2 /(δηi δηj ) log fη (x)|η=η̂ . Furthermore, let ∆
ˆ i = (δ/δηi )t(η)|η=η̂ . The least favorable direction at η = η̂ is dened to be
at η̂ , that is ∆
ˆ
µ̂ := (−Ïη̂ )−1 ∆.

(5.34)

The least favorable family F̂ is the one-parameter subfamily of F passing through η̂ in
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the direction µ̂,
(5.35)

F̂ = {fλ := fη̂+λη̂ },

We will give some intuition about the meaning behind the name of the least favorable
family. Let's say that we want to estimate θ(λ) := t(η̂ +λµ̂) based on observation fλ → y.
The following statement is then true.

5.4.1. Statement. The Fischer information bound for an unbiased estimate of λ in the

ˆ (−Ïη̂ )−1 ∆
ˆ , which is the
one parameter least favorable family, evaluated at λ = 0, is ∆
same as the corresponding bound for estimating θ = t(η), at η = η̂ , in the multiparameter
family F . Furthermore, any other one-dimensional subfamily passing though η̂ has Fischer
information at least as great as this.
T

For brevity's sake we will omit the proof of this statement, as it is relatively straightforward calculation.
Statement (5.4.1) says that in the Fischer information lower bound sense, the least
favorable family is the one-dimensional family passing though η̂ for which inference for λ =
0 is the most dicult, as dicult as inference for θ̂ = t(η̂) in the multiparameter family F .
It makes sense heuristically, to select this one dimensional family F̂ to represent the whole
multiparameter family F at the parameter point η̂ when calculating our approximation
of the acceleration constant a.
The approximation of a based on family F̂ is
1
a=
˙ SKEWλ=0
6



δ
logfη̂+λµ̂
δλ



(5.36)

This formula simplies nicely in the exponential family case, because of the natural relation between cumulants and the log-partition function of exponential families. We will
look at a specic exponential family formula, when the densities of family F are of the
form
T
fη (y) = en[η y−ψ(η)] f0 (y).
(5.37)
We use this form for our calculations because when discussing the non-parametric BCa
we will deal with an exponential family of this form.

5.4.2. Lemma. For an exponential family of form (5.37), formula (5.36) gives us
1
ψ̂ (3) (0)
a=
˙ √
6 n (ψ̂ (2) (0))3/2
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(5.38)

where

δ j ψ(η̂ + λµ̂)
δλj

ψ̂ (j) (0) =

(5.39)
λ=0

.
Proof. To use formula (5.36) we calculate
δ log fη̂+λµ̂ (y∗ )
δλ

= nµ̂T (y∗ − ψ̂(η̂)T ).

(5.40)

λ=0

Therefore, SKEWλ=0 δλδ logfη̂+λµ̂ (y∗ ) equal the skewness of µ̂T y∗ where y∗ ∼ fη̂ . To
calculate the skewness of µ̂T y, we will express it's moment generating function, and take
the logarithm to obtain the cumulant generating function.


tµ̂T

Mµ̂T y∗ (t) = E(e
Z
=

y

y∗ ) =

Z

y

exp(tµ̂T y) exp(n[η̂ T y − ψ(η̂)]) f0 (y)



exp(n[(η̂ + nt µ̂)T y − ψ(η̂)])f0 (y) = exp(n[ψ(η̂ + nt µ̂) − ψ(η̂)]). (5.41)


The cumulant generating function of µ̂T y∗ is then K(t) = n[ψ(η̂ + nt µ̂) − ψ(η̂)]; therefore,
the kth cumulant is equal to
δk
µk = k K(t)
δt

=nψ
t=0

(k)

 k
µ̂
(η̂)
.
n

(5.42)

The skewness of µ̂T y∗ is dened to be
3
n ψ (3) (η̂) µ̂n
ψ̂ (3) (0)
µ3
=
=
√


2 3/2
(µ2 )3/2
n(ψ̂ (2) (0))3/2
n ψ (2) (η̂) µ̂n

(5.43)

which proves the statement.

