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help.
I want to thank my family for their love and support in these two years.
Special thanks should be given to Fancso Éva Wiesner for her support, and
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Introduction

The field of Bioinformatics solve biological questions which require mathe-
matical tools and computer programming.
In this work I have examined two problems, frequent subgraphs in brain-
graphs, and the application of PageRank algorithm on protein-protein in-
teraction networks. At first glance, these topics are rather far from each
other, but there is a connection: the biological information is represented as
a graph.
The theory of graphs has started with Leonhard Euler in 1736 with the seven
bridges of Königsberg. Then the field has become popular in the 20th century
as people started to use graphs to model more and more things, for example
roads on the map, social relationship, computer networks, food chains, me-
chanical structures, etc.
The great advantage of modeling with graphs is that one can use the large
number of mathematical tools to analyze the object. With these, one can
find new properties and make new discoveries, which are not only mathemat-
ical statements but can also have meaning in the original environment of the
object.
This phenomenon makes mathematics to be the language of other sciences.
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Chapter 1

Connectomes

1.1 Introduction to the braingraphs

Connectomes are being used in the research of the neural network of the
brain. An average human brain has about 86 billion neurons, currently it
is impossible to map that many, and very hard to study graph parameters
which require quadratic time complexity. In previous works the neuron level
representation had been done for the roundworm (C. elegans) with 302 neu-
rons, but for fruitfly with about 200 000 neurons is still unsolved 1.

In this work I use the connectome graph, in which the nodes are small
areas of the gray matter of the brain (1.0-1.5 cm2) but still contain millions of
neurons. These are called ”Regions of Interests” (ROI). In every person these
anatomical regions can be corresponded to each other, unlike the network of
the neurons.

The sample what we use here is made by the Human Connectome Project,
their 500 subject release is openly available for download at http://www.

humanconnectomeproject.org/. Later they removed some of these for vari-
ous reasons, for example because of hidden diseases, in our work we have used
the connectomes of the remaining 423 subject. There were previous studies
on this dataset by our research group, see e.g. [1]. The braingraph images
were made by diffusion magnetic resonance image processing, in which they
measure the diffusion of water molecules in the brain. The brain is made
up of gray matter and white matter. The gray matter contains the somas
(neuronal cell bodies) and the white matter contains the axons, the fibers
which connect various areas of gray matter. The diffusion of water molecules

1It was solved in 2018, see the publication: Zheng, Z. et al. A Complete Electron
Microscopy Volume of the Brain of Adult Drosophila melanogaster, Cell https://doi.
org/10.1016/j.cell.2018.06.019 (2018).
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in the gray matter has no concrete direction, however they move more eas-
ily in the directions of the axons in the white matter. So by detecting the
water molecules movements one can distinguish the neuronal fibers from the
somas and also map these fibers. In connectomes the place and orbit of the
neuronal fibers are not important, just the two anatomical regions which are
connected by that.

The connectome graphs are created from the diffusion-MRI images with
partitioning by the FreeSurfer program [2]. Usually, healthy humans have
the same anatomical regions in the brain, so the subjects of the research are
not the ROIs but the attributes of the connections between the ROIs. The
nodes of the connectome graphs are these anatomical regions, and two nodes
are connected if we can detect axonal fibers between them.

In the dataset for every subject there are five different resolutions with 83,
129 234, 463 and 1015 nodes, and for every edge there are several attributes
(edge weights), e.g. number of fibers, fractional anisotropies, fiber length
mean. In this study, the connectomes of the largest resolutions are analyzed
with the fiber number edge weights.

1.2 The apriori algorithm

The apriori algorithm is a tool in data mining to find frequent items sets
and association rules in data. Let I be the set of items, D be the set of
transactions which are subsets of I (|D| = d, furthermore let there be an s
support percentage (frequency), where s ∈ (0, 100]. The problem is to find
every X ⊂ I which is a subset of at least s% of the transactions.

The description of the algorithm is the following: For every k ≥ 1 there
are two phases, first we create Ck, the list of candidate sets with k elements,
then it counts their support to create Lk, the list of candidate sets which are
frequent.

First, let C1 be the set of items, so C1 = I. Then for a given Ck, Lk

can be calculated as the following: for every c ∈ Ck the algorithm counts the
occurrences of c in the elements of D. So if a c candidate set is contained in
b different transactions, then its support will be b

d
(where d is the size of D).

If this b
d
≥ s%, then it is appended c to Lk.

The second step for every k is to create Ck+1 from Lk. For every l1, l2
pair of elements from Lk, if the first k − 1 element of these are the same,
then it appends the union of l1 and l2 to Ck+1 if it has not contained that
yet. Here some ordering is assumed on the set I, which defines the first k−1
element of a set l ∈ Lk.

The steps can be continued as long as the last Lk is not empty or until
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a given k is reached. The worst case for running time is exponential when
every transaction is the same set as the itemset (I), then every subset of I
is frequent.

Example:

D = {{1, 2, 3, 4}, {1, 2, 3, 4, 5}, {1, 2, 5, 6}, {2, 4, 5}, {1, 3, 5}}

s = 50%

C1 = {{1}, {2}, {3}, {4}, {5}, {6}}

Supports:
[
80%, 80%, 60%, 60%, 80%, 20%

]
L1 = {{1}, {2}, {3}, {4}, {5}}

C2 = {{1, 2}, {1, 3}, {1, 4}, {1, 5}, {2, 3}, {2, 4}, {2, 5},
{3, 4}, {3, 5}, {4, 5}}

Supports:
[
60%, 60%, 40%, 60%, 40%, 60%, 60%, 40%, 40%, 40%

]
L2 = {{1, 2}, {1, 3}, {1, 5}, {2, 4}, {2, 5}}

C3 = {{1, 2, 3}, {1, 2, 5}, {1, 3, 5}, {2, 4, 5}}

Supports:
[
40%, 40%, 40%, 20%

]
L3 = ∅

Nota bene as {1, 2} and {2, 4} in L2, {1, 2, 4} will not be in C3, because
of the generating rule: in the Ck generation step the last elements of l1 and l2
were taken, and the remaining elements were compared. So for k = 3, {1, 2}
and {2, 4} the first k − 2 elements are {1} and{2}. To have {1, 2, 4} in C3,
{1, 2} and {1, 4} are needed in L2.

In general, for an {a1, a2, . . . , ak−1, b, c} set to be in Ck+1 it is necessary
for the {a1, a2, . . . , ak−1, b} and {a1, a2, . . . , ak−1, c} sets to be in Lk, where
a1 ≤ a2 ≤ . . . ≤ ak−1 ≤ b ≤ c}. This means that the generator sets for
every frequent set are unique. If X is a frequent set with s support, then ev-
ery subset of X has s support, so the two generator sets also have to frequent.
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1.3 Mining small frequent subgraphs

In this work, I used the apriori algorithm to find frequent edge sets of
the connectomes. The datasets were contained in graphML files, for the
reading I used NetworkX library (available on https://networkx.github.

io/ ) in Python (version: 3.6.2.). First we surveyed the edges by the fiber
number weight to specify a minimum value. If an edge had lower fiber number
than this value, it was considered as a computational error or insignificant
connection, so I removed them from the edge list. This is necessary, because
the image processing is not error-free as any measurement data, so if two
nodes have just one or two fiber between them their connection is very weak
and likely to be a classification noise. Then I chose this minimum value to
be 4, and it removed a large portion of the edges of the connectomes, but
the ratio of deleted fibers is much smaller. The only problems here are those
edges, which fiber numbers are about this minimum value, e.g. if one edge
has 4 fibers in 90% and 0 fibers in 10%, but another edge has 3 fibers in 21%
and 10 fibers in 79% of the connectomes, then the former will be considered
in 80% support even though the latter has more fiber in average, so this
creates distortion in the sample. After this, I removed the loops and applied
the apriori algorithm. In the model, the itemset (I) is the set of all present
edges, and a transaction is a set of edges in a connectome.

