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Bevezető

Ha meg akarunk érteni egy absztrakt csoportot, természetes ötlet a csoport bizonyos hatá-
sainak vizsgálata. A csoporthatások szerepét algebrák esetében a modulusok veszik át, mint
ahogy ezt a definícióikban lévő hasonlóság is jól mutatja. A modulusok jobb átlátását jelen-
theti például az, ha a köztük lévő homomorfizmusok lehetséges kompozícióit írjuk le, azaz ha
a modulusok kategóriáját vizsgáljuk. A kategória alapvető építőkövei – a csoportelmélethez
hasonló módon – az egyszerű objektumok, jelen esetben az egyszerű modulusok. Ezen mod-
ulusokból építhető fel a teljes kategória, "bővítések" segítségével. Reális célkitűzés tehát ha
a bővítéseket megjelenítő egzakt sorozatokat vizsgáljuk. Ez jelenti a dolgozat témáját is:
a modulusok "általánosított bővítéseit", vagyis a véges-hosszú egzakt sorozatok ekvivalen-
ciaosztályainak struktúrájának elemezzük.

Az első fejezetben több lényegesen különböző nézőpontból mutatom be a modulusok
bővítéseinek lehetséges ekvivalens értelmezéseit: egyrészt kohomológiákkal és deriváltfunk-
torokkal (1.2), másrészt differenciál-gradált algebrák segítségével (1.3) illetve az intuitív oldal-
ról megközelítve (1.4). A fejezetben emellett bemutatom, hogy hogyan értelmezhetők (és miért
úgy) az algebraműveletek a fenti ekvivalenciaosztályokon. Az említett célok elérése közben a
téma által motivált áttekintést adok olyan – a homologikus algebra alapját jelentő – fogal-
makról, mint a homotópia-kategória, a projektív feloldás vagy a Yoneda-szorzás. A fejezet
elsősorban Ágoston István Fejezetek a Gyűrűelméletből előadásai alapján íródott.

A második fejezetben a bővítések és a derivált kategóriák közti meglehetősen természetes
kapcsolatot igyekszem felfedni, elsősorban az [SP3] illetve [Wei] művekre támaszkodva. Neve-
zetesen, hogy egy modulus bővítésalgebrája megegyezik a modulusnak a derivált kategóriában
vett általánosított endomorfizmusalgebrájával. A fejezet a homotópia-kategória úgynevezett
triangulált struktúrjának vizsgálatával kezdődik, hiszen ezen keresztül indokolható meg a
derivált kategória bevezetésének szükségessége. Mivel a derivált kategória nem széles körben
elterjedt fogalom így konstrukcióját részletesen tárgyalom.

A harmadik fejezetben a [Mad5] és [Mad2] gondolatmenete mentén világítok rá hogy bi-
zonyos modulusok bővítésalgebrája jól közelíti az eredeti algebrát, ezt a közelítést pedig éppen
a derivált ekvivalencia fogalma fogja meg. Először tehát J. Rickard tételének B. Keller-féle bi-
zonyítását írom le a derivált ekvivalencia karakterizálásáról a [KZ] és [Sch] művek alapján. Az
említett tétel a szükséges módosításokkal átvihető fokszámozott algebrákra, amelyek gyakran
előkerülnek a reprezentációelméletben. A fejezet további részében ezen általánosítás lehetséges
alkalmazásait tárgyalom a klasszikus illetve a fent említett cikkekben bevezetett általánosított
Koszul algebrák esetében.

A dolgozatban feltételezem, hogy az olvasó ismeri a gyűrűelmélet illetve a kategóriaelmélet
olyan általánosan előforduló fogalmait, mint a bal-egzakt funktor, a tenzorszorzat vagy az
additív kategória. A hivatkozások közt szerepel ezeket részletesen tárgyaló szakirodalom. Az
alábbi általános feltételeket használom a következőkben: k egy algebrailag zárt test, és egy
algebra mindig egységelemes k-algebrát jelöl. Minden modulus (hacsak nem mondjuk) jobb
modulus, míg a homomorfizmusaikat balról írjuk. Illetve minden előkerülő funktor additív, és
(hacsak nem mondjuk) kovariáns. Ezen felül vizsgálataink elsődleges tárgyai a végesdimenziós
algebrák, így az egyszerűség kedvéért az állításokban ezekre az esetekre szorítkozunk.

A témában több helyen előkerül olyan halmazelméleti probléma, mint hogy az adott osztá-
lyról belátható, hogy valójában halmaz, nem pedig valódi osztály. Ezeket a kérdéseket – lévén
kívül esnek a gyűrűelmélet tárgyalási körén – nem részleteztem, de a lehetőségekhez mérten
igyekeztem szabatosan fogalmazni. Az érdeklődő olvasó a hivatkozott forrásokban részletes
leírást talál az ilyen témájú kérdésekről is.
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Introduction
If one tries to understand an abstract group, it is natural to investigate certain actions of

the group. In the case of algebras, the role of group-actions is played by the modules as it can
be seen by the similarity in their definitions. For a better transparency among modules, one
could describe the possible compositions of the module homomorphisms, i.e. if the subject of
the study is the category of modules. The fundamental ingredients of the category are the
simple objects, in this case the simple modules. Using these modules, one can build up the
whole category by "extensions". Therefore, it is a reasonable objective to investigate the short
exact sequences that realize the extensions. This is the topic of the thesis: to analyze the
structure of "generalized extensions" between modules, i.e. the equivalence classes of finite,
long exact sequences.