5.5 Non-parametric BCa
In this section we will apply the results relating to multiparameter families to construct
a non-parametric BCa condence interval. We are in the non-parametric situation where
we have a sample y = (x1 , x2 , . . . , xn ) obtained for probability distribution F . θ = t(F )
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is a real-valued parameter for which we wish construct a condence interval based on the
plug-in estimate θ̂ = t(F̂ ), where F̂ is the empirical distribution.
We can resample from F̂ to produce bootstrap replications θ̂∗ , allowing us to estimate
the bootstrap CDF of θ̂∗ ,
Ĝ(s) = PF̂ (θ̂∗ < s).
(5.44)
The bias correction constant z0 equals Φ−1 (Ĝ(θ̂)), as in (5.28).
To gain an estimate of the acceleration constant, we will consider the multiparameter
family of distributions supported on the observed sample values,
F (w) : probability mass of wi on xi ,

(5.45)

where w is a vector in the simplex Sn . We consider the sample y xed, the parameter being
w ∈ Sn . This choice of this family is in line with the non-parametric approach to inference
discussed in previous chapters. The parameter θ can be formulated as θ(w) := t(F (w)).
We will denote the central point of the simplex as

w0 := (1/n, 1/n, . . . , 1/n),

(5.46)

which corresponds to F (w0 ) = F̂ , and the plug-in estimate θ(w0 ) = θ̂ = t(F̂ ).
The underlying assumption behind the non-parametric BCa is then that we drew a
hypothetical sample x∗1 , x∗2 , . . . , x∗n from F (w), which happened to equal our actual sample
x1 , x2 , . . . , xn . The vector of proportions Pi = #{x∗j = xi }/n is a sucient statistic for w,
and has distribution

P = (P1 , P2 , . . . , Pn ) ∼ multn (n, w)/n, w ∈ Sn .

(5.47)

As P is sucient, we we can use it instead of the hypothetical sample for the construction
of a condence interval. Our observed sample in terms of P was then P = w0 .
The distributions (5.47) have PMF
fw (P) = Q
n

n!
(nPi )!

n
Y

winPi ,

(5.48)

i=1

i=1

and thus form an n-parameter exponential family of form (5.37) with y = P, ηi =
42

log(nwi ), ψ(η) = log( n1 exp(ηi )/n), and f0 (P) = n!/( n1 (nPi )! nn ).
This means that we can use Lemma (5.4.2) to calculate an approximation to the
acceleration constant.
P

Q

5.5.1. Statement. The approximation of the acceleration constant a for the non-parametric
BCa condence interval is

!3/2 
 X
n
n
X
1

a=
˙ 
U3
Ui2
6 i=1 i
i=1

(5.49)

where Ui is the ith empirical inuence value dened in equation (3.12).
Proof. The proof consists thinking through these of four steps.

1. The MLE of η is η̂ = 0.
2. The least favorable direction passing through η̂ is µ̂ = U.
3. The least favorable family passing through η̂ = 0 is

P ∼ mult(n, w )/n,
∗

λ

wiλ

X
n
= exp(λUi )
exp(λUj )

(5.50)

j=1

4. Finally, the statement follows from Lemma (5.4.2) by dierentiating
P
P
ψ̂(λ) = log( n1 exp(λUi )/n) and using the fact that n1 Ui = 0.
Steps 1., 3., 4. are straightforward, only step 2. warrants further explanation.
As a consequence of it's denition, U is essentially the gradient of θ(w) at w0 ; therefore,
ˆ in equation (5.34). Furthermore, −Ïη̂ = 11T /n, which has pseudo
it is proportional to ∆
inverse I. Thus µ̂ is proportional to U, which in eect means µ̂ = U as multiplying the
direction by a scalar results in the same least favorable family and approximation of a.
Having derived the approximations for z0 and a, the construction of the BCa happens
in the same manner as described in equations (5.17) and (5.18), using these approximations.
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