The Python code of the algorithm is originated from the website: http:
//adataanalyst.com, it had been corrected and changed during the work.
Later I decided to search for frequent connected edge sets, which is easy to
get from the previous results with breadth-first search. However, it can be
found much easier with the following method.

1.4 Mining frequent connected edge sets

The following proposition will be useful:
Theorem 1. If E1 and E2 are connected subgraph sets with size k > 1 and
these sets are equal in their first k− 1 elements, then E1 ∪E2 is a connected
subgraph.

Proof. Since k > 1, the sets have a common element because by removing
their last elements, we get two non-empty, equal sets. Let a1 is a node of E1

and a2 is a node of E2 and b is a node of one of the common edges. E1 is
connected, so there exists a path from a1 to b. E2 is also connected, so there
exists a path from b to a2. The union of these paths is a walk, so between
every two points of E1 ∪ E2 there is a walk, so the union is connected.
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The connected frequent 1-sets are the frequent edges in the connectomes.
The connected 2-sets are the connected edge pairs, so for every potential
2-sets we have to check whether they share a common node. Then if we have
the list of frequent connected k-sets, then every frequent k+ 1-set generated
from these will be connected.

However, there is a problem with this approach. In the basic apriori
algorithm, every k + 1-set is generated from two specific k-set, but there are
connected k + 1-sets with one of its generator k-set is not connected. E.g.,
consider the following graph: {(1, 2), (2, 3), (3, 4), (4, 5)}. As we have seen
previously in the general case, the two generators are {(1, 2), (2, 3), (3, 4)}
and {(1, 2), (2, 3), (4, 5)}, and the latter is not connected.

Figure 1.1: Connected generators

To solve this problem I modified the generation step: every time when the
union of two k-sets from Lk has k+ 1 element, then we add it to Ck+1, if we
had not added it before. In this way, we will not lose any k + 1-set, because
if E is a frequent connected k + 1 set, then it has at least two connected
k-subsets which are also frequent, and any two of these generate E. In
this case these were {(1, 2), (2, 3), (3, 4)} and {(2, 3), (3, 4), (4, 5)}. Figure 1.1
illustrates this situation.

The running time will increase because we loose the uniqueness of the
generators, now there are k(k+1)

2
and every time we have to check the Ck+1
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Figure 1.2: A frequent connected 5-set from human brains

whether it already contains the set. However, it is still faster than to perform
BFS to every frequent edge set.

In this work I searched for small frequent sets, the maximum k which
was computed was k = 6. Furthermore, the results depend greatly on the
supports so we tried four different value, the sizes of the k-sets can be seen.
The frequent connected edge sets with 90% support are added at the supple-
mentary tables, and figure 1.2 shows one.

Next, I separated the dataset to two samples, to male and female brain-
graphs, and repeated the same process. The comparison of the numbers of
k-sets can be seen in the table for different supports for k = 1, . . . , 6. These
are plotted on a logarithmic scale in the pictures after the table.

Then I made a list of frequent connected sets which have at least 90%
support in the female or the male sample and for every set we applied the chi-
squared test to find significant differences. In figure 1.3 there is a connected
6−set which is significantly more frequent in male brains, and in figure 1.4
there is another which is more frequent in female brains.

Then I used the Holm-Bonferroni correction on the p-values. In the sup-
plementary tables, there are 56 sets of significant differences, 54 with a larger
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Figure 1.3: A frequent 6-set from male brains

ratio in women, 2 with a larger ratio in men.

1.4.1 On the interpretation of the results

The edges of braingraph connect small gray matter areas of the brain. Gray
matter can be found on the outer surface of the brain (the cortex), and
also in sub-cortical structures, such as thalamus, hypothalamus, basal gan-
glia. The sub-cortical gray matter structures are strongly connected to each
other and also to the – relatively large - cortical areas. Therefore, it is not
surprising that the most frequent graphs contain mostly sub-cortical gray
matter areas as vertices. Consequently, the frequent subgraphs with not
only these sub-cortical nodes are of special interest, e.g., the edges (pre-
central 19,Right-Putamen) or (caudalmiddlefrontal 11,Right-Putamen), and
larger, connected frequent subgraphs, like the star (Left-Thalamus-Proper,
Left-Putamen) (caudalmiddlefrontal 13, Left-Putamen) (precentral 21,Left-
Putamen) or the path (rostralanteriorcingulate 1,Left-Caudate) (LeftCaudate,
Left-Putamen) (Left-Putamen,caudalmiddlefrontal 13).
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Figure 1.4: A frequent 6-set from female brains

1 2 3 4 5 6
0.9 (all) 25 71 197 488 1085 2117
0.8 (all) 49 179 642 2168 6570 17866
0.7 (all) 75 324 1373 5859 22774 79580
0.9 (female) 26 73 217 561 1272 2529
0.8 (female) 49 187 707 2532 7937 22080
0.7 (female) 74 341 1528 6788 27560 100656
0.9 (male) 26 75 217 542 1200 2397
0.8 (male) 47 178 658 2320 7270 20327
0.7 (male) 79 354 1464 6194 23977 84934

Figure 1.5: Number of frequent sets for different k values (columns)
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1.5 Frequent neighbors of Hippocampus and

Thalamus

In the second part of this work, I used the apriori algorithm to find frequent
neighbor sets of the nodes in the graphs.

In the connectome networks, two nodes can be corresponded for the Hip-
pocampus, one for the right hemisphere and one for the left hemisphere, and
also for the Thalamus.

I used the apriori algorithm for six times, for both the Hippocampus
and Thalamus and for both the left node, right node and for the left-right
node pair. This means that I contracted the right and left node. For a
connectomem the transaction sets were defined as the set of nodes which are
neighbors of the target node. As previously, a set of nodes are a frequent set
with support 80%, if these nodes are directly connected with the target node
in 80% of the brains.

I also implemented a double testing method, for every test we created
two samples from the dataset by the parity of the fifth digit in the subject
numbers. First, the algorithm had been used to find the frequent sets from
the first sample, then for every result if it did not satisfy the support per-
centage in he second sample, it was removed. This training and validating
samples increase the statistical correctness of the results.

The frequent neighbor sets for the male and the female braingraphs were
calculated separately, then compared the results with chi-squared test with
p = 0.01 as in [20].

Then I also used the Holm-Bonferroni correction on the p-values, the
results can be found in the supplementary table.