In the first chapter I introduce the possible equivalent interpretations of the extensions of
modules: on one hand using cohomologies and the Ext-functors (Subsection 1.2), on the other
hand by differential graded algebras (Subsection 1.3) and finally by an intuitive approach. In
this chapter, I present how (and why that way) one can define the algebra operations on
the equivalence classes. During, I give an overview – motivated by the topic of extension –
about the basic notions and statements of homological algebra, such as homotopy category,
projective resolution or Yoneda product. For this part, I primarily used the Chapters in Ring
Theory lectures, held by István Ágoston.

In the second chapter I am trying to reveal the fairly natural connection between the ex-
tensions and derived categories (primarily using [SP3] and [Wei]). Namely, that an extension-
algebra of a module agree with the (generalized) endomorphism algebra of the module in the
derived category. The chapter starts with the investigation of the triangulated category of
the homotopy category because one can justify the necessity of the introduction of derived
category through that notion. Since the derived category is not a widespread notion I discuss
its construction in details.

In the third chapter following [Mad5] and [Mad2], I show that the extension algebra of some
module can approximate well the original algebra. This approximation can be understood
by the concept of derived equivalence. So first, I present the proof of B. Keller for the
theorem of J. Rickard about a characterization of derived equivalence following [KZ] and [Sch].
The mentioned theorem can be transferred to the case of graded algebras with the required
modification. Graded algebras are in various topics of representations theory. Furthermore, I
introduce the possible applications of the theory on the case of classical Koszul and generalized
Koszul algebras (in the sense of the above mentioned papers of D. O. Madsen).

In the thesis, I assume that the reader knows the general notions of ring theory and
category theory such as left-exact functor, tensor product or additive category. In the cited
literature, one can find the detailed definition of these as too. In the following, I use the
undermentioned assumptions: k is an algebraically closed field, an algebra is always a k-
algebra with unity. Every module is a right module (unlike otherwise stated) while the
homomorphisms are written from the left. Every functor appearing is additive and (unlike
otherwise stated) covariant. Besides, the main subjects of our investigation are the finite-
dimensional algebras, hence – for the sake of simplicity – we state the theorem in this case,
even if there is a proof for the general case. In the topic, set-theoretic problems may appear
like the defined class is in fact a set, not a proper class. These type of questions – as they are
not ring-theoretical problems – are not discussed in details. In the references, one can find
full description about such phenomenons.
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Chapter 1

Extensions

1.1 Complexes

The primary goal of representation theory of associative algebras is to classify all the
possible representation i.e. to describe the module category of the given algebra. The structure
of this category can be understood in different ways but in most cases a full description cannot
be given (see Chapter XIX in [SS3]). By lowering our expectations it seems to be a natural
idea to find instead all the possible bounded exact sequences between some specially chosen
modules. To observe the corresponding exact sequences, first we should locate where they
live:

Definition 1.1. The category of complexes Comp(A) for an algebra A is defined as follows:

• The objects of Comp(A) (called complexes) are the half-exact sequences of A-modules
with differentials as objects i.e.

Ob(Comp(A)) = {. . . d
i−1
→ M i d

i

→M i+1 di+1
→ . . . |M i ∈ Mod−A, di+1di = 0 ∀i ∈ Z}

• The morphisms of Comp(A) are the sequences of morphisms that commute with the
differentials i.e. if M• = (M i, di)i∈Z and N• = (N i, δi)i∈Z are objects of Comp(A) then

HomComp(A)(M•, N•) = {f• = (f i)i∈Z | f i : M i → N i, δif i = f i+1di}

Remark 1.2. Usually the di’s are omitted from the short notation M•, although they are an
important extra information beyond the modules appearing in M•.
By the definitions, we can immediately find some functors that can bring us closer to the
structure of Comp(A): the cohomology functors.

Definition 1.3. The n-th cohomology functor : Hn : Comp(A)→ Mod−A is defined on the
objects as Hn(M) = Ker dn/Im dn−1 for a complex M• = (M i, di)i∈Z. For morphisms the
definition is obvious but it has to be checked that it is well-defined. If (M i, di) and (N i, δi) are
two complexes and f• ∈ HomComp(A)(M•, N•) then Hn(f•) : Hn(M•) → Hn(N•) is defined
as Hn(f)(m + dM i−1) = f i(m) + δN i−1 for m ∈ Ker d ≤ M i. It is indeed a good definition
because f i(dM i−1) = δf i−1(M i−1) ⊆ δN i−1 and δ(f i(m)) = f i+1(dm) = f i+1(0) = 0 so
f i(m) ∈ Ker (δ).

Another structural property is the existence of the shift functor [1] on Comp(A):

1



Definition 1.4. If M• ∈ Comp(A) then we can define its shifted complex M [1]• such that
M [1]i = M i+1 and diM [1]• = di+1

M• . This is indeed a functor: if f• ∈ HomComp(A)(M•, N•) then
let us define f [1]i = f i+1.

