
Eötvös Loránd Tudományegyetem
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Introduction

Let V be a variety and n ≥ 1 an integer. The free algebra of V over an
n-element set will be denoted by Fn(V). If V is locally finite, then the
sequence |Fn(V)|, n ≥ 1, consists of positive integers; it is called the free
spectrum of V . If A is an algebra generating a locally finite variety (for
example, if A is finite), then the free spectrum of A, |Fn(A)|, is just
the free spectrum of the variety A generates. By elementary facts from
universal algebra, |Fn(A)| is in fact the number of all n-ary operations
on A. These operations are called the term operations of A. For exam-
ple, n-ary term operations of a semigroup are just the operations of its
underlying set induced by non-empty words over an n-element alphabet.
Therefore, if |A| = k, then |Fn(A)| ≤ kk

n . This upper bound is attained
for the two-element Boolean algebra: the free spectrum of the variety of
Boolean algebras is 22n . If k ≥ 2, then |Fn(A)| ≥ n. The first important
question about free spectra is the following: Within the above bounds
what are the possible numbers?

A classical result of G. Higman (1967) and P. Neumann (1963) states,
that for a finite group G we have log |Fn(G)| ∈ O(nc) if and only if G is
step-c nilpotent, while |Fn(G)| is doubly exponential if G is not nilpotent.

An important milestone in the theory of free spectra of locally finite
varieties came with a paper of Kearnes, who showed that the free spec-
trum of a general finite algebra A is a great deal governed by the free
spectrum of an associated monoid, called the twin monoid of A. This
clearly emphasized the need to focus the attention to free spectra of (fi-
nite) semigroups and monoids and to try to classify all possible spectra
according to their asymptotic behavior. There are so called gap theorems
for the free spectra. For example: Let V be a variety generated by a k-
element algebra. Then either there exists a positive constant c such that
|Fn(V)| ≤ cnk, or else |Fn(V)| ≥ 2n−k.

Little is known about congruence lattices of simple semigroups in gen-
eral, although the some subclasses have been described in the literature.
A natural approach is to investigate the free spectra of small varieties.
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The five element combinatorial Brandt semigroup B2 is a Rees matrix

semigroup with sandwich matrix
 1 0

0 1

. Kátai and Szabó [8] gave

the asymptotics log |Fn(B2)| ∼ 2n log n for the free spectrum of B2. In
the present work we investigate the free spectrum of the variety gener-
ated by the Brandt monoid B1

2, which is B2 with a 1 adjoined. Although
the variety generated by B2 is well-described, much less is known about
the variety generated by B1

2. In contrast to B2 the Brandt monoid B1
2

possesses some unique features. For example Perkins, in his 1966 PhD
thesis showed, that B1

2 allows no finite basis of identities. So far the best
bounds on the free spectrum of B1

2 are due to Seif [6] who showed that
n2 � log |Fn(B1

2) � n3. Recently Pluhár has found examples of band
varieties with free spectra 2nk logn, disproving the CREAM conjecture.
This allows a greater pool of possible answers for O(log |Fn(B1

2)|) instead
of just n2 or n3. For instance, n2 log n might also be a possible candi-
date. These thoughts further motivate determining O(log |Fn(B1

2)|). Our
aim is to give a detailed proof of the result of Seif, pointing out possible
directions for the improvement of the bounds.
The structure of the thesis is the following:

In section 1, we introduce the Rees matrix-semigroups and turn to the
special case of the Brandt semigroup and Brandt monoid respectively.

In section 2, we introduce the definitions of terms, term functions and
the free spectrum.

In Section 3, we give constructions of words starting with the naive
approach refining it to the construction of Seif and Kitaev, to obtain best
known lower bound on log |Fn(B1

2)|.
In sections 4, we introduce the notion of alternation word digraphs,

which enables a convenient characterization of the term equivalence over
B1

2 in section 5.
In section 6, we state the main result and finish the proof of the main

result, which involves the asymptotic enumeration of the affine subspaces
of Fn2 . Our proof follows the main ideas of the proof of Seif [6], although
ours is much more elaborate.
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In section 7, we deal with the complexity of the word problem for B1
2,

proving a result of Kĺıma [4] and Seif [5].
In section 8, we point out a possibility of improving the lower bound,

using a construction of Kĺıma. We introduce the notion of Boolean XSAT
functions, which arise form exact evaluations of Boolean CNF formulae.
Determining the number of term fucntions given by the construction of
Kĺıma leads to the asymptotic enumeration of Boolean XSAT functions
– a problem that might be of interest in its own right.
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1 Semigroups

Some basic definitions and concepts on semigroup theory will be intro-
duced. The reader is referred to Howie [2] for a well-written introduction,
covering more advanced topics as well.

Any semigroup S = 〈S, ·〉 without an identity element can be natu-
rally embedded into a monoid by adjoining an element 1 /∈ S and defining
s·1 = 1·s = 1·1 = 1 for all non-zero s ∈ S∪{1}. The extended semigroup
is usually denoted by S1.

Similarly, a semigroup S = 〈S, ·〉 without a zero element can be ex-
tended by adjoining 0 /∈ S and defining s ·0 = 0 ·s = 0 for all s ∈ S∪{0}.

Notice, that a semigroup without a zero is called simple if it has no
proper ideals. A semigroup with zero is called 0-simple if the following
hold:

1. {0} and S are its only ideals

2. S2 6= {0}

1.1 Rees matrix-semigroups

The following construction is due to Rees, giving us a convenient repre-
sentation of completely 0-simple semigroups:

Let G = 〈G, ·〉 be a group, let I,Λ be non-empty sets, and let M be
a Λ× I matrix with entries in G ∪ {0}, such that each row and column
contains a non-zero entry. On (I×G×Λ)∪{0} we define a multiplication
by taking

(i, g, λ)(j, h, µ) =

 (i, gmλ,jh, µ) if mλ,j 6= 0
0 if mλ,j = 0

(1.1.1)

(i, g, λ)0 = 0(i, g, λ) = 00 = 0

for each i, j ∈ I, g, h ∈ G, λ, µ ∈ Λ. Then

M0(G, I,Λ,M) = 〈(I ×G× Λ) ∪ {0}, ·〉
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is a semigroup, called a Rees matrix semigroup over G0.
The name comes from the fact, that it can also be defined as a semi-

group on some I ×Λ matrices with entries in G∪{0}. Let us correspond
0 to the zero matrix 0I×Λ and (i, g, λ) to the matrix A containing ex-
actly one non-zero entry ai,λ = g. It is easy to verify, that if we define
multiplication ◦ by A◦B = AMB, (concatenation meaning matrix multi-
plication), the semigroup we get is isomorphic toM0(G, I,Λ,M). Hence
the matrix M is being called sandwich matrix.