Later on this topic, I did further analysis when I repeated the same process
but with different sample separation, I used the scores of the participants of
various psychological and physical tests. These result will be submitted as
an article later this year.
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size of sets sex 1 2 3 4 sign. diff. in advance
thalamus left m 26 258 1206 3060 3905 0
thalamus left f 37 429 2488 8517 3905 3905

thalamus right m 18 117 371 648 504 92
thalamus right f 22 159 539 1069 504 412

thalamus m 43 807 8649 60577 41513 5
thalamus f 58 1238 14941 120192 41513 41508

hippocampus left m 45 839 8849 61463 13903 13779
hippocampus left f 38 677 6917 44904 13903 124

hippocampus right m 49 956 10469 73475 1437 1346
hippocampus right f 49 915 9053 56167 1437 91

hippocampus m 65 1806 28705 299436 18034 16153
hippocampus f 63 1414 17503 139131 18034 1881

Figure 1.6: Number of significant differences of neighbor sets

1.6 Mining frequent cliques

A graph on n vertices called complete, if there is an edge between any of
the n(n−1)

2
vertex-pairs. If a complete H graph is a subgraph of G, then it

is called complete subgraph or clique. Cliques are easy to work within the
apriori algorithm because being a clique is a monotonous property: if H is
a clique on the nodes V (H), then any H2 subset of V (H) will span a clique
with the edges of H.

The generating step of the algorithm with the previous notations of sec-
tion 1.2 will be the following:

15



Two frequent k-clique in Lk:

Ha = {v1, v2, . . . , vk−1, a}
with edges E(Ha) = {(v1, v2), (v1, v3), . . . , (vk−1, a)}

Hb = {v1, v2, . . . , vk−1, b}
with edges E(Hb) = {(v1, v2), (v1, v3), . . . , (vk−1, b)}

New candidate set:

Hab = {v1, v2, . . . , vk−1, a, b}
with edges E(Hab) = {(v1, v2), (v1, v3), . . . , (vk−1, a), (vk−1, b), (a, b)}

As it is easily seen, the uniqueness of the generators is true. After Hab is
added to Ck+1, we have to check whether it is in Lk+1, whether this clique
is frequent in the connectomes. This is calculated by E(Hab) the edge set of
the clique, which is E(Ha)∪E(Hb)∪{(a, b)}. Then to calculate the support
of this clique, one has to count all the occurrences of E(Hab) in the edge sets
of the connectomes.

The theoretical runtime of this algorithm is still exponential, however, I
expected only a small number of frequent cliques with size larger than 5, and
it indeed was the case. The number of frequent cliques with frequency at
least 80% is shown in Figure 1.7.

The significant differences are calculated with the chi-squared test with
p = 0.01.

sex 1 2 3 4 5 6 7 sign. diff
female 2423 3447 2052 591 76 4 0 224
male 2317 3132 1849 594 101 8 0 812

Figure 1.7: Number of frequent cliques
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Chapter 2

Protein-protein interaction
networks

2.1 Introduction to proteins

Proteins are organic macromolecules which are made of chains of amino
acids. Their importance comes from the fact that they participate in every
biochemical process in the cell. There are proteins with enzyme behavior cat-
alyzing processes and also there are others taking place in signaling pathways
and in the structure of the cells.

The purpose of this work is to examine the amyloids which are a sub-
family of the proteins. Usually, there is not much information about these
proteins as they are insoluble in water. Their special structure enables
them to form fibers. Amyloids are widely present in nature, as in spider
silk, in the immune system of insects, and also in Alzheimer’s, Parkin-
son’s and Huntington’s disease. Previously our research group has cre-
ated a web server magentahttps://pitgroup.org/amyloid/, which cal-
culates a list of possible amyloids from the Protein Data Bank database
(magentahttps://www.rcsb.org/) based on the geometry of their shapes.
[green8] The amyloid list was downloaded in September of 2018 when it had
590 entries, which proteins had amyloid-like geometry. Nota bene the exact
definition of amyloid structures is still a matter of discussion.

For protein-related questions, one can use the protein-protein interaction
networks (PPI). The vertices of the graph are the proteins, and an edge
connects two nodes if there is a registered interaction in which the proteins
are participants. There are a few different methods which can detect an
interaction, for example X-ray crystallography. There are also non-binary
interactions, so there are loop- and hyperedges. In this work, the IntAct pro-
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tein database (magentahttps://www.ebi.ac.uk/intact/) has been used for
the main results, downloaded in September of 2018. The network has 85 907
nodes and 560 377 edges, in which there were 35 234 hyperedges.

2.2 The PageRank algorithm

The PageRank algorithm has been developed in 1996 by Larry Page and
Sergey Brin at Stanford University. The original purpose of the algorithm
was to define a rank of importance for the pages of the World Wide Web.
At that time the Web contained 150 million pages, which is challenging for
most of the graph algorithms. The first definition of node importance can
be the degree of a node, or in the case of directed graphs, the in-degree.
The problem with this definition is that one can create empty pages easily
to increase the ranking of a particular page to manipulate the network. So
besides the degree, an important node must have important neighbor nodes
too. In the following, we will work with directed graphs, for an undirected
graph one can replace every edge with two edges between the same nodes in
the opposite directions.

The result of the research of Page and his coauthors was the PageRank
algorithm, which was used in the search engine of Google. Here we will
present their definitions and discussions based on their publication [green9].

First, a simplified version for ranking: for a node u, let Bu the set of
every node in the graph which has an edge pointing to u, and let Nu be the
number of out-edges from u. Then let the simplified PageRank be:

R(u) = c
∑
v∈Bu

R(v)

Nv

where c is a normalizing constant, to make ||R||1 = 1. This recursive defini-
tion can be determined by iteration from almost any initial distribution.

To state the problem a different way, let A be a square matrix, where
Auv = 1

Nu
if there is an edge from u to v, 0 otherwise, and we have to find

an R eigenvector,
R = cAR

This definition of the PageRank corresponds to limit distribution of a
random walk on the graph, which walk is called ”random surfer model”. In
this case, the surfer keeps going from one page to another, always choosing
from the available links with uniform distribution.

The problem with this definition is that components with no outgoing
edges will accumulate all the importance. Because of this, we introduce an
E personalization vector to cease these components. This will modify the

18
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equation as:
R′ = c(AR′ + E)

Definition 1. Let E(u) be a vector on the nodes, then the PageRank of the
nodes is a R′ : V → R≥0 assignment, where for every u ∈ V :

R′(u) = c
∑
v∈Bu

R′(v)

Nv

+ cE(u)

Where c is maximal and ||R′||1 = 1

In this case, the surfer will do a teleportation and jump to a random
page from the whole network. This is reasonable to assume in the web
search problem if the surfer arrives in a subgraph with no outgoing edges,
or discontent with the current options.

This ”teleportation” can happen with a uniform distribution to every
node which is called non-personalized case, or it can happen with a different
distribution, the personalized case.

The PageRank algorithm was proven to scale fast with the network, and
also robust so random perturbations of nodes do not change very much on
the values. This is useful in our case, as protein interaction networks are
based on experimental data and not error-free.

The description of the algorithm:

Input:

1. R0: initial-D istribution on the nodes of the graph, uniform distribution
is used if not stated otherwise

2. E: personalization vector, uniform distribution is used if not stated
otherwise

3. max iter: number of iterations

4. w: edgeweight

5. α: the probability of the event that the random surfer does not teleport,
the typical value is 0.85

6. error tolerance: if during the iteration, the difference between the
actual and the previous distributions is less then N ∗ error tolerance,
then the algorithm stops. If this does not happen in max iter number
of iterations, then the algorithm returns an error, as it failed to converge
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[H]
i = 1 . . .max iter R′i = 0 v ∈ V u ∈ Bu R

′
i(u)+ = α ∗R′i−1(v) ∗w((v, u))

R′i(v)+ = (1 − α) ∗ E(v) err = ||R′i − R′i−1||1 err < N ∗ error tolerance
return R′i

2.3 Methods and results

The purpose of this work was to find important amyloid-related proteins
with the help of the IntAct PPI. This work can be divided into two parts,
first we have to create a graph model, then we find the important nodes
with the PageRank algorithm. Similar methods were successfully used pre-
viously on the Human Protein Reference Database with melanoma-related
nodes, and also on the metabolical pathway of the Mycobacterium tubercu-
losis. [green12]

2.3.1 Protein-protein interaction networks

As previously mentioned, the IntAct database contained 85 907 nodes and
560 337 hyperedges at the time of the work. From these, 35 234 were non-
binary interactions, some of them with more than a thousand nodes. First,
we had to create a non-hyper graph from the database. If an interaction had
just one interactor, then we added a loop edge for the corresponding node. If
an interaction had k ≥ 3 interactors, (v1, v2, . . . , vk), then a possible method
was to replace it with a clique of size k, as {(vi, vj) : 1 ≤ i < j ≤ k}.