Remark 1.5. The shift functor is an invertible endofunctor so we can take the n-th power of
[1] for any n ∈ Z. From now on, we will denote [1]n by [n].

One can easily check that Hn(M•) = Hn(M•[n]) so in some cases it is enough to speak
about the zeroth cohomology. Besides, the cohomology functors have an important property:
they bring short exact sequences of complexes into long exact sequences:

Proposition 1.6. Let 0• → N•
f•→ L•

g•→M• → 0• be a short exact sequence in the category
Comp(A). Then there are morphisms ∂n : Hn(M•) → Hn+1(N•) such that the following
sequence is exact in every term:

. . .
Hn(f)// Hn(L•)

Hn(g)// Hn(M•) ∂n // Hn+1(N•)
Hn+1(f)// Hn+1(L•)

Hn+1(g) // . . .

If one already found the statement then the proof is more or less straightforward from the
following lemma:

Proposition 1.7. (Snake-lemma) Consider the commutative diagram

N
f //

a
��

L
g //

b
��

M //

c
��

0

0 // N ′
f ′ // L′

g′ //M ′

Then the following sequence is exact with the morphism ∂ = (f ′)−1bg−1:

0→ Ker a→ Ker b→ Ker c ∂→ Coker a→ Coker b→ Coker c→ 0

For the proof, see Section 1.3 in [Wei].

Proof of proposition 1.6. The lemma has to be applied to the diagram

Nn−1/Im dn−2
N

fn−1
//

dn−1
N

��

Ln−1/Im dn−2
L

gn−1
//

dn−1
L

��

Mn−1/Im dn−2
M

//

dn−1
M

��

0

0 // Ker dnN fn|Ker dn
N

// Ker dnL gn|Ker dn
L

// Ker dnM

because its kernels are exactly Hn−1’s and the cokernels are exactly Hn’s.

The informal consequence of the theorem is that the short exact sequences are primary
ingredients of the category of complexes. Therefore, if one wants to find a well-behaving
functor on Ch(A) then it seems reasonable to expect it to bring the short exact sequences in
Comp(A) into short exact sequences of the target category.

The first guess for such a functor could be the Hom-functor HomA(.,K) where K ∈
Mod − A applied term-wise on the complexes. This is a contravariant functor therefore the
indices of the complexes have to be reversed in order to get a complex again. Even though
it is additive functor, only left-exact on Comp(A) so it does not have to preserve the short
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exact sequences. However, if there are only projective modules in a complex, then every short
exact sequence starting with this complex is split exact by definition. The split exactness
is a notion that is clearly preserved under any additive functor so under taking HomA(.,K)
as well. Therefore, we found a subcategory on which HomA(.,K) is exact (for arbitrary
K ∈ Mod−A):

Definition 1.8. The category Comp(Proj − A) is the full subcategory of Comp(A) with
complexes of projective modules as objects.

Proposition 1.9. For a module K ∈ Mod−A the following contravariant functor is exact:

HomA(.,K)|Comp(Proj−A) : Comp(Proj−A)→ Comp(k)

1.2 Homotopy Category
As one can realize, by the complexes we got an unnecessarily enormous category. For

example, we got all the split short exact sequences · · · → 0 → X → X ⊕ Y → Y → 0 → . . .
that yield little information about the module category. In general, we can have “many
splitting terms” in a sequences but still without any further knowledge about Mod−A:

Definition 1.10. Let M• ∈ Comp(A) be an exact complex (i.e. Ker di = Im di−1 ∀i ∈ Z).
M• is called split exact, if there are A-morphisms si : M i →M i−1 such that disi+1di = di.

For the sake of simplicity, we omit the indexes of d’s and s’s in the future.

Remark 1.11. This is equivalent to saying that all the short exact sequences “appearing” in
M• are split exact. Indeed, the definition implies that sd, ds ∈ End(M i) are idempotents and
by dM i−1 = ds(dM i−1) ⊆ dsM i ⊆ dM i−1 we get that dsM i = Im di−1 = Ker di. On the
complement of dsM i d is an isomorphism:

(1− ds)M i ∼= M i/dsM i = M i/Kerd ∼= Imd

so d(sdM i) = dM i implies the surjectivity of d on sdM i and then sdM i = (1−ds)M i, not just
a submodules of it. Therefore,M• looks like as ∼→ dsM i⊕sdM i ∼→ dsM i+1⊕sdM i+1 ∼→where
all d|sdM i : sdM i → dsM i+1 maps are isomorphisms, revealing the connection with the usual
notion of split exactness of short exact sequences.

How can we identify (and take away) these? One way is to consider split exact sequences
as zero and to work with equivalence classes of objects. By this we would lose the track of
the complexes and at every computation we had to deal with the problem of well-definedness.
So instead, to catch this phenomenon on the level of morphisms, we introduce the notion of
homotopic maps:

Definition 1.12. Let M• = (M i, di)i∈Z and N• = (N i, δi)i∈Z be two complexes. Two
morphisms f•, g• : M• → N• are called homotopic (in short: f• ∼ g•) if there are maps
si : M i → N i−1 such that δi−1si + si+1di = f i − gi (∀i ∈ Z).