These semigroups are of particular interest, due to a theorem of Rees
(Theorem 3.2.3 in Howie [2]), stating that every completely 0-simple
semigroup is of this form.

A semigroup is being called combinatorial, if it contains no nontrivial
group as a subsemigroup. Notice, that Gi,λ = {(i, g, λ) : g ∈ G} is
a subsemigroup of M0(G, I,Λ,M), isomorphic to G for each pair i, λ
such that mλ,i 6= 0. Hence the Rees matrix semigroup M0(G, I,Λ,M)
is combinatorial iff G is the trivial group (G = {1}). In this case all
the elements are of the form (i, 1, λ), thus, to simplify our notation the
middle 1-s can be omitted. Since the sandwich matrix M is a 0-1 matrix,
the definition of multiplication for pairs [i, λ] ∈ I × Λ simplifies to

[i, λ][j, µ] =

 [i, µ] if mλ,j = 1
0 if mλ,j = 0

(1.1.2)

[i, λ]0 = 0[i, λ] = 00 = 0

1.2 The Brandt monoid B1
2

The five element B2 is the Rees matrix semigroup with the sandwich

matrix M =
 1 0

0 1

. The six element Brandt monoid or Perkins semi-

group B1
2 is in fact B2 with 1 adjoined. Thus, the set of elements is

B1
2 = {0, 1, [11], [12], [21], [22]}
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and the laws of multiplication from (1.1.2) can be restated as

[i, λ][j, µ] =

 [i, µ] if λ = j

0 if λ 6= j
(1.2.1)

[i, λ]0 = 0[i, λ] = 0 · 0 = 0

[i, λ]1 = 1[i, λ] = [i, λ], 1 · 1 = 1

As seen in the general case, a matrix representation is also possible:

B1
2 =


 0 0

0 0


0

,

 1 0
0 1


1

,

 0 1
0 0


a

,

 0 1
0 0


ab

,

 0 0
1 0


b

,

 0 0
0 1


ba


(1.2.2)

The Brandt monoid is generated by two elements:

a ∼ [1, 2] ∼
 0 1

0 0

 and b ∼ [2, 1] ∼
 0 0

1 0


so it has the following presentation:

B1
2 = 〈a, b|a2 = b2 = 0, aba = a, bab = b〉 (1.2.3)

This is how B1
2 will be treated in this work, the set of elements will

be {0, 1, a, b, ab, ba}, the symbols a and b will be used for this purpose
exclusively.

An important property of B1
2 is that its idempotents form a commu-

tative submonoid:

E(B1
2) = 〈{0, ab, ba, 1}, ·〉 < B1

2

Notice that each element is idempotent or has square zero, hence the
identity s3 = s2 holds. This means that all squares are idempotents – a
simple fact that will be useful later on.
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2 Free spectra of varieties

2.1 Terms and term functions

For the general definition of an (n-ary) term and (n-ary) term operation,
as well as other related topics of universal algebra, the reader is referred
to Burris-Sankappanavar [1]. In semigroup context, terms are usually
supposed to be non-empty words, that is, elements of a free semigroup.
More precisely,

Definition 2.1. By an n-ary semigroup term (n ≥ 1) or shortly, by
an n-ary term we mean a word w over an n-element alphabet Σn =
{x1, x2, . . . , xn}:

w = w(x1, . . . , xn) = xi1xi2 · · · xik

where the (not necessarily distinct) indices ij are chosen from {1, 2, . . . n}.
If w is an n-ary term, then on any semigroup S, substitutions of elements
of S for the variables determine an n-ary term operation

wS : Sn → S, s 7→ wS(s) (s ∈ S) (2.1.1)

Definition 2.2. Two terms w1 and w2 are equivalent over a semigroup S,
in notation w1 ≡ w2 or w1(x1, . . . , xn) ≡ w2(x1, . . . , xn), if term functions
wS1 and wS2 are equal.

The term function wS is said to be essentially n-ary, if it depends
on all of its variables, i.e., for all 1 ≤ i ≤ n there exist s1, . . . , si−1, x, y,

si+1, . . . , sn ∈ S such that

wS(s1, . . . , si−1, x, si+1, . . . , sn) 6= wS(s1, . . . , si−1, y, si+1, . . . , sn)

2.2 Free spectra of semigroups

Let us denote the set of all n-ary term operations over the semigroup
S with Fn(S). The set of n-ary terms is closed under concatenation of
terms; thus, via evaluations over S, one can obtain a semigroup structure
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on Fn(S). In fact Fn(S) is the free semigroup on n generators in the
variety generated by S.

For the general theory of terms and term algebras, the reader is again
referred to the Burris and Sankappanavar [1] pp. 68–84.

For our purposes, it is sufficient to stick to the case of semigroups:

Definition 2.3. Let S be a finite semigroup. The sequence |Fn(S)| (n ∈
N) is being called the free spectrum of S.

It is clear that |Fn(S)| is finite for all n ∈ N, because it can be trivially
estimated from above with the number of Sn → S functions. Hence,

|Fn(S)| ≤ |S||S|n (n ∈ N) (2.2.1)

If we define pn(S) as the number of essential n-ary term functions, the
equation |Fn(S)| = ∑n

k=1

(
n
k

)
pk(S) applies.
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3 Constructions of words over B1
2

3.1 An elementary construction

How to make as many term functions as possible? A natural approach
would be to take all permutations of variables x1, x2, . . . xn, and to form
the term

wπ = xπ(1)xπ(2) · · · xπ(n)

for each permutation π ∈ Sn.

Proposition 3.1. The terms wπ (π ∈ Sn) are pairwise distinct.

Proof. Recall the fact that each permutation is uniquely defined by the
set of its inversions. Now let π, σ ∈ Sn be two distinct permutations;
in this case, there is a pair of positions (i, j), i < j, which forms an
inversion in one of them, say, in σ but not in π, meaning σ(i) > σ(j),
but π(i) < π(j). Let us consider the assignment v(xi) = a, v(xj) = b

and v(xk) = 1 (k 6= i, j). For this assignment we have v(wπ) = ab and
v(wσ) = ba, meaning wπ 6= wσ.

Thus, we have n! ∼ 2n logn distinct words. More precisely,

Lemma 3.2. log n! = n log n− n+O( 1
n
) for n ∈ N, yielding

logbxc! = x log x− x+O(log x)

for x ∈ R+.

Proof. The first part is immediate by taking the logarithm of the Stirling
formlua n! ∼

√
2πn(n

e
)n. For the other formula, notice that bxc = x +

O(1). Then we have:

logbxc! = bxc logbxc − bxc+O(1/bxc)

= (x+O(1))(log x+O(1/x))− x−O(1) +O(log x)

= x log x− x+O(log x)
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3.2 Posets and term functions

The idea of proposition 3.1 can be generalized further by using some
basic results on posets.