Since in this network an edge means the existence of a connection, there
is no need for multiple edges, we can leave only one copy of each. But the
fact that there are a thousand proteins in a large interaction does not imply
that connections exist between any two, so this method possibly creates a lot
of incorrect information, referred to in this area as ”false positives”. In the
case of a hyperedge with a thousand nodes, this method needs 500 000 edges
to replace the interaction. Some of these new edges can be present in other
connections, which makes their existence more certain. However, during
the work, I decided that the addition of every edge distorts the graph. For
example, allowing hyperedges with at most 100 nodes will lead to almost two
million (1 895 568) binary edges, meanwhile allowing at most 1000 nodes will
result almost ten million (9 667 035) edges, so the number of edges has been
multiplied by 5. For this reason, we decided to omit the hyperedges which
size was larger than a given threshold.

Then we created an alternative model for the problem. In this method,
every edge has a positive weight which measures its certainty, denoted by
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w(e). Let e be an interaction with k interactors. If k = 1 or k = 2, then let
w(e) = 1. If k ≥ 3, then for every new e′ = (vi, vj) edge, let w1(e

′) = 2
k(k−1) .

If a new e′ edge has a copy in the graph already with weight w, then we
update its weight as:

w1(e
′) := min{1, w +

2

k(k − 1)
}. (2.1)

The reason behind this is for every interaction the sum of the weights
on the new edges will be 1, so the larger interactions change the network
to a similar extent as the binary ones. If an edge is present in multiple
interactions, then its existence is more certain so the weights can add up. In
this model, we also used the previous threshold because of memory related
problems.

It makes sense to use another weighting, where if the size of the hyperedge
is k ≥ 3, then the weight for every new edge e′ is w2(e

′) = 1
k−1 . This has

the meaning that as the random surfer on the hypergraph chooses from the
former hyperedges with equal probability, then for a chosen hyperedge, it
chooses again from the other k − 1 nodes with equal probability. Of course,
these certainty weights can also add up as in the previous case. If an e′ edge
has w weight already, then after the unwrap of a hyperedge of k nodes:

w2(e
′) := min{1, w +

1

k − 1
}. (2.2)

2.3.2 The use of the Personalized PageRank

The PPI networks are undirected, so the non-personalized PageRank is ap-
proximately but not exactly proportional to the degree of the node, more
exact information is given in [green11].

In the process of personalization, the proteins which are present in the
amyloid list will get higher weight. This way nodes which are more closely
connected to amyloid(-like) structures will get higher PageRank values. Of
course, if we choose the personalization in favor of the starting amyloid list,
then these proteins will also get higher PageRank values, so in the final
results we omitted amyloid-like proteins. This list was created from the PDB
database, and the IntAct proteins originate from the UniProt database, their
items are different but they can be corresponded. For an interactor protein, a
list of PDB codes was given which elements correspond to the UniProt entry.
For example the protein with the UniProt code P19492 is corresponding
to the following PDB structures: 3M3K, 3M3F, 4F29, 4F31, 3DP4, 4F22,
4F2O, 3P3W, 5IDF, 4F2Q, 4F39, 4F3B, 3O21, 4F1Y, 4F3G, 3DLN, 3RT6,
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3RT8, 5IDE, 3LSW, 5FWY, 3LSX. We declared that a UniProt protein is
amyloid-like if it contains a PDB appearance which is on the amyloid list. In
the IntAct networks, after omitting the large hyperedges, we had 120 non-
isolated amyloid-like structures, the UniProt names of these proteins are in
the supplementary tables.

The personalization vector was made as the weight of a non-amyloid node
is 1, and of an amyloid node is s > 1, uniformly. Calculations were done for
s = 10, 100, 1000 values. The normalization of these weights will be the
personalized distribution for the PageRank.

Nodes with high Personalized PageRank value in the output are not nec-
essarily related to amyloids, it may be the case that these nodes had a high
degree. To filter these results, the following changes were made.

One way to define the importance of a v node can be the PPR(v)
deg(v)

value

[green13]. In this work we used a different definition also, this measures the
increase or decrease between the non-personalized and the personalized case:
PPR(v)
PR(v)

.
The result of the work is a list of proteins, ordered by their importance.

As a reminder, this list does not contain proteins which were given weight in
the personalization, because the importance of these is trivial.

In this work we tried out both cases and compared the results.

2.3.3 Comparing results

We created different graphs by the different hyperedge size thresholds and
different edge weights. On these graphs we run multiple PageRank algo-
rithms, with different personalization, and also we had two different result
indicators, the PPR(v)

PR(v)
and the PPR(v)

deg(v)
. The output of the programs was an

ordered list of protein names. In this section, we will compare the distance
of these result sets.

For two outputs, A and B, their similarity was calculated as the Jaccard
index: |A∩B||A∪B| . For non-empty sets, this ratio is 0, if A and B are disjoint set,
and 1, if A = B. It can be the case, that two different parameter settings
have 1 for the Jaccard index but the results are not the same, if and only
if the two output lists are permutations of each other. Nevertheless, here I
consider two sets similar if their Jaccard index is close to 1. Later I will use
this value as percentage, so if A = B then J(A,B) = 100.

By the hyperedge-size threshold, we had three categories:
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size of max hyperedge non-isolated nodes number of edges
100 79219 1895568
150 80482 2659896
200 81210 3163625

For a graph, we had four different PageRanks, the un-personalized, and
when the personalization weight was 10, 100, and 1000 times the un-persona-
lized value. As previously mentioned, the personalization vectors were the
normalized vectors of P1 (unpersonalized case), P10, P100 and P1000:

Ps(v) =

{
s, if v is amyloid

1, otherwise

For a graph and personalized PageRank, there are six results, by the three
weights: the unweighted, the (2.1) and the (2.2) weights, and ordered by the
PPR
PR

or the PPR
degree

scores.
From these, only the first 500 proteins were examined.

The result comparisons are available in the Supplementary tables, from
figure 2.4 to 2.12. One example is shown here:

100,1D1 100,2D1

150,1D1 150,2D1

30.55 32.28

96.08

94.55

Figure 2.1: Data representation schema

In figure 2.1 the circles correspond to result protein lists. The notation
is the following: for a node, the first number shows the maximum hyperedge
size, the second is the power or the personalization (in the top right it is 2,
so the s personalization weight is 102). The next character is P if the final
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score was calculated with PPR
PR

and D for PPR
deg

. The last character stands for

the weight function, u for unweighted, 1 for weight (2.1) and 2 for (2.2). For
two circles, the number on the connecting line between them is the Jaccard
similarity percentage.