Then the above remark can be reformulated as

Proposition 1.13. A complex M• ∈ Comp(A) is split exact if and only if the identity of M•
in HomComp(A)(M•,M•) is homotopic to the zero map.

3



This way, the above mentioned problem of getting rid of short exact sequences can be
solved by considering homotopic maps to be equal and switch to the homotopy category:

Definition 1.14. The homotopy category K(A) for an algebra A is defined as follows:

• Its objects are the same as in the case of Comp(A), i.e. Ob(K(A)) = Ob(Comp(A)).
• The morphisms are the complex morphisms modulo homotopy i.e.

HomK(A)(M•, N•) = HomComp(A)(M•, N•)/ ∼

for arbitrary complexes M• and N•.

Remark 1.15. An equivalence on the morphisms automatically yields extra isomorphisms on
the objects. In this case, it is called homotopy equivalence: if M•, N• ∈ Comp(A) and there
is an f• : M• → N• and a g• : N• → M• such that f• ◦ g• ∼ idN• and g• ◦ f• ∼ idM• then
we say that M• is homotopically equivalent to N•. This is exactly the notion of isomorphism
in K(A).

1.2.1 Properties

When trying to find an answer, sometimes it is better to first look around and investigate
the new setup so the question may solve itself. In our case, it means forgetting the original
goal of finding exact sequences between two given modules and turning to the questions: what
structure we have on K(A) and what is its relation to Mod−A.

First, one may naively expect that K(A) is abelian but it rarely happens. However, a
weaker statement is true:

Proposition 1.16. K(A) is an additive category (for definitions and details, see Section 1.2
and Exercise 1.4.5 in [Wei]).

Besides, K(A) inherits the previously defined functors from Comp(A): the shift functor –
that can be defined in an obvious way – and the cohomologies.

To define Hn on K(A) we have to guarantee that it does not depend on the choice of f in
the homotopy class [f ]:

Proposition 1.17. If f• ∼ g• then Hn(f•) = Hn(g•) or in other words, homotopic maps
are cohomologic.

Proof. Let f, g : M• → N• where the differentials ofthe complexes are denoted by d and δ
respectively. Assume that s is a homotopy between f• and g• i.e. f − g = sd+ δs. Then for
an x+Imd ∈ Hn(M•) we get Hn(f•)(x+Im d) = f(x)+Im δ = g(x)+sd(x)+δs(x)+Im δ =
g(x) + 0 + Im δ so Hn(f•) = Hn(g•).

Remark 1.18. The converse is false, see Example 1.4.2 in [Wei] for the details.

So now, when we have verified that cohomology is indeed a functor on K(A), in the spirit of
Proposition 1.6 we should state that the cohomology functors bring the short exact sequences
of K(A) into long exact sequences of modules. However, K(A) is usually not abelian so we
cannot speak about kernels, cokernels and neither about short exact sequences. Therefore,
we got into a situation where we know that the short exact sequences are the nicely behaving
“systems” in K(A) but we cannot find them. This problem will be resolved in Chapter 2.

4



1.2.2 Projective resolution

Now, let us focus on the reversed question: how can we define a well-behaving functor
on Mod − A into K(A)? The first idea could be the natural embedding ι(M) = · · · →
0 → M → 0 → . . . for a module M ∈ Mod − A (placing M into the zeroth term) and
ι(f) = (. . . , 0, f, 0, . . . ) for f ∈ HomA(M,N). This obviously defines a functor that is full and
faithful (It is trivial to check that a null-homotopic map between ι(M) and ι(N) must be the
zero map itself). Besides, it is even a one-sided inverse of H0 but still not the most practical
embedding for our purposes. The problem is that its image is not in the homotopic version
of previously found nice subcategory Comp(Proj−A), namely K(Proj−A).

Definition 1.19. The category K(Proj−A) is the full subcategory of K(A) with complexes
of projective modules.

Definition 1.20. For M ∈ Mod− A a complex P • ∈ K(A) is called its projective resolution
if Pn = 0 for n > 0, Pn is projective for n ≤ 0, H0(P •) = M and Hn(P •) = 0 for n 6= 0.

Proposition 1.21. Since every module is a factor of some projective module, every module
has a projective resolution as well. (For the proof, see I.5.3 in [ASS1])

A projective resolution is not some kind of a shadow of the module but it contains all the
information about the module. Precisely:

Theorem 1.22. (Comparison theorem) Let P • and Q• be projective resolutions of M and
N . Then there is a canonical k-isomorphism between Hom(M,N) and HomK(A)(P •, Q•).

For the proof, see Theorem 2.2.6 in [Wei].

Corollary 1.23. The projective resolution is homotopically unique, i.e., if P • and Q• are
projective resolutions of M then P • is homotopically equivalent to Q•.

Proof. By the theorem we can find a morphism f : P • → Q• unique up to homotopy corre-
sponding to idM . Similarly, we get a g : Q• → P • also corresponding to idM . Then fg and
gf are homotopic to the identity so P • and Q• are homotopically equivalent.

We almost found a functor P : Mod−A→ K(Proj−A) by taking an arbitrary projective
resolution of the module. By the help of Theorem 1.22 we can also define P on the morphisms:
P(f) is the arrow corresponding to f ∈ HomA(M,N). Now, we can reword the mentioned
theorem by categorical notions:

Corollary 1.24. P is a faithful and full embedding of Mod−A into K(Proj−A) ≤ K(A).