Definition 3.3. A poset or partially ordered set is a pair P = 〈X,P 〉
which consits of a set X and a binary relation P , which is a (strict)
partial order on X, i.e. irreflexive and transitive.

Definition 3.4. A totally ordered set is a pair L = 〈X,L〉, where the
set X is equipped with a (strict) total order (or linear order), i.e., a
transitive trichotomous binary relation L.

A (strict) total order L = 〈X,L〉 is said to be linear extension of the
poset P, if aPb implies aLb for all a, b ∈ X.
Notice that if 〈X,P1〉 and 〈X,P2〉 are posets, then 〈X,P1 ∩ P2〉 is also a
poset. If {L1, L2, . . . , Lk} is the set of all linear extensions of P, then P =⋂k
i=1 Li holds. P. Also notice that strict total orders on {x1, x2, . . . , xn}

can be uniquely represented as elements of the symmetric group Sn.

Let P = 〈{1, . . . , n}, P 〉 be a poset with linear extensions {L1, L2, . . . , Lk}.
For 1 ≤ i ≤ k, the permutation determined by Li is denoted by σi. For
each such setup we define the term

wP = wσ1wσ2 · · ·wσk

where wσi
s are the terms from proposition 3.1.

Proposition 3.5. The term functions wP are pairwise distinct.

Proof. This result will be implied by the following

Claim. xiPxj iff instances of xi and xj alternate in wP, and the left-most
instance of xi precedes the left-most instance of xj.

Indeed, instances of xi and xj do alternate, starting with xi, iff xi

precedes xj in each factor wσl
of wP. Because of the connection between

the poset P and permutations σl (1 ≤ l ≤ k), this condition is equivalent
to xiPxj.

10



Let P1 = 〈X,<1〉 and P2 = 〈X,<2〉 be distinct posets on Σn =
{x1, x2, . . . , xn}, i.e., for some xi 6= xj we have xi <1 xj, but xi ≮2 xj.
Let us consider the evaluation ϕ : Σn → B1

2, ϕ(xi) = a, ϕ(xj) = b and
ϕ(xl) = 1 for (k 6= i, j). By the above claim we have ϕ(wP1) = aba · · · b =
ab. On the other hand, xi ≮2 xj implies that instances of xi and xj do
not alternate in wP2 . We distinguish two cases:

• xj <2 xi, which means that xj and xj alternate in wP2 starting with
xj, thus ϕ(wP2) = ba · · · b = ba

• xj ≮2 xi. In this case there exist either two occurences of xi in
wP2 without xj between them, or two occurences of xj without xi
between them. In either case we have ϕ(wP2) = 0

Since ab /∈ {ba, 0}, we have just proved ϕ(wP1) 6= ϕ(wP2), which implies
the statement.

Thus, we have obtained as many inequivalent term functions over
B1

2 as the number of posets on n labeled elements, i.e., the number of
transitive directed acyclic graphs (DAG-s) on n labeled nodes. This is
sequence A001035 in the OEIS. The following lemma gives an estimation
for the logarithms:

Lemma 3.6. Let us denote the number of posets on n labeled elements
with P (n). Then we have

logP (n) = O(n2) (3.2.1)

Proof. For the upper bound, we have P (n) ≤ 2n2 , the latter being the
number of directed graphs on n labeled nodes.

For the lower bound, we enumerate posets with height 1 by using
their DAG representation. Let A ∪ B be a partition of Σn. Arrows will
be directed from A to B. For a vertex x ∈ A we have 2|B| many ways
to choose the neighbourhood N(x) ⊆ B of x. Moreover, the poset is
uniquely determined by the set {N(x)}x∈A. Clearly, the number of such
sets is 2|A||B|. By taking |A| = bn/2c and |B| = dn/2e, one can see that
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|A|, |B| > n/3 for n ≥ 4, yielding that P (n) > 2n2/9. The result follows
from taking logarithms.

Corollary 3.7. There exsist a positive constant c ∈ R, such that

log |Fn(B1
2)| ≥ cn2 (3.2.2)
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4 Alternation word digraphs

The idea of the previous proof is true in a more general setup as well.
Namely, the alternation of a pair of one-element variable subsets naturally
generalizes to to the alternation of a pair of disjoint variable subsets:

Definition 4.1. Let w be a word and let A and B be disjoint subsets of
V ar(w). Then A and B are alternating in w, if for all length-two divisors
of wA∪B exactly one of {xi, xj} is in A.

Definition 4.2. Let w be a word. Alt(w), the alternation word digraph
of w, has vertex set consisting of non-empty subsets of Var(w):

V (Alt(w)) = P(Var(w)) \ ∅

For two disjoint proper subsets A,B ⊂ Var(w), let A→ B be an edge of
Alt(w) (written (A→ B) ∈ E(Alt(w))), if

• A and B alternate in w; and

• the left-most variable of A ∪B is contained in A.

Lemma 4.3. Let u and v be words over the set of variables Σn =
{x1, x2, . . . , xn}. Then Alt(u) 6= Alt(v) implies u 6= v.

Proof. Without loss of generality, suppose (A → B) ∈ E(Alt(u)) \
E(Alt(v)). Let us define the evaluation ϕ : Σ→ B1

2 to be

ϕ(xi) =


a if xi ∈ A
b if xi ∈ B
1 if xi ∈ Σ \ (A ∪B)

(4.0.3)

Then we have ϕ(u) ∈ {a, ab}, because A and B alternates in u. On the
other hand, (A→ B) /∈ E(Alt(v)). Here we distinguish two cases:

• (B → A) ∈ E(Alt(v)). In this case, ϕ(v) ∈ {b, ba}.

• (B → A) /∈ E(Alt(v)). This means vA∪B has a divisor of form x2
i ,

hence ϕ(v) = ϕ(vA∪B) = 0.
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Sets {a, ab} and {0, b, ba} are disjoint, thus in any case ϕ(u) 6= ϕ(v),
hence u 6= v.

Example 4.4. Let w be

w = x1x2x3x1x4

Then the edges of Alt(w) are the following: x1 → x2, x1 → x3, x1 →
{x2, x4}, x1 → {x3, x4}, x2 → x3, x2 → x4, x3 → x4. Notice, that
x1 → x2, x2 → x4 ∈ E(Alt(w)), but x1 → x4 /∈ E(Alt(w)), thus Alt(w)
is not transitive.

As we can see, alternation word digraphs are not transitive in general.
What we show next, is that alternation digraphs are DAG-s. To make it
easier, for a subset A ⊂ Σn let nw(A) be the position in w of the left-most
variable contained in A.

Lemma 4.5. Let w be a word over Σn. Then Alt(w) is a DAG.