From the figures, the calculations suggest that in the PPR
PR

cases the per-
sonalization weights do not make different results, the Jaccard precentage is
100 (rows of figures 2.4, 2.5, 2.6 at the supplementary tables). However the
results are different for larger maximum hyperedge cut, in the unweighted
case the score is 81.82 and 91.94 (columns of figure 2.4), in the (2.1) w1

weight the scores are really high with values greater than 98 (columns of
figure (2.5)). This was expected, as the weight function decreases the effect
of large hyperedges, so the networks in this case are closer to each other. In
the case of the (2.2) w2 weights, the first similarity is 79.12 which is less than
the similarity of the unweighted results (81.82) but not very much (columns
of figure 2.4). However, in the second similarity is 98.02 which is close to
the w1 similarity. Initialdy I expected the w2 weights to score between the
unweighted and the w1 weights.

In the PPR
deg

unweighted case the scaling stability was the exact opposite.
For a given personalization weight, the added hyperedges resulted nearly the
same lists, their similarity scores were above 91 and in each comparison the
values were greater than in the PPR

PR
results (columns of figure 2.7). Mean-

while, with the change in the personalization, the results differed greatly with
values 77.3 and less than 16 (rows of figure 2.7).

In the PPR
deg

weight (2.1) case the increase of the maximum hyperdge size

brought great differences but in similar magnitude, (values from 30.5 to 38.5)
(columns of figure 2.8. With the change of personalization, the similarities
showed large variance (between 67.79 and 96.08) (rows of figure 2.8).

In the last case, when (2.2) weights were used there is no sign of stability of
scaling, in figure 2.9 between the first and second rows the Jaccard similarity
percentage is less than 9, meanwhile there are great differences between the
second and thirds columns.

It is important to remember that similar results are not necessarily better.
However, they are preferable if someone considers the repeatability of the
work.

In figure 2.10, 2.11 and 2.12 one can compare the differences for a given
maximum hyperedge size and personalization, between the different weights
and PageRank or degree correction. As previously mentioned these give us six
different settings, and the similarities are represented by three K4 graphs for
easier visualization. For example for the graph with personalization s = 10
with maximum hyperedge size 100, the similarities can be found in the upper

24



left K4-s on all three figures.
In figure 2.10, it is easy to see that for any edge in the K4, the values are

growing from left to right, which means that the larger the personalization
weight on amyloid-like structures, the larger the similarity will between the
results. There is not much to say about other tendencies, as the other values
are often small. The PPR

PR
values are typically closer to each other, the Jaccard

percentage is between 45 and 52 in unweighted and 2
k(k−1) comparison, and

if the personalization weights are large enough, the unweighted PPR
deg

results

are also close (right column of figure 2.10).
In the comparison of unweighted and weight (2.2) cases, the results are

more similar than previously (every edge has greater or equal similarity in
figure 2.10 than in figure 2.11), as it was expected. However for if the max-
imum hyperedge size is at least 150, then there is similarity between the
weighted and unweighted PPR

deg
results (bottom edges on last two rows of fig-

ure 2.11) and if the personalization is large enough then the weighted PPR
PR

and PPR
deg

results are also similar (rightmost edges on the middle and bottom

K4 graphs at the right column). This implies that the methods which are
using the 1

k−1 weights are more consistent.
Finally figure 2.12 illustrates the similarities between weights (2.1) and

(2.2). As previously seen, there is not much connection between the 2
k(k−1)

weights with PPR
deg

and PPR
deg

corrections. However, for maximum hyperedge

size = 100 the results with the PPR
deg

corrections are the same (bottom edges

of the K4 graphs at the top row in the figure). This is surprising because for
larger maximum hyperedge size, this similarity vanishes. The PPR

PR
results

have high similarity scores between the two eight definitions (from 78.89 to
100), and because for weight (2.2) the PPR

PR
and PPR

deg
results are similar for

large personalization, it follows that the 2
k(k−1) weighted PPR

PR
are similar to

the 1
k−1 weighted PPR

deg
.

2.4 Result analysis

After the previous discussion, one final result was merged from the 200 max-
imum hyperedge cut, s = 1000 personalization weight with the following
methods: unweighted PPR

PR
, unweighted PPR

deg
and w1 weighted PPR

PR
. With

the notation of figure 2.10: 200, 3Pu, 200, 3Du and 200, 3P2.
In this merging, proteins got value by their position, for example protein

P00782 was ninth in the 200, 3Pu, tenth in 200, 3Du, and eleventh in the
200, 3P2, so the merged score was 9+10+11

3
= 10. If a protein was not present

in one of the result lists, the corresponding score was set to 500. So for
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example if a protein p was the 401th in one of the lists and was not present
in the other lists, then the merged score was: 401+500+500

3
= 467 After these

calculations, the proteins were sorted by their scores to increasing order.
Merging the three lists resulted 896 final proteins. To a different file the first
50 items were copied for deeper analysis.

One way to examine the results was to consider Gene Ontology Anno-
tations (GO). These annotations are labels which describe a protein. The
three main categories are cellular component, molecular function and bio-
logical process. For almost every protein in our lists, the GO annotations
were available from the UniProt website [green19]. The frequency of the GO
terms in the highest scoring was compared to the frequency of the GO terms
in a random sample of one thousand proteins from the IntAct network. Then
I used statistical T-test to find differences in the GO frequencies. The best
results are shown in the following table:

GO number name p-value freq. in result freq. in rand

GO:0016567 protein ubiquitination 0.3567 0.0245 0.022
GO:0005794 Golgi apparatus 0.3445 0.029 0.026
GO:0008270 zinc ion binding 0.3369 0.049 0.045
GO:0005654 nucleoplasm 0.3092 0.077 0.071
GO:0046872 metal ion binding 0.2824 0.106 0.098
GO:0032991 protein-containing complex 0.2484 0.030 0.025

Table 2.1: Best 896 proteins and random sample

GO number name p-value freq. in result freq. in rand

GO:0042802 identical protein binding 0.2771 0.12 0.092
GO:0016020 membrane 0.3535 0.06 0.047
GO:0003723 RNA binding 0.4427 0.06 0.055

Table 2.2: Best 50 proteins and random sample

Of course for using the T-test we have to assume that the random vari-
ables follow normal distribution which may not be the case. Even though the
p-values are larger than 0.01 which is a standard for accepting the hypothesis
that the frequencies are the same, the difference and the frequency is so small
that I do not state them as important findings.
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UniProt ID Name known connection

P17172 Baseplate central spike complex protein gp27 no
P07674 Transcriptional repressor protein KorB no
Q9EV84 trans-3-chloroacrylic acid dehalogenase no
P49342 Calpastatin yes
P03704 Bacterial RNA polymerase inhibitor no
P11540 Barstar yes
P00648 Ribonuclease yes
P00782 Subtilisin yes
O74458 Transcription factor tau no
O60174 Transcription factor tau no
P01635 Ig kappa chain yes
P01723 Ig lambda chain yes
Q9UST7 Transcription factor tau no
Q40059 Chymotrypsin inhibitor yes
P01868 Ig gamma chain yes
Q3U4G3 Xyloside xylosyltransferase no
Q765B0 Peptidyl-prolyl cis-trans isomerase yes
P04072 Thermitase yes
P07518 Subtilisin yes
P01727 Ig lambda-1 chain yes
Q01344 Interleukin-5 receptor yes

Table 2.3: Best 20 proteins and known connections
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Table 2.4: PPI databases

When I examined the proteins by hand in the UniProt database, it turned
out that many of them have known connection to amyloids or Alzheimer’s
disease, which fact is verifying my method. However in some cases, I have
not found a connection on Google search level, hopefully some of these results
may help current researches about amyloid proteins.