Remark 1.25. Similarly, one can define the dual notion: the injective coresolution I(M)• of
a module.

1.2.3 Exactness

In the case of Comp(Proj−A), any additive functor was exact (Proposition 1.9) so what
about an additive functor on K(Proj − A)? Unfortunately, we still do not have short exact
sequences in K(A) so the statement has to be modified:
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Proposition 1.26. Let 0→ N → L→M → 0 be a short exact sequence in Mod−A and F
be an additive K(A)→M functor whereM is an arbitrary abelian category. Then

0→ F (P(N)•)→ F (P(L)•)→ F (P(M)•)→ 0

is exact inM.

Proof. Fix the projective resolutions (P ′)• of N and (P ′′)• of M . Then we can construct a
resolution for L by taking P i = (P ′)i ⊕ (P ′′)i: Consider the following commutative diagram:

0

��

0

��

0

��
Ker (d′)0

��

K

��

Ker (d′′)0

��
0 // (P ′)0

(d′)0

��

ι1 // (P ′)0 ⊕ (P ′′)0 π2 //(
(d′)0,(d̂′′)0

)
��

(P ′′)0

(d′′)0

��

//

(d̂′′)0
ww

0

0 // N

��

// L

��

//M

��

// 0

0 0 0

where (d̂′′)0 is the lift of (d′′)0 by the projectivity of (P ′′)0 and K is the kernel of
(
(d′)0, (d̂′′)0).

By the Snake lemma (see 1.7) we get that 0 → Ker (d′)0 → K → Ker (d′′)0 → 0 is an exact
sequence. By induction, this procedure indeed yields us an exact sequence in Comp(A):
0 → (P ′)• → P • → (P ′′)• → 0. Here (P ′′)• is projective in every component so it is a split
short exact sequence. However, splitness is still an additive notion, i.e. it is preserved under
F where we apply F on an object of Comp(A) as it was an object of K(A). This implies the
statement.

Example 1.27. The proposition can be applied on F = HomA(.,K) (where HomA(M•,K)n =
HomA(M−n,K) so the differentials go in the right direction) and we get the short exact se-
quence

0• → HomA(P(N)•,K)• → HomA(P(L)•,K)• → HomA(P(M)•,K)• → 0• ∈ K(k)

(The order is reversed because F is contravariant.) The long exact sequence of its cohomologies
(see Proposition 1.6) will play a special role in the subsequent chapters:

Hn(HomA(P(N),K)•) // Hn(HomA(P(L),K)•) // Hn(HomA(P(M),K)•)
∂n

qq
Hn+1(HomA(P(N),K)•) // Hn+1(HomA(P(L),K)•) // Hn+1(HomA(P(M),K)•) // . . .

Another important example is the contravariant functor F = HomK(A)(.,K•[.]) : K(A)→
Comp(k) for a fixed complex K• ∈ K(A), by the definition F (M•)n = HomK(A)(M•,K•[n]).
This functor also deserves attention because of its the interplay with the shift functor:
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Definition 1.28. ForM• and N• ∈ K(A) the elements of HomK(A)(M•, N•[i]) are called the
morphisms of degree i from M• to N•.

Additionally, when we consider Hom spaces it should not be forgotten that we have not
only the vector space structure on them but also a composition map ◦ : HomK(A)(L•,M•)×
HomA(M•, N•) → HomA(L•, N•). What is more, by the assistance of the shift functor we
can get more composable morphisms: an element of HomK(A)(L•,M•[i]) can be composed
with any element of HomK(A)(M•, N•[j]) ∼= HomK(A)(M•[i], N•[i + j]) to get an element in
HomK(A)(L•, N•[i+ j]). This way, we got an algebra:

Definition 1.29. The graded endomorphism algebra of M• is defined as:

EndGrK(A)(M
•) def= ⊕n∈ZHomK(A)(M•,M•[n])

with the grading induced by n and with the above defined multiplication.

Remark 1.30. Clearly

HomGr
K(A)(M

•, N•) def= ⊕n∈ZHomK(A)(M•, N•[n])

is a right EndGrK(A)(M•)-module for any complex N• ∈ K(A).

In particular, if we take an M ∈ Mod − A ordinary module, then EndGrK(A)(P(M)) is an
algebra such that HomA(M,M) is a subalgebra of it. In fact, EndGrK(A)(P(M)) is a graded
algebra such that its zeroth degree is exactly HomA(M,M). (This is true for EndGrK(A)(ι(M)) as
well, but EndGrK(A)(ι(M)) = HomA(M,M) so we would get nothing new.) Now, it is reasonable
to ask what the higher degree elements of EndGrK(A)(P(M)) represent? Do they have any more
concrete meaning? Probably, I am not killing the punchline by stating that EndGrK(A)(P(M))
as a vector space is isomorphic to ⊕n∈ZHn(Hom(P •,M)) that we met in Example 1.27 but
this still would not solve the problem of their intuitive interpretation.

To answer the previous questions, first, we should investigate what type of extra structure
we got on the graded endomorphism algebra.

1.3 Differential Graded Algebras

1.3.1 Definitions

In this chapter we do not assume finite-dimensionality because later on we would like to
use these notions and statements for the infinite dimensional case as well.