Proof. If A1 → A2 → A3, . . . , Ak−1 → Ak are edges of Alt(w), then
nw(A1) < nw(A2) < · · · < nw(Ak), from which it follows that Ak → A1 /∈
E(Alt(w)).

Remark. Notice, that the variables at the nith position for 1 ≤ i ≤ k

must be all distinct, thus k ≤ n. This means that the length of the
longest path in Alt(w) is at most n− 1. Of course, this can be realized
for example by taking w = x1x2 · · ·xn.
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5 Term equivalence over B1
2

In this section we prove that the term equivalence over B1
2 can completely

be described by alternation word digraphs. Let us denote with wr the
reverse of word w, i.e., for w = xi1xi2 · · ·xik we have wr = xikxik−1 · · · xi1 .

Definition 5.1. Let w be a word over the n-element alphabet Σn =
{x1, . . . xn}. The word w over the 2n-element alphabet Σ′2n = Σn ∪
{y1, . . . , yn} is formed from w by replacing each instance xi ∈ Σn with
xiyi.

The link between term equivalence over B1
2 and the alternation word

graphs is the following theorem:

Theorem 5.2. Let u and v be two words over the n-element alphabet
Σn. Then u ≈ v over B1

2 if and only if all of the following conditons hold:

1. Alt(u) = Alt(v)

2. Alt(ur) = Alt(vr)

3. V ar1(u) = V ar1(v),

where V ar1(u) ⊆ Σn denotes the set of variables that occur in u exactly
once.

The proof of the theorem will be based on lemmas 5.3 and 5.4.

Lemma 5.3. Let u and v be words over the n-element alphabet Σn. Then
u ≡ v over {1, a, b} iff the following conditions hold:

1. Alt(u) = Alt(v)

2. Alt(ur) = Alt(vr)

3. V ar1(u) = V ar1(v),

where V ar1(u) ⊆ Σn denotes the set of variables that occur in u exactly
once.
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Proof. First we show that the three conditions are necessary: Notice, that
in the proof of lemma 4.3 we have already proved, that if u, v are words
over Σn such that Alt(u) 6= Alt(v), then u and v are inequivalent over
{1, a, b}, implying 1. As for 2., observe, that variable sets A and B are
connected with an edge in Alt(wr) iff an edge connects them in Alt(w).
Suppose u ≡ v over {1, a, b}, then, by 1., we have Alt(u) = Alt(v).
By contradiction: suppose Alt(ur) 6= Alt(vr) which implies, that there
is an edge A → B ∈ Alt(u), such that A → B ∈ Alt(ur), but B →
A ∈ Alt(vr). Taking the evaluation ϕ : Σ → B1

2 defined in (4.0.3),
we have ϕ(ur) = ab · · · a = a and ϕ(vr) = ba · · · a = ba, which means
ϕ(u) = ab · · · a = a and ϕ(v) = ab · · · b = ab, contradicting u ≡ v. To
prove 3. suppose xi ∈ V ar1(u) \ V ar1(v). Defining ψ : Σ→ B1

2 to be

ψ(xj) =


a if j = i

1 if j 6= i

Then we have ψ(u) = a. On the other hand we have ψ(v) = 0, if v
contains at least two instances of xi, or ψ(v) = 1, if v does not contain xi
at all. Since a /∈ {0, 1}, in either case we obtain, that u, v are inequivalent
over {1, a, b}.
Now we are going to show that conditions 1-3. are sufficient for terms u
and v to be equivalent over {1, a, b}. Let u and v be words over Σ, such
that conditions 1-3. hold, and let ϕ : Σ → {1, a, b} be an evaluation. If
ϕ ≡ 1, then ϕ(u) = ϕ(v) = 1. So we assume ϕ(Σ) ∪ {a, b} 6= ∅.
Suppose there exists a single variable xi ∈ Σ such that ϕ(xi) ∈ {a, b}
and ϕ(xj) = 1 for xj 6= xi. If xi ∈ V ar1(u) = V ar1(v), we have ϕ(u) =
ϕ(v) = ϕ(xi). If xi /∈ V1, then ϕ(u) = ϕ(v) = 0.
Assume at least two variables are contained in ϕ−1({a, b}). With this
assumption ϕ(Σ) ⊂ {1, a} or ϕ(Σ) ⊂ {1, a} would imply ϕ(u) = ϕ(v) =
0. So we can assume {a, b} ⊂ ϕ(Σ). In that case, with A = ϕ−1(a) and
B = ϕ−1(b) (thus xi ∈ Σ \ (A ∪ B) implies ϕ(xi) = 1), we have one of
the following:

• Neither A → B, nor B → A is in Alt(u) = Alt(v). Then A and
B do not alternate in either u or v. This means both uA∪B and
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vA∪B have divisors of form x2
i , hence ϕ(u) = ϕ(uA∪B) = 0 and

ϕ(v) = ϕ(vA∪B) = 0; or

• A → B or B → A is in Alt(u) = Alt(v). Without loss of gener-
ality assume A → B ∈ E(Alt(u)) = E(Alt(v)). Thus, A and B

alternate in u and alternate in v, from which it follows, that A and
B alternate in ur and vr. Hence, either A → B or B → A is an
edge of Alt(ur) = Alt(vr). In the first case we have ϕ(u) = ϕ(v) =
ab · · · a = a, in the latter case we have ϕ(u) = ϕ(v) = ab · · · b = ab.

For all the cases we have ϕ(u) = ϕ(v). Since ϕ was an arbitrary evaluation
with range contained in {1, a, b}, we have u ≈ v over {1, a, b}.

Lemma 5.4. For all evaluations ϕ : Σn → B1
2 there exists an evaluation

ϕ : Σ′2n → {1, a, b}, such that

ϕ(w) = ϕ(w) (∀w ∈ Σ∗n)

Proof. It is easy to verify that the evaluation ϕ defined below satisfies
the conditions:

ϕ(xi) = ϕ(xi), ϕ(yi) = 1 if ϕ(xi) ∈ {1, a, b}
ϕ(xi) = a, ϕ(yi) = b if ϕ(xi) = ab

ϕ(xi) = b, ϕ(yi) = a if ϕ(xi) = ba

Since substituting 0 annihilates the whole evaluation, we can assume we
never substitute 0, thus in fact we always deal with evaluations of form
ϕ : Σn → B1

2 \ {0}.

Conversely, if the evaluation ϕ : Σn → {1, a, b} is produced from the
evaluation ϕ : Σ′2n → {1, a, b} by taking

ϕ(xi) = ϕ(xi)ϕ(yi) (1 ≤ i ≤ n),

we obtain the following corollary:

Corollary 5.5. Let u, v be words over Σn, and let u, v be the corre-
sponding words over Σ′2n. Then we have u ≈ v over B1

2 if and only if
u ≈ v over B1

2.
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Proof. Suppose u ≈ v. Let ϕ : Σ′2n → B1
2 be an evaluation. Define the

evaluation ϕ : Σn → B1
2 as

ϕ(xi) = ϕ(xi)ϕ(yi) (1 ≤ i ≤ n).