2.5 Other databases

Our results are strongly dependent on the underlying dataset, which was
IntAct. To compare it with other data, I used the MINT, the Molecular
INTeraction Database [15] which was last updated in 2012, and the DIP,
Database of Interacting Proteins, both of these contain only binary interac-
tions. From these, only interactors with UniProt ID were selected. The num-
ber of remaining proteins in DIP is 20 485 for 53 627 interactions, and 26 800
protein with 127 197 connections in MINT. The content of these datasets are
overlapping and these are not necessarily independent findings, as protein-
protein interactions are created from publications, the three database share
publications. Figure 2.4 illustrates the numbers of shared proteins.

From this figure one can see that the datasets are very different, so the
PageRank results should also. For this, two experiments were done:
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1I 1Dc

1Mc 1Ic

0.5

0.3
0.63.73

4.06

2.25

Figure 2.3: IntAct, DIPc, MINTc, IntActc

1I 1D

1M 1C

2I 2D

2M 2C

3I 3D

3M 3C

8.93

12.11
0.814.6

2.88

1.21

8.93

12.11
0.814.6

2.88

1.21

8.93

12.11
0.814.6

2.88

1.21

Figure 2.2: IntAct, DIP, MINT, Consensus

As there were no hyperedges in the MINT and DIP, these datasets re-
sulted only single networks. For comparison, I used the IntAct network with
maximum hyperedge size = 100 and I also created a Consensus network,
which contained the common proteins from each dataset and every occurring
edge. The three K4 correspond to different personalization weights, but for
these cases the weight did not change the results. Figure 2.2 shows that
indeed the results are very different, the highest Jaccard index percentage is
12.11 between the IntAct and MINT data. Here in the circles I stands for
IntAct, D for DIP, M for MINT and C for the consensus network.

A different approach was used for figure 2.3. Here the DIPc, MINTc and
IntActc notations stand for taking the edges from the particular datasets
on the common proteins. This way the nodes of the three networks are the
same, but the edges are different. I expected that the results are closer in
this case, however it turned out the similarity is even less.

2.6 Conclusion

In this work, I created a new model for analyzing Protein-Protein Interaction
Networks, a new score to rank the nodes of the network, and I compared
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these methods with the previous ones. After this, I showed how robust these
methods for the change of parameters and how great is the difference between
the results based on different interaction databases.
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p-value corrected male freq. female freq. name

1e-05 0.00011 0.74033 0.90083 (Right-Thalamus-
Proper,Right-Putamen)
(Right-Caudate,Right-
Putamen) (Left-Thalamus-
Proper,Left-Putamen) (pre-
central 6,Left-Putamen)
(Left-Caudate,Left-Putamen)
(Right-Caudate,Left-Caudate)

1e-05 0.00011 0.74033 0.90083 (Right-Thalamus-
Proper,Right-Putamen)
(Left-Thalamus-Proper,Left-
Caudate) (Right-
Caudate,Right-Putamen)
(precentral 6,Left-Putamen)
(Left-Thalamus-Proper,Left-
Putamen) (Right-
Caudate,Left-Caudate)

1e-05 0.00011 0.74033 0.90083 (Right-Thalamus-
Proper,Right-Putamen)
(Right-Thalamus-
Proper,Right-Hippocampus)
(Right-Caudate,Right-
Putamen) (precen-
tral 6,Left-Putamen) (Left-
Caudate,Left-Putamen)
(Right-Caudate,Left-Caudate)

1e-05 0.00011 0.74033 0.90083 (Right-Thalamus-
Proper,Right-Putamen)
(Right-Caudate,Right-
Putamen) (precen-
tral 6,Left-Putamen) (Left-
Caudate,Left-Putamen)
(Right-Caudate,Left-Caudate)

1e-05 0.00011 0.74033 0.90083 (Right-Thalamus-
Proper,Right-Putamen)
(Right-Caudate,Right-
Putamen) (Right-
Caudate,Right-Pallidum)
(precentral 6,Left-Putamen)
(Left-Caudate,Left-Putamen)
(Right-Caudate,Left-Caudate)
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1e-05 0.00011 0.74033 0.90083 (Right-Thalamus-Proper,Right-
Putamen) (Left-Thalamus-Proper,Left-
Caudate) (Right-Caudate,Right-
Putamen) (precentral 6,Left-Putamen)
(Left-Caudate,Left-Putamen) (Right-
Caudate,Left-Caudate)

2e-05 0.00011 0.75138 0.90496 (Left-Thalamus-Proper,Left-Caudate)
(Left-Thalamus-Proper,Left-
Hippocampus) (Right-Caudate,Right-
Pallidum) (precentral 6,Left-Putamen)
(Left-Caudate,Left-Putamen) (Right-
Caudate,Left-Caudate)

2e-05 0.00011 0.75138 0.90496 (Left-Thalamus-Proper,Left-Caudate)
(Left-Thalamus-Proper,Left-
Hippocampus) (precentral 6,Left-
Putamen) (Left-Caudate,Left-Putamen)
(Right-Caudate,Left-Caudate)

2e-05 0.00011 0.75138 0.90496 (precentral 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Right-
Caudate,Left-Caudate)

2e-05 0.00011 0.75138 0.90496 (Left-Thalamus-Proper,Left-Caudate)
(Right-Caudate,Right-Pallidum)
(precentral 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Right-
Caudate,Left-Caudate)

2e-05 0.00011 0.75138 0.90496 (Left-Thalamus-Proper,Left-Caudate)
(precentral 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Right-
Caudate,Left-Caudate)

2e-05 0.00011 0.75138 0.90496 (Right-Caudate,Right-Putamen)
(Right-Caudate,Right-Pallidum)
(precentral 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Right-
Caudate,Left-Caudate)

2e-05 0.00011 0.75138 0.90496 (Left-Thalamus-Proper,Left-Caudate)
(Left-Thalamus-Proper,Left-
Hippocampus) (Right-Caudate,Right-
Putamen) (precentral 6,Left-Putamen)
(Left-Caudate,Left-Putamen) (Right-
Caudate,Left-Caudate)

2e-05 0.00011 0.75138 0.90496 (Left-Thalamus-Proper,Left-Caudate)
(Right-Caudate,Right-Putamen)
(precentral 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Right-
Caudate,Left-Caudate)

2e-05 0.00012 0.75138 0.90496 (precentral 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Right-
Caudate,Left-Caudate) (Right-
Caudate,Right-Putamen)

2e-05 0.00012 0.75138 0.90496 (Right-Caudate,Right-Pallidum)
(precentral 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Right-
Caudate,Left-Caudate)
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2e-05 0.00012 0.75138 0.90496 (Left-Thalamus-Proper,Left-Caudate)
(Right-Caudate,Right-Putamen)
(Right-Caudate,Right-Pallidum)
(precentral 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Right-
Caudate,Left-Caudate)

3e-05 0.00012 0.76796 0.91322 (precentral 6,Left-Putamen) (Left-
Caudate,Left-Putamen)

3e-05 0.00012 0.76796 0.91322 (precentral 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Left-Thalamus-
Proper,Left-Caudate)

3e-05 0.00012 0.76796 0.91322 (Left-Thalamus-Proper,Left-Caudate)
(precentral 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Left-Thalamus-
Proper,Left-Hippocampus)