Definition 1.31. A differential-graded algebra (A, d) over a field k (in short: DG-algebra) is
an associative algebra A with a k-linear map d : A → A such that
• A is Z-graded: This means that we have a vector space decomposition A = ⊕i∈ZAi that

is respected by the multiplication, i.e. if a ∈ Ai and b ∈ Aj then a · b ∈ Ai+j ,
• d has degree 1, i.e. Im(d|Ai) ⊆ Ai+1,
• d is a differential, i.e. if a ∈ Ai and b ∈ Aj then d satisfies the so called Leibniz-rule:
d(a · b) = d(a) · b+ (−1)ia · d(b) ∈ Ai+j+1.

Remark 1.32. One can easily define the usual notions of sub- and factoralgebra, direct sum
and direct product of DG-algebras.
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Definition 1.33. A DG-module (M,dM ) over a DG-algebra (A, d) is a module over A with
a k-linear map dM : M →M such that

1. M is Z-graded, i.e. M = ⊕i∈ZM i as a vector space that is respected by the multiplica-
tion: for a ∈ Ai and m ∈M j we have ma ∈M i+j ,

2. dM is a map of degree −1, i.e. diM = dM |M i : M i →M i+1,
3. dM is a differential on the module, i.e. for all m ∈M : dM (ma) = dM (m)a+(−1)imd(a)

where a ∈ Ai.

A DG-module homomorphism is anA-module homomorphism compatible with the grading
and the differential. The category of DG-modules with the DG-module homomorphisms is
denoted by DGMod−A
Remark 1.34. This way A becomes a DG-module over itself with dA = d.

Theorem 1.35. DGMod − A is an abelian category closed under limits and colimits. (For
the proof, see Proposition 4.2 in [SP2])

Definition 1.36. There is a naturally defined functor on DGMod−A, the shift functor [1].
This is defined in the same manner as in the case of complexes: M [1]i = M i+1, diM [1] = −di+1

M

and analogously for the morphisms.

Definition 1.37. The n-th cohomology of a DG-module (M,dM ) is the A-module concen-
trated in degree n: Hn(M) = Ker dnM/Im dn−1

M .
In particular, this way we defined the n-th cohomology of the DG-algebra (A, d).

Definition 1.38. The cohomologies of a DG-algebra inherit a multiplication from A as well so
H∗(A) = ⊕i∈ZH i(A) forms an algebra. The product of two homogeneous elements a+Im d ∈
Hn(A) and b + Im d ∈ Hm(A) is defined as ab + Im d ∈ Hn+m(A). It is indeed a definition:
d(ab+Im d) = d(a)b+ad(b)+0 = 0 and it is well defined because dm+n(Im(dn+1)·Im(dm+1)) ⊆
dn(Im dn+1) · Im dm+1 + (−1)nIm dn+1 · dm(Im dm+1) = 0.

The defined multiplication is usually called the cup-product or the Yoneda-product.

Example 1.39. The notion of DG-algebra is a generalization of both the ordinary algebras
and of graded algebras. Indeed, let A be an ordinary non-graded algebra and let Â be the
DG-algebra such that Âi = 0 if i 6= 0 and Â0 = A. By the differential d = 0 it becomes
DG-algebra. Similarly, arbitrary graded algebra is a DG-algebra with the zero differential.

This is a useful notion even in this trivial case: this way the complexes over A (together
with their differentials) are exactly the DG-modules of Â. Therefore, usually we do not have
to consider the complexes over a DG-algebra: their role is taken by the DG-modules.
Remark 1.40. If we consider an ordinary algebra as a DG-algebra, we will still refer to its
DG-modules as complexes and to its DG-modules concentrated to degree zero as (ordinary)
modules. We hope that this terminology does not cause misunderstanding but makes the
thesis more readable.

1.3.2 Total complex of homomorphisms

Now, we are ready to formulate the extra structure on the graded endomorphism algebra:

Proposition 1.41. If A is an ordinary algebra and P • is a projective resolution of N ∈
Mod−A then EndGrK(A)(P •) is the cohomology algebra of a DG-algebra.
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Proof. The following lemma will help us to find the proper DG-algebra for the statement:

Lemma 1.42. Let (A, d) be a DG-algebra and M ∈ DGMod − A. Then HomA(M,M) =
⊕n∈ZHomGr

A (M,M [n]) with the differential δ(f) = dM [n]f−(−1)nfdM for f ∈ HomA(M,M [n])
is a DG-algebra.

Remark 1.43. Note that we did not assume that the elements of HomA(M,M [n]) are com-
patible with d and dM . The only required property for them is to be graded A-module
homomorphisms.