Note that ϕ(u) = ϕ(u) and ϕ(v) = ϕ(v). Now u ≈ v implies ϕ(u) = ϕ(v),
which in turn implies ϕ(u) = ϕ(v). Thus u ≈ v.
Conversely, assume u ≈ v. Let ϕ : Σn → B1

2 be an evaluation and define
ϕ : Σ′2n → B1

2 as follows:

ϕ(xi) = ϕ(xi) and ϕ(yi) = 1 for 1 ≤ i ≤ n

Of course, ϕ(u) = ϕ(u) and ϕ(v) = ϕ(v) hold. This completes the proof
of the corollary.

Now we are equipped with all the tools required to prove theorem
5.2. The proof goes as follows:

Proof of theorem 5.2. Suppose u ≈ v over B1
2. Then, because of lemma

5.4 we have u ≈ v over {1, a, b}. Now, by applying lemma 5.3 for u and
v, we get, that conditions 1-3. hold.

For the converse, assume, that conditions 1-3. of the theorem hold.
It is clear, that V ar1(u) = V ar1(v) iff V ar1(u) = V ar1(v), so we can
assume the latter. Then, applying lemma 5.3 we get, that u ≈ v over
{1, a, b}. Now we want to show, that u ≈ v over B1

2. By contradiction let
ϕ : Σn → B1

2 be an evaluation such that ϕ(u) 6= ϕ(v). Then, applying
lemma 5.4 we get an evaluation ϕ : Σ′2n → {1, a, b}, such that ϕ(u) =
ϕ(u) and ϕ(v) = ϕ(v). This means ϕ(u) 6= ϕ(v), contradicting u ≈ v,
completing the proof.
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6 The main theorem

The following bounds for the free spectra of the Brandt monoid B1
2 are

the best known so far. The present proof is based on the one in Seif [6];
however, it is much more detailed and achieves better constants.

Theorem 6.1 (Seif, 2008). For sufficiently large n, there exist positive
constants c1, c2 ∈ R, such that the following inequalities hold:

c1n
2 ≤ log |Fn(B1

2)| ≤ c2n
3 (6.0.4)

Note that the lower bound was actually discussed in subsection 3.2.
The number of distinct term functions can be estimated from below with
the number of posets on n labeled points. The lower bound itself has
been stated as corollary 3.2.2 at the end of the section.

To prove the upper bound, we will use theorem 5.2. For exact calcu-
lations we need a notation for the number of alternation word digraphs
in the following sense:

Definition 6.2. Let an denote the number of alternation word digraphs
of words over Σn:

an = |{Alt(w) : w ∈ Σ∗n}|

Theorem 5.2 states, that a term function wB1
2 is completely described

by the triple
(V ar1(w),Alt(w),Alt(wr)).

Note that V ar1(w) can be chosen in 2n ways and both Alt(w) and
Alt(wr) can be chosen in a2n ways. Hence we have obtained the following
the upper bound:

|Fn(B1
2)| ≤ 2n(a2n)2. (6.0.5)

6.1 Subspaces of Fn
2

We will require the number of affine subspaces of F2. This is sequence
A182176 in the OEIS. The exact formula, stated by the following lemma,
can also be found at the OEIS:
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Lemma 6.3. Let Fn2 denote the n-dimensional vector space over the two
element field F2. Let c(n) denote the number of affine subspaces of Fn2 .
The folowing formula holds:

cn =
n∑
k=0

2n
2k

k−1∏
i=0

2n − 2i
2k − 2i

We will only use this to verify that log cn = O(n2), as shown in the
following corollary.

Corollary 6.4. Let cn denote the number of affine subspaces of Fn2 . Then
we have cn ≤ n2 + n ≤ 2n2.

Proof of the corollary. It is well known from linear algerbra, that an
affine subspace of Fn2 consists of the solutions of a system of equations
of the type Ax = b, where A ∈ Mn(F2) is an n × n matrix over F2 and
b ∈ Fn2 is a fixed vector. Hence any subspace is completely determined by
the corresponding pair (A, b), which can be chosen in 2n22n ways.

6.2 Equations over F2

Definition 6.5. Let w ∈ Σ∗n be a word over the n-element alphabet Σn.

1. For the word u = xi1 · · ·xim , let e(u) be the F2-linear expression
xi1 + · · ·+ xim .

2. Let B(w, xi) = {u : xiuxi|w, xi /∈ V ar(u)} be the set of divisors of
w, that occur between adjacent occurrences of xi.

3. Let E1(w, xi) be the following system of F2-linear equations:

E1(u, xi) = {e(u) = 1 : u ∈ B(w, xi)} ∪ {xi = 1}

4. Let P (w, xi) = xj1 · · ·xjk be the maximal prefix of w, not containing
xi.

Proposition 6.6. Let S ⊂ Σn such that |S| > 1 and let χS be the
characteristic vector of S. Then the following hold:
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1. S is the support of an edge of Alt(w) if and only if χS is a solution
to E1(w, xi) for all xi ∈ S.

2. If S is the support of an edge A→ B in Alt(w), i.e., if S = A∪B,
then for a variable xi ∈ S the following holds: xi ∈ A if and only if
χS is a solution to e(P (w, xi)) = 0.

Proof. For the first statement observe, that S is the support of an edge
in Alt(w) if and only if |uS| is odd for each u ∈ B(w, xi). (Note, that
B(wS, xi) = {uS : u ∈ B(w, xi)}.) Since we substitute the characteristic
vector χS for x, we have e(u) = xi1 + · · ·+ xim = e(uS) = |uS| = 1 in F2

for each u ∈ B(w, xi).
For the second statement, suppose A → B ∈ Alt(w) and let S =

A ∪B. Then, the following are equivalent:

• xi ∈ A

• xi ∈ S and the positions of occurrences of xi in wS are odd positive
integers

• |P (wS, xi)| is even

• χS is a solution to e(P (w, xi)) = 0.

This completes the proof of the proposition.

Definition 6.7. For an F2-linear system E, let SE be the solution set
of E.

As it is well known from linear algebra, the solution sets SE are affine
subspaces of Fn2 .