3e-05 0.00012 0.76796 0.91322 (precentral 6,Left-Putamen)
4e-05 0.00012 0.75138 0.90083 (Left-Thalamus-Proper,Left-

Hippocampus) (Left-Thalamus-
Proper,Left-Putamen) (pre-
central 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Right-
Caudate,Left-Caudate)

4e-05 0.00012 0.75138 0.90083 (Left-Thalamus-Proper,Left-Caudate)
(Left-Thalamus-Proper,Left-
Hippocampus) (Right-Caudate,Right-
Putamen) (precentral 6,Left-Putamen)
(Left-Thalamus-Proper,Left-Putamen)
(Right-Caudate,Left-Caudate)

4e-05 0.00012 0.75138 0.90083 (Left-Thalamus-Proper,Left-Caudate)
(Left-Thalamus-Proper,Left-
Hippocampus) (precentral 6,Left-
Putamen) (Left-Thalamus-Proper,Left-
Putamen) (Right-Caudate,Left-
Caudate)

4e-05 0.00012 0.75138 0.90083 (Left-Thalamus-Proper,Left-Caudate)
(Right-Caudate,Right-Putamen) (Left-
Thalamus-Proper,Left-Putamen)
(precentral 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Right-
Caudate,Left-Caudate)

4e-05 0.00012 0.75138 0.90083 (Right-Caudate,Right-Putamen)
(Right-Caudate,Right-Pallidum)
(Left-Thalamus-Proper,Left-Putamen)
(precentral 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Right-
Caudate,Left-Caudate)

4e-05 0.00012 0.75138 0.90083 (Left-Thalamus-Proper,Left-
Hippocampus) (Left-Thalamus-
Proper,Left-Putamen) (Right-
Caudate,Right-Putamen) (pre-
central 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Right-
Caudate,Left-Caudate)
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4e-05 0.00012 0.75138 0.90083 (Left-Thalamus-Proper,Left-Caudate)
(Left-Thalamus-Proper,Left-Putamen)
(Right-Caudate,Right-Pallidum)
(precentral 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Right-
Caudate,Left-Caudate)

4e-05 0.00012 0.75138 0.90083 (Left-Thalamus-Proper,Left-Caudate)
(precentral 6,Left-Putamen) (Left-
Thalamus-Proper,Left-Putamen) (Right-
Caudate,Left-Caudate)

4e-05 0.00012 0.75138 0.90083 (Left-Thalamus-Proper,Left-Caudate)
(Left-Caudate,Left-Putamen) (pre-
central 6,Left-Putamen) (Left-
Thalamus-Proper,Left-Putamen) (Right-
Caudate,Left-Caudate)

4e-05 0.00012 0.75138 0.90083 (Left-Thalamus-Proper,Left-Caudate)
(Right-Caudate,Right-Putamen)
(precentral 6,Left-Putamen) (Left-
Thalamus-Proper,Left-Putamen) (Right-
Caudate,Left-Caudate)

4e-05 0.00012 0.75138 0.90083 (precentral 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Right-
Caudate,Left-Caudate) (Left-Thalamus-
Proper,Left-Putamen)

4e-05 0.00012 0.75138 0.90083 (Left-Thalamus-Proper,Left-Caudate)
(Right-Caudate,Right-Putamen)
(Right-Caudate,Right-Pallidum)
(precentral 6,Left-Putamen) (Left-
Thalamus-Proper,Left-Putamen) (Right-
Caudate,Left-Caudate)

4e-05 0.00012 0.75138 0.90083 (Left-Thalamus-Proper,Left-Caudate)
(Left-Thalamus-Proper,Left-
Hippocampus) (Left-Thalamus-
Proper,Left-Putamen) (pre-
central 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Right-
Caudate,Left-Caudate)

4e-05 0.00012 0.75138 0.90083 (Left-Thalamus-Proper,Left-Caudate)
(Left-Thalamus-Proper,Left-
Hippocampus) (Right-Caudate,Right-
Pallidum) (precentral 6,Left-Putamen)
(Left-Thalamus-Proper,Left-Putamen)
(Right-Caudate,Left-Caudate)

4e-05 0.00012 0.75138 0.90083 (Left-Thalamus-Proper,Left-Putamen)
(Right-Caudate,Right-Pallidum)
(precentral 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Right-
Caudate,Left-Caudate)

4e-05 0.00012 0.75138 0.90083 (Left-Thalamus-Proper,Left-Putamen)
(Right-Caudate,Right-Putamen)
(precentral 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Right-
Caudate,Left-Caudate)
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4e-05 0.00012 0.75138 0.90083 (Left-Thalamus-Proper,Left-Caudate)
(Right-Caudate,Right-Pallidum)
(precentral 6,Left-Putamen) (Left-
Thalamus-Proper,Left-Putamen) (Right-
Caudate,Left-Caudate)

4e-05 0.00012 0.75138 0.90083 (Left-Thalamus-Proper,Left-
Hippocampus) (Left-Thalamus-
Proper,Left-Putamen) (Right-
Caudate,Right-Pallidum) (pre-
central 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Right-
Caudate,Left-Caudate)

6e-05 0.00012 0.76796 0.90909 (Left-Thalamus-Proper,Left-Caudate)
(precentral 6,Left-Putamen) (Left-
Thalamus-Proper,Left-Putamen) (Left-
Thalamus-Proper,Left-Hippocampus)

6e-05 0.00012 0.76796 0.90909 (precentral 6,Left-Putamen) (Left-
Thalamus-Proper,Left-Putamen)

6e-05 0.00012 0.76796 0.90909 (Left-Thalamus-Proper,Left-Caudate)
(Left-Thalamus-Proper,Left-
Hippocampus) (Left-Thalamus-
Proper,Left-Putamen) (pre-
central 6,Left-Putamen) (Left-
Caudate,Left-Putamen)

6e-05 0.00012 0.76796 0.90909 (Left-Thalamus-Proper,Left-Caudate)
(precentral 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Left-Thalamus-
Proper,Left-Putamen)

6e-05 0.00012 0.76796 0.90909 (precentral 6,Left-Putamen) (Left-
Thalamus-Proper,Left-Putamen) (Left-
Thalamus-Proper,Left-Caudate)

6e-05 0.00012 0.76796 0.90909 (precentral 6,Left-Putamen) (Left-
Thalamus-Proper,Left-Putamen) (Left-
Thalamus-Proper,Left-Hippocampus)

6e-05 0.00012 0.76796 0.90909 (precentral 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Left-Thalamus-
Proper,Left-Putamen)

6e-05 0.00012 0.76796 0.90909 (precentral 6,Left-Putamen) (Left-
Caudate,Left-Putamen) (Left-Thalamus-
Proper,Left-Hippocampus) (Left-
Thalamus-Proper,Left-Putamen)

7e-05 0.00012 0.75691 0.90083 (Right-Thalamus-Proper,Right-
Putamen) (Right-Thalamus-
Proper,Brain-Stem) (Left-Thalamus-
Proper,Brain-Stem) (Left-Caudate,Left-
Putamen) (precentral 6,Left-Putamen)
(Left-Thalamus-Proper,Left-Putamen)
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7e-05 0.00013 0.75691 0.90083 (Right-Thalamus-Proper,Right-
Putamen) (Left-Thalamus-
Proper,Left-Caudate) (Right-
Thalamus-Proper,Brain-Stem)
(Left-Thalamus-Proper,Brain-Stem)
(precentral 6,Left-Putamen) (Left-
Caudate,Left-Putamen)