Proof. δ is indeed a differential:

δ2(f) = ddf − d(−1)nfd− (−1)n−1(dfd− (−1)nfdd
)

= 0

and it satisfies the Leibniz-rule: for f ∈ HomA(M,M [i]) and g ∈ HomA(M,M [j])

δ(f)g + (−1)ifδ(g) = dfg − (−1)ifdg + (−1)if(dg − (−1)jgd) = dfg − (−1)i+jfgd = δ(fg)

In the case ofA = A andM = P • we got thatHomA(P •, P •) = ⊕n∈Z
(∏

j−i=n HomA(P i, P j)
)

is a DG-algebra. Now, we only have to prove that the cohomologies of HomA(P •, P •) are
isomorphic to HomK(A)(P •, P •[n]):

Hn(HomA(P •, P •)
)

= Ker δn/Im δn−1 =

=

{
f ∈

∏
j−i=n HomA(P i, P j) | dM (−1)nf = (−1)nfd

}
{

(d(−1)ng − (−1)n−1gd | g ∈
∏
j−i=n−1 HomA(Pi, Pj)

} =

= HomDGMod−Â(P •, P •)/homotopy ∼= HomK(A)(P •, P •)

Corollary 1.44. Similarly, we can define HomA(P •, Q•)n as ⊕n∈Z
(∏

j−i=n HomA(P i, Qj)
)

where P • and Q• are projective resolutions of M and N ∈ Mod − A respectively. Then the
same proof gives us that HomGr

K(A)(P •, Q•) ∼= H∗(HomA(P •, Q•)) ∈ Comp(k).

If something is realized as a cohomology of a complex then one may change the original
complex for a different one with a morphism that preserves the cohomologies. In our case,
we get that the previously seen example of HomA(P •, N)• (see Example 1.27) is the same in
cohomologies as HomA(P •, Q•)•.

Proposition 1.45.
(
HomA(P •, Q•)•, δ

)
has the same cohomologies as

(
HomA(P •, N)•,Hom(d,N)

)
∈

Comp(k)

Corollary 1.46. Therefore, we got that HomGr
K(A)(P(M),P(N))n ∼= Hn(HomA(P •, N)•) ∈

Mod− k

In loose terms, the cohomologies of the “repaired version” of HomA gives the same result
as the higher order morphisms in KCh(A).
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1.3.3 Homotopy category

Remark 1.47. As one can see from Lemma 1.42, Ker δ|HomA(M,M)0 contains exactly the dif-
ferential endomorphisms of M while Im δ|HomA(M,M)−1 consists of the null-homotopic maps.
Therefore, it seems reasonable to define the generalization of the homotopy category for DG-
algebras where the previous H0(HomA(M,N)) can be exactly the Hom-space of the two
DG-modules M and N .

Definition 1.48. The DG-maps f and g : M → N are homotopic if there exists an A-module
map (not necessarily a DG-map) s of degree −1 such that f − g = dNs+ sdM

Definition 1.49. The homotopy category of a DG-algebra A is defined as follows:
1. The objects of the category K(A) are exactly the DG-modules
2. The morphisms are the DG-maps up to homotopy, i.e.

HomK(A)(M,N) = HomDGMod−A(M,N)/ ∼

where ∼ denotes the homotopy.

Remark 1.50. Note that in the case of algebra, the objects of K(A) were complexes but in the
case of DG-algebras the objects are DG-modules.

Proposition 1.51. For a DG-algebra A the homotopy category K(A) is additive.

The proof is analogous to the case of the usual homotopy category of a ring, see 1.16
Remark 1.52. The new notion of K(A) is a generalization of the original homotopy category
of complexes, i.e. for an ordinary algebra A we can naturally identify K(Â) with K(A).

In Chapter 2, we will further investigate the homotopy category of a DG-algebra.

1.4 Extensions
Now, we can get back to the question of what does the elements of EndGrK(A)(P(M))• and

HomGr
K(A)(P(M),P(N))• represent. By the previous section, we know that for fixed projective

resolutions P• and Q•: HomGr
K(A)(P •, Q•)n ∼= Hn(HomA(P •, Q•)•) ∼= Hn(HomA(P •, N)•) ∈

Mod − k. This gives us a chance to relate these higher order morphisms in the homotopy
category to the extensions of M and N . Namely,

Definition 1.53. For n ≥ 1 pnM,N : Ker(Hom(dn−1, N))→ Comp(A)

(f : P−n → N) 7→
(
0 → N

f̂→ N̂ → P−(n−2) → · · · → P0 → M → 0
)
where N̂ is the pushout

in the diagram

0 // Ker d−(n−1) //

f̄
��

P−(n−1)

��
0 // N

f̂ // N̂

and f̂ : N → N̂ and the morphism N̂ → P−(n−2) (or N̂ → M in the case of n = 1) is
defined by the pushout property. Note that in the diagram the map f is the natural image
of f : the property f ∈ Ker(Hom(P−n, N)) is equivalent to saying that fd−(n+1) = 0 i.e.
f |Im d−(n+1) = f |Ker d−n = 0 so f can be viewed as a morphism on P−n/Ker d−n ∼= Ker d−(n−1)

by the exactness.
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The goal is to define pnM,N on the−n-th cohomology Ker(Hom(d−(n+1), N))/Im(Hom(d−n, N))
so we should find out what type of equivalence is needed on the so called extension (on the
bounded exact sequence of length n between M and N) to do so. First, let us consider the
case n = 1:

Proposition 1.54. Let f ∈ Ker(Hom(d−2, N)). Then f ∈ Im(Hom(d−1, N)) if and only if
p1
M,N (f) is split exact.

Proof. The proposition is a consequence of the fact that a pushout “splits” if and only if there
is a diagonal morphism in it.