Lemma 6.8. Let w be a word over the n-element alphabet Σn. We claim
that the alternation word graph Alt(w) is completely determined by the
the following 2n-tuple of solution sets:

(Se0(P (w, x1), SE1(w, xi)), . . . , Se0(P (w, xn), SE1(w, xn)) (6.2.1)
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Proof. Let u and v be two words over the alphabet Σn, such that Alt(u) 6=
Alt(v). Now we want to show that the 2n-tuples of form 6.2.1 of u an v

are also distinct. We distinguish two cases:

• Suppose there exists a set S, which is the support of an edge in
Alt(u), but is not a support of an edge in Alt(v). Then, applying
proposition 6.6, we have, that χS ∈

⋂n
k=1 SE1(u, xi) for all xi ∈ S,

but there exists xj ∈ S, such that χS /∈ ⋂n
k=1 SE1(v, xj). Hence,

the 2n-tuples of affine subspaces of Fn2 assigned to u, resp. v, are
distinct.

• Now suppose, that there exist distinct edges A→ B ∈ Alt(u) and
A′ → B′ ∈ Alt(v) with identical supports, i.e., A∆A′ 6= ∅ and
A ∪ B = A′ ∪ B′. (Here A∆A′ denotes the symmetric difference
of sets A,B.) Without loss of generality suppose there exists xi ∈
A \ A′. By applying proposition 6.6 we have, that

χS ∈
⋂
xi∈A

Se0(u, xi). (6.2.2)

Since xi /∈ A′, applying proposition 6.6 again, we have, that χS /∈
Se0(v, xi). We want to show, that Se0(u, xi) 6= Se0(v, xi). Assuming
Se0(u, xi) = Se0(v, xi) implies, that χS /∈ Se0(u, xi), contradicting
(6.2.2) immediately.

There are no other cases left, hence, the proof of the lemma is complete.

Now the only task that remains for this section is to prove the upper
bound of the main theorem:

proof of theorem 6.1. It follows from lemma 6.8, that the number of al-
ternation word digraphs can be estimated from above with the number
of 2n-tuples of affine subspaces of Fn2 :

an ≤ (cn)2n.
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Using this inequality and corollary 6.4, from which it follows, that cn ≤
22n2 , the inequality (6.0.5) can be continued as follows

|Fn(B1
2)| ≤ 2n(a2n)2 ≤ 2n(c2n)4n ≤ 2n(22n2)4n < 29n3

, (6.2.3)

where the last inequality holds for n > 1. After taking logarithms we get
|Fn(B1

2)| ≤ 9n3, completing the proof.
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7 The word problem for B1
2

One of the fundamental questions in universal algebra is the verifica-
tion of identities. In 1997 Ross Willard gave a talk at The Fields Insti-
tute where he preseted several results and problems concerning algebraic
complexity questions about rings. He defined two kinds of word prob-
lems. The one we will be dealing with in this section, is the so called
term equivalence problem for the sepical case of the semigroup B1

2.

Definition 7.1. Let S be a semigroup. An instance of the term equiv-
alence problem (TERM-EQ(S)) is a pair of terms w1 and w2, i.e., two
words over some finite, say n-element, alphabet Σn with the question,
whether or not wS1 = wS2 .

In 2002 M. Volkov used the name CHECK-ID (checking identities) for
the TERM-EQ problem. Since then it became the more frequent name
of the problem in the literature.

The next theorem on the complexity of CHECK-ID(B1
2) has been

proven by S. Seif [5] and O. Klima [4]. Klima in [4] also proves, that B1
2

is the smallest monoid with hard CHECK-ID problem. We are going to
follow his proof, as it has important consequences concerning the free
spectrum of B1

2.

Theorem 7.2. The problem CHECK-ID(B1
2) is coNP-complete.

7.1 One-in-three SAT

Let {X1, X2, . . . Xn} be a collection of Boolean variables. A 3-CNF for-
mula (CNF refers to conjunctive normal form) is an expression C of the
form

C = C1 ∧ C2 ∧ · · · ∧ Ct

with t a positive integer and Ci a 3-clause, that is Ci = li ∨ l2 ∨ l3 with
literals l1, l2, l3 corresponding to distinct Boolean variables; which means,
lj = X or lj = ¬X for some X ∈ V ar(C). The 3-SAT satisfiability prob-
lem asks, whether such a formula C has an acceptible truth assignment.
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This problem is famous for being NP-complete. 3-XSAT or 1-in-3SAT is
a variation of the above problem asking for a truth assignment such that
every clause contains exactly one literal assigned to true. Such an assign-
ment will be called a 1-satisfying assignment of C. Although 1-in-3SAT
is seemingly easier, it is also known to be NP-complete (see [?]).

Proposition 7.3. For each 3-CNF formula C there is a term wC such
that each 1-satisfying assignment of C corresponds to an assignment ϕ of
wC such that ϕ(wC) is non-idempotent in B1

2.

Proof. Let C be a 3-CNF formula with Boolean variables {X1, X2, . . . Xn}.
We construct a corresponding term wC with variables {y, x1, x1, . . . xn, xn}.
For each Boolean variable Xi we introduce variables xi and xi. For a lit-
eral l we denote the corresponding varable by l̃ meaning

l̃ =

 x if l = X

x if l = ¬X
Note that a new variable y was also introduced. For each Boolean

variable Xi we define a term

w(Xi) = (yxixiyxixi)2

and for each clause Cj = l1 ∨ l2 ∨ l3 we define a term

u(Cj) = (y1̃1l̃2l̃3)2

Finally we define the term wC to be

wC = w(X1) · · ·w(Xn)u(C1) · · ·u(Ct)y

According to section 1.2, we think of B1
2 as of {0, 1, a, b, ab, ba}. Re-

member that all squares are idempotent due to the identity x2 = x3.
Now suppose ϕ : Σ → B1

2 is an evaluation such that ϕ(wC) is non-
idempotent, i.e. ϕ(wC) = a or ϕ(wC) = b. Without loss of general-
ity assume ϕ(wC) = a; the other case is obtained by interchanging
a and b. Since w(Xi)-s and u(Cj)-s are idempotents and the idempo-
tents of B1

2 form a commutative submonoid E(B1
2) < B1

2, substitut-
ing s = w(X1) . . . w(Xn)u(C1) . . . u(Ct) we have ϕ(s)ϕ(y) = a with
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ϕs ∈ E(B1
2)\{0}. It is easy to check that ϕ(s) = ab, ϕ(y) = a and

ϕ(s) = 1, ϕ(y) = a are the only solutions. Since in both cases ϕ(y) = a

and y is contained in all the subwords w(Xi), u(Cj), we can deduce that
ϕ(w(Xi)) = ϕ(u(Cj)) = ab for all 1 ≤ i ≤ n, 1 ≤ j ≤ t, as ab is
the only nonzero idempotent beginning with a. For i = 1 . . . n we have
ϕ(xi), ϕ(xi) ∈ {1, b} and ϕ(xi) 6= ϕ(xi), otherwise ϕ(w(Xi)) = 0. Thus
we can define a truth-assignment ν : V (C)→ {true, false}

ν(Xi) =

 true if ϕ(xi) = b and ϕ(xi) = 1
false if ϕ(xi) = 1 and ϕ(xi) = b

1-satisfying the formula C. Indeed, for each clause Cj = l1∨ l2∨ l3 exactly
one of ν(l1), ν(l2), ν(l3) is equal to true, otherwise ϕ(u(Cj)) = 0.