7e-05 0.00013 0.75691 0.90083 (Right-Thalamus-Proper,Right-
Putamen) (Left-Thalamus-
Proper,Left-Caudate) (Right-
Thalamus-Proper,Brain-Stem)
(Left-Thalamus-Proper,Brain-Stem)
(precentral 6,Left-Putamen) (Left-
Thalamus-Proper,Left-Putamen)

7e-05 0.00013 0.75691 0.90083 (Right-Thalamus-Proper,Right-
Putamen) (Right-Thalamus-
Proper,Brain-Stem) (Left-Thalamus-
Proper,Left-Hippocampus) (Left-
Thalamus-Proper,Brain-Stem)
(precentral 6,Left-Putamen) (Left-
Thalamus-Proper,Left-Putamen)

7e-05 0.00013 0.75691 0.90083 (Right-Thalamus-Proper,Right-
Putamen) (Right-Thalamus-
Proper,Right-Hippocampus) (Right-
Thalamus-Proper,Brain-Stem)
(Left-Thalamus-Proper,Brain-Stem)
(precentral 6,Left-Putamen) (Left-
Thalamus-Proper,Left-Putamen)

7e-05 0.00013 0.75691 0.90083 (Right-Thalamus-Proper,Right-
Putamen) (Right-Thalamus-
Proper,Brain-Stem) (Left-Thalamus-
Proper,Brain-Stem) (precen-
tral 6,Left-Putamen) (Left-Thalamus-
Proper,Left-Putamen)

7e-05 0.00013 0.75691 0.90083 (Right-Thalamus-Proper,Right-
Putamen) (Right-Thalamus-
Proper,Brain-Stem) (Right-
Caudate,Right-Putamen) (Left-
Thalamus-Proper,Brain-Stem)
(precentral 6,Left-Putamen) (Left-
Thalamus-Proper,Left-Putamen)

0.00299 0.00024 0.90055 0.79339 (Right-Caudate,Right-Pallidum)
(precentral 7,Right-Putamen) (cau-
dalanteriorcingulate 1,Right-Caudate)
(Right-Caudate,Right-Putamen)

0.00299 0.00024 0.90055 0.79339 (precentral 7,Right-Putamen) (cau-
dalanteriorcingulate 1,Right-Caudate)
(Right-Caudate,Right-Putamen)
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100,1PR 100,2Pu 100,3Pu

150,1Pu 150,2Pu 150,3Pu

200,1Pu 200,2Pu 200,3Pu

81.82 81.82 81.82

91.94 91.94 91.94

100

100

100

100

100

100

Figure 2.4: unweighted, PPR
PR
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100,1P1 100,2P1 100,3P1

150,1P1 150,2P1 150,3P1

200,1P1 200,2P1 200,3P1

98.81 98.81 98.81

98.02 98.02 98.02

100

100

100

100

100

100

Figure 2.5: w1 = 2
k(k−1) ,

PPR
PR

42



100,1P2 100,2P2 100,3P2

150,1P2 150,2P2 150,3P2

200,1P2 200,2P2 200,3P2

79.21 79.21 79.21

98.02 98.02 98.02

100

100

100

100

100

100

Figure 2.6: w2 = 1
k−1 , PPR

PR

43



100,1Du 100,2Du 100,3Du

150,1Du 150,2Du 150,3Du

200,1Du 200,2Du 200,3Du

98.81 99.2 91.94

95.69 96.08 98.02

77.3

77.3

77.3

12.74

15.34

15.74

Figure 2.7: unweighted, PPR
deg
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100,1D1 100,2D1 100,3D1

150,1D1 150,2D1 150,3D1

200,1D1 200,2D1 200,3D1

30.55 32.28 38.5

33.33 34.41 34.41

96.08

94.55

67.79

76.06

84.5

87.62

Figure 2.8: w1 = 2
k(k−1) ,

PPR
degw
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100,1D2 100,2D2 100,3D2

150,1D2 150,2D2 150,3D2

200,1D2 200,2D2 200,3D2

0.0 1.01 8.46

79.86 68.63 99.2

96.08

47.06

56.49

76.06

10.01

10.01

Figure 2.9: w2 = 1
k−1 , PPR

degw
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100,1Pu 100,1P1

100,1Du 100,1D1

100,2Pu 100,2P1

100,2Du 100,2D1

100,3Pu 100,3P1

100,3Du 100,3D1

150,1Pu 150,1P1

150,1Du 150,1D1

150,2Pu 150,2P1

150,2Du 150,2D1

150,3Pu 150,3P1

150,3Du 150,3D1

200,1Pu 200,1P1

200,1Du 200,1D1

200,2Pu 200,2P1

200,2Du 200,2D1

200,3Pu 200,3P1

200,3Du 200,3D1

51.52

1.11
0.01.11

0.0

0.0

51.52

8.11
1.018.11

1.01

1.01

51.52

41.44
8.2335.69

8.46

7.99

47.49

1.11
0.01.11

0.0

0.0

47.49

8.11
1.018.11

1.01

1.01

47.49

40.45
4.4932.8

4.6

4.38

45.77

1.11
0.01.11

0.0

0.0

45.77

8.11
0.78.11

0.7

0.7

45.77

40.06
3.0932.28

3.2

2.99

Figure 2.10: unweighted and w1 = 2
k(k−1)
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100,1Pu 100,1P2

100,1Du 100,1D2

100,2Pu 100,2P2

100,2Du 100,2D2

100,3Pu 100,3P2

100,3Du 100,3D2

150,1Pu 150,1P2

150,1Du 150,1D2

150,2Pu 150,2P2

150,2Du 150,2D2

150,3Pu 150,3P2

150,3Du 150,3D2

200,1Pu 200,1P2

200,1Du 200,1D2

200,2Pu 200,2P2

200,2Du 200,2D2

200,3Pu 200,3P2

200,3Du 200,3D2

51.52

1.11
0.01.11

0.0

0.0

51.52

8.11
1.018.11

1.01

1.01

51.52

41.44
8.2335.69

8.46

7.99

57.73

1.11
1.631.11

1.63

66.94

57.73

8.11
10.018.11

10.01

39.86

57.73

40.45
43.4736.61

49.25

40.06

55.76

1.11
1.631.11

1.63

80.83

55.76

8.11
10.018.11

10.01

59.24

55.76

40.06
43.2736.24

49.48

39.66

Figure 2.11: unweighted and w2 = 1
k−1
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100,1P1 100,1P2

100,1D1 100,1D2

100,2P1 100,2P2

100,2D1 100,2D2

100,3P1 100,3P2

100,3D1 100,3D2

150,1P1 150,1P2

150,1D1 150,1D2

150,2P1 150,2P2

150,2D1 150,2D2

150,3P1 150,3P2

150,3D1 150,3D2

200,1P1 200,1P2

200,1D1 200,1D2

200,2P1 200,2P2

200,2D1 200,2D2

200,3P1 200,3P2

200,3D1 200,3D2

100

0.0
0.00.0

0.0

100

100

1.01
1.011.01

1.01

100

100

8.46
8.468.46

8.46

100

79.21

0.0
1.630.0

1.63

0.0

79.21

1.01
10.011.01

10.01

1.01

79.21

4.6
45.774.6

49.25

16.28

78.89

0.0
1.630.0

1.63

0.0

78.89

0.7
10.010.7

10.01

0.7

78.89

3.2
45.993.2

49.48

14.42

Figure 2.12: w1 = 2
k(k−1) ,w2 = 1

k−1
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