For the other implication assume, we have a truth assignment ν which
1-satisfies the formula C. We define the evaluation ϕ : Σ→ B1

2 as

ϕ(xi) = b and ϕ(xi) = 1 if ν(Xi) = true

ϕ(xi) = 1 and ϕ(xi) = b if ν(Xi) = false

and finally we put ϕ(y) = a. Thus, for each Boolean variable Xi we have
ϕ(xixi) = ϕ(xixi) = b, hence ϕ(w(Xi)) = ab. Similarly, ϕ(u(Cj)) = ab,
hence ϕ(wC) = a, a nonidempotent element of B1

2.

proof of theorem 7.2. The above proposition implies the theorem in a
straightforward way: the question of idempotence of wC means, whether
the identity w2

C = wC holds. Proposition 7.3 gives a construction allow-
ing an easy polynomial-time reduction of 1-in-3SAT to CHECK-ID(B1

2),
implying that CHECK-ID(B1

2) is coNP-complete.
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8 The free spectrum Fn(B1
2) and the XSAT

functions

In this section we will be dealing with enumerating Boolean functions
arising from 1-satisfying assignments of CNF formulae. Let us begin with
some definitions:

Definition 8.1. A Boolean k-CNF formula C defines a Boolean func-
tion fC on X1, . . . Xn in the obvious way; any such function is a k-SAT
function.

Let us denote with SAT(k;n) the number of k-SAT functions on n

variables.

Definition 8.2. An XSAT function f̃C is defined by a Boolean CNF
formula C in the folowing way:

f̃C(X) =


true if X 1-satisfies C;

false otherwise.

We say, that a Boolean function f̃ is an XSAT function represented by
the CNF- formula C, if f̃ = f̃C.

Let us denote with XSAT(k;n) the number of XSAT functions rep-
resented by k-CNF formulas on n variables and XSAT(n) the number of
XSAT functions represented by arbitrary CNF formulas on n variables.

The assymptotical enummeration of k-SAT functions and XSAT func-
tions for various classes of CNF formlas are questions interesting enough
in themselves, although our final aim is to improve the lower bound for
the free spectrum of B1

2 given by the main theorem 6.1.

Remark. For Boolean CNF formulas C1 and C2 the condition that they
define distinct XSAT functions is clearly stronger than the condition,
that they define distinct SAT functions: f̃C1 6= f̃C2 ⇒ fC1 6= fC2 .
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We now turn to the connection between the free spectrum of B1
2 and

the number of XSAT functions estabilished by proposition 7.3. Let wC1

and wC2 be two terms defined by Boolean CNF formulas C1 resp. C2, as
in the proof of proposition 7.3, which implies the following proposition
in a straightforward way:

Proposition 8.3. Terms wC1 and wC2 are inequivalent over B1
2, if the

corresponding XSAT functions f̃C1 and f̃C2 are distinct.

Proof. Indeed, if formulas C1 and C2 define distinct XSAT functions, there
is a truth assignment X such that f̃C1(X) = true, but f̃C2(X) = false.
Then, by the proof proposition 7.3 we have an evaluation ϕ satisfying
ϕ(wC1) = a and ϕ(wC2) = 0, thus, wC1 and wC2 define distinct term
functions.

In fact the above proof holds for arbirtrary CNF formulas, not only
3-CNF formulas. Proposition 8.3 is the reason why we are dealing with
enumerating XSAT functions in this section. From this proposition we
obtain the following connenction between the number of XSAT functions
and the free spectrum of the Brandt monoid:

Corollary 8.4. Let XSAT(n) denote the number of XSAT functions on
n variables arising from arbitrary CNF formulas. Then for the free spec-
trum of B1

2 the following inequality holds:

|F2n+1(B1
2)| ≥ XSAT(n)

The motivation comes from the following 2003. conjecture of Bollobás,
Brightwell and Leader [?] implying that the logarithm of the number of
3-SAT functions is asmymptotically just as much as the upper bound in
the main theorem 6.1.

Conjecture. For fixed k the base 2 logarithm of the number of k-SAT
formulas is

log SAT(k;n) ∼ n+
(
n

k

)
.
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L.Ilnica and J. Kahn recently proved the above conjecture for the
case k = 3. They use refined tools like the Szemerédi regularity lemma,
although those are only needed to achieve the precise assymptotics. The
rough estimation SAT(k;n) = O(nk) comes from the inequalities(

n

k

)
≤ log SAT(k;n) ≤ 2k

(
n

k

)
.

These are almost trivial, since the upper bound is the total number of
k-CNF formulas and the lower bound is the number of monotone k-CNF
formulas, i.e., k-CNF formulas containing non-negated variables only. We
only need to verify the following:

Proposition 8.5. Distinct monotone k-CNF formulas define distinct k-
SAT functions.

Proof. Let C1 and C2 be distinct monotone k-CNF formulas. Then with-
out loss of generality suppose there exists a clause C = X1∨X2∨· · ·∨Xk

such that C ∈ C1\C2. Let X be a truth assignment that sets the variables
in C to true, and the rest to false. Thus, we have fC1(X) = false, but
fC2(X) = true, since |C ∩ C ′| < k for all clauses C ′ ∈ C2, meaning that
in each clause C ′ of C2 at least one variable will be set to true.

It is yet unknown to the author, whether XSAT(n) > O(n2) holds.
If it were true, it would improve the lower bound for |F2n+1(B1

2)| given
by theorem 6.1. In the rest of the present thesis we are going deal with
the asymptotic enumeration of XSAT functions represented by various
types of monotone CNF formulae. For the case of monotone formulas we
modify our notations to XSAT+(n) and XSAT+(k;n).

8.1 Monotone 2-CNF formulas and 1-satisfiability

Definition 8.6. A Boolean formula is called monotone if it contains
positive literals only, i.e. contains no negated variables.

In this subsection we will be counting the number of XSAT functions
arising from monotone 2-CNF formulas. First let us define the variable
graph of a monotone 2-CNF formula.
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Definition 8.7. For a monotone 2-CNF formula C the variable graph of C
is the simple graph GC with V (GC) = {X1, . . . Xn} and (XiXj) ∈ E(GC)
iff Xi ∨Xj is a clause of C.

This definition allows us to translate 1-satisfiability of 2-CNF formu-
las to the language of graphs. Precisely, for a given truth assignment if
we color every true variable to red and every false variable to blue, we
can immediately conculude that:

Proposition 8.8. Each 1-satisfying truth-assingnment of a monotone
2-CNF formula C corresponds to a proper 2-colouring of GC.

Thus, we can treat any XSAT function f̃C as the set of proper 2-
colourings of GC. Some well-known but useful facts about 2-colorings are

Proposition 8.9. A graph admits a proper 2-colouring iff it is bipartite.

Proposition 8.10. A connected bipartite graph admits exactly 2 proper
2-colourings.

To see this notice, that we have two options to choose the colour
of a given vertex, however, the colour of this arbitrarily chosen vertex
uniquely defines the colour of all the other vertices. Namely, the biparti-
tion (=colouring) can be defined by the parity of the distances from the
chosen vertex, say, X1: one subset consists of the vertices at even distance
to X1 and the other subset consists of the vertices at odd distance to X1.
These propositions give rise to the following lemma:

Lemma 8.11. 2-CNF formulas C1 and C2 are 1-equivalent iff one of the
following statements holds

• neither GC1 nor GC2 is bipartite. In this case the corresponding for-
mulas are 1-unsatisfiable.

• if variable graphs GC1 and GC2 are bipartite with components

Comp(GC1) = {G(Ai, Bi, Ei)|1 ≤ i ≤ k}
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and
Comp(GC2) = {G(Cj, Dj, Ej)|1 ≤ j ≤ l},

then {{Ai, Bi}|1 ≤ i ≤ k} = {{Cj, Dj}|1 ≤ j ≤ l}

Proof. The first statement is an immediate consequence of propositions
8.8 and 8.9. The second statement is implied by the following claim,
implied by proposition 8.10:

Claim. The color of two vertices, say X1 and X2, can be chosen indepen-
dently iff they are in distinct components.

It is easy to see that two bipartite vertex graphs allow the same 2-
colourings iff they have the property described in the second statement
of the lemma.

Lemma 8.12. The set of graphs {M |M is a matching in Kn} treated as
vertex graphs define pairwise distinct XSAT functions.

Proof. Let M and M ′ be distinct matchings in Kn, treated as the sets
of their edges. Since they are distinct, without loss of generality suppose
∃(XiXj) ∈M ′ \M . This means Xi and Xj are in distinct components of
M , thus M allows a 2-colouring with Xi and Xj having the same colour.
However, this is not a proper 2-colouring of M ′, since (XiXj) ∈ M ′.
Hence M and M ′ define distinct XSAT functions.

Let us denote the number of XSAT functions represented by mono-
tone 2-CNF formulas on n variables with XSAT+(2;n). Then we have
the following theorem:

Theorem 8.13.
log XSAT+(2;n) = O(n log n)

Proof. From lemma 8.12 it follows, that

XSAT+(2;n) ≥ |{M |M is a matching in Kn}|.

To attain the lower bound, it is even enough to count the number of
maximal matchings in Kn, which is(

n
2

)(
n−2

2

)
. . .
(
n−2bn/2c+2

2

)
bn/2c! = n!

2bn/2cbn/2c! =
bn+1

2 c∏
k=1

(2k − 1)
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Using the trivial estimation 2k − 1 ≥ k and taking logarithms we have

bn+1
2 c∏

k=1
(2k − 1) ≥

⌊n+ 1
2

⌋
!

Because of lemma 3.2 we can estimate further for n ≥ 10:

log XSAT+(2;n) ≥ log
(⌊n+ 1

2
⌋
!
)
≥ 1

2
⌊n+ 1

2
⌋

log
⌊n+ 1

2
⌋
≥ n

4 log n2

and finally, n
4 log n

2 = n
4

(
log n− log 2

)
≥ 1

8n log n.
For the upper bound, using lemma 8.11, it is sufficient to enumerate sets
of type {{Ai, Bi}|1 ≤ i ≤ k}, where all the Ai-s and Bi-s are nonempty
pairwise disjoint. Notice that this can be treated as a maximal matching
of the complete graph on vertices Ai, Bi for 1 ≤ i ≤ k and {X1, . . . Xn}\⋃

1≤i≤k(Ai ∪Bi). These sets form a partition of {X1, . . . Xn}, the number
of blocks is at most n. Hence, by the first part of the proof, any fixed
partition of {X1, . . . Xn} can be associated with at most ∏bn+1

2 c
k=1 (2k − 1)

matchings. This gives rise to the estimation

XSAT+(2;n) ≤
( bn+1

2 c∏
k=1

(2k − 1)
)
Bn ≤ (n!)nn ≤ n2n

Here Bn denotes the nth Bell-number, the number of partitions of an
n-element set. This can be trivially estimated as Bn ≤ nn. After taking
logarithms we get

log XSAT+(2;n) ≤ 2n log n

Remark. Szabó and Kátai [8] proved the asymptotic pn(B2) ∼ 2n log n for
the pn sequence of B2 by corresponding a bipartite graph to an essentially
n-ary term operation over B2 and proving a proposition similar to the
lemma 8.11. (for the definitions of pn sequence and essential n-ary term
operations see section 2.2). The construction of terms wC relies on the
fact that we are over B1

2 instead of B2; nevertheless, if we take for C
monotone 2-CNF formulas only, the freedom granted by the possibility
of substituting 1 will not be exploited.
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8.2 The general case for monotone CNF formulas

Every monotone CNF formulas C can be treated as hypergraph in an
obvious way: the set X of vertices is the set of Boolean variables Xi, and
the hyperedges are the clauses Cj of C.

The question of 1-satisfyability for monotone formulas then translates
to an exact hitting set problem for hypergraphs. The following notations
are taken from or inspired by the monography of C. Berge [3].

Definition 8.14. A simple hypergraph (or Sperner family) is a hyper-
graph H = {H1, . . . , Hm} with the property

Hi ⊂ Hj ⇒ i = j for 1 ≤ i, j ≤ m

Definition 8.15. Given a hypergraph H on X; a subset T ⊂ X is a
transversal of the hypergraph H, if T ∩H 6= ∅ for each hyperedge H ∈ H.
A transversal is said to be minimal if it is minimal in terms of inclusion.
The family of minimal transversals of H constitutes a simple hypergraph
called the transversal hypergraph of H denoted by Tr(H).

Definition 8.16. An exact transversal or exact hitting set of H is a
subset T ⊂ X such that each subset in H contains exactly one element
in T . One says that each hyperedge in H is is hit by exactly one element
in T .

Now our question of determining the number of distinct XSAT func-
tions represented by monotone CNF formulas translates to determining
the maximal number of hypergraphs H so that the collections of their
exact transversals, i.e. the hypergraphs

Tr1(H) = {T ⊂ X : |T ∩H| = 1 for all H ∈ H}

are pairwise distinct. We should call Tr1(H) the exact transversal hyper-
graph of H.
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