Good news, so in the cohomology we do not count such trivial entities as split short exact
sequences. Now there comes the question: what does f − g ∈ Im(Hom(d−1, N)) mean? In
what sense can the corresponding exact sequences “differ in a split exact sequence”? Or in
other words, what is the relation between p1

M,N (g), p1
M,N (sd) and p1

M,N (f) = p1
M,N (g + sd)?

First, note that a short exact sequences can be multiplied by a morphism on both sides:

Definition 1.55. Let E = p1
M,N (f) : 0 → N → L → M → 0 be a short exact sequence

denoted and consider the morphisms ν : N → N ′ and µ : M ′ → M . Then by taking the
pushout L̂ and the pullback L̃ we can get the following extensions:

Eµ : 0 // N // L̃ //

��

M ′ //

µ

��

0

E : 0 // N

ν
��

// L //

��

M // 0

νE : 0 // N ′ // L̂ //M // 0

Proposition 1.56. This action is compatible with the composition of morphisms, i.e. (Eµ1)µ2 =
E(µ1µ2), ν2(ν1E) = (ν2ν1)E and (νE)µ = ν(Eµ). (see Chapter 3 in [Wei])

By this, we can formulate p1
M,N (f + g) in terms of the previous definition:

Proposition 1.57. p1
M,N (f + g) ∼= ∆N

(
p1
M,N (f)⊕ p1

M,N (g)
)
∇M where ∆M : M ⊕M →M is

the diagonal map ((x, y) 7→ x+ y) and ∇N : N → N ⊕N is the codiagonal map (x 7→ (x, x)).

For the proof, see Corollary 3.4.5 in [Wei].
Remark 1.58. By Proposition 1.56 it is easy to see that the action of morphisms is distributive
with respect to this addition.

Corollary 1.59. Therefore, p1
M,N (f) = p1

M,N (g+ sd) = ∆N

(
p1
M,N (g)⊕ p1

M,N (sd)
)
∇M means

that p1
M,N (f) ∼= p1

M,N (g).

Proof. As we have observed it in 1.54, p1
M,N (sd) is isomorphic to the split extension 0→ N →

N ⊕M →M → 0. Therefore, if p1
M,N (g) = 0→ N

l→ L
m→M → N then

p1
M,N (g)⊕ p1

M,N (sd) = 0→ N ⊕N → L⊕N ⊕M →M ⊕M → 0

So when we apply ∆M on it, the pushout gives exactly the L ⊕M composition of the
middle term by its constructive definition

(
(L⊕N ⊕M)⊕N

)
/(l,idN ,0,∆N )N ⊕N . In diagram:
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p1
M,N (g)⊕ p1

M,N (sd) : 0 // N ⊕N
(l,idN ,0)//

∆N

��

L⊕N ⊕M //

��

M ⊕M // 0

∆N

(
p1
M,N (g)⊕ p1

M,N (sd)
)

: 0 // N // L⊕M //M ⊕M // 0

What is even more, the lower sequence is isomorphic to p1
M,N (g) by the Five lemma with

a morphism (idN , κ, idM ) for some κ. Details omitted, see Chapter 3 in [Wei]
Similarly, by applying ∇N to the result we get an extension isomorphic to the original

p1
M,N (g).

Corollary 1.60. The elements of H1(Hom(P •, N)) represent some short exact sequences
modulo the special type of complex isomorphisms (idN , κ, idM )

Fortunately, the word “some” from the corollary can be deleted: we got all the possible
short exact sequences up to this special type of isomorphism. To see this, first let us define
the inverse of p1

M,N :

Definition 1.61. Denote by Ext1
A(M,N) the class of all short exact sequences of the form

0→ N → L→M → 0 modulo the above defined special isomorphisms. Let us define the map
r1
M,N as follows: fix a P • projective resolution for M . The image of a short exact sequence

0→ N → L→M → 0 by r1
M,N is the morphism f appearing in the following diagram:

P−2 d−2
// P−1 d−1

//

f
��

P 0 d0
//

f ′

��

M // 0

0 // N // L //M // 0

where the projectivity of P 0 and P−1 implies the existence of an f ′ and f . It can also be
checked that f is unique in H0(Hom(P •, N)) and well-defined on Ext1

A(M,N). r1
M,N is clearly

an inverse of p1
M,N and both of them preserves the Baer sum (the sum was defined in that

way). This bijection proves that Ext1
A(M,N) is not a class but actually a set.

The above construction can be extended to work in the case of bounded long exact se-
quences as well. We summarize the related statements without proof:

Definition 1.62. Denote by ExtnA(M,N) the class of all exact sequences of the form 0→ N →
Ln−1 → · · · → L0 → M → 0 called extension of length n modulo the following equivalence
relation:

Two extensions E and E ′ are equivalent if and only if there exist complex morphisms
(1M , νj , . . . , 1N ) : E2j → E2j−1 and (1M , µj , . . . , 1N ) : E2j → E2j+1 for j = 1, . . . , k where
E1 = E , E2k+1 = E ′ and k is arbitrary. In diagram:

E = E1
(1M ,νj ,...,1N )
←− E2

(1M ,νj ,...,1N )
−→ E3 ←− . . . −→ E2k−1 ←− E2k

(1M ,νj ,...,1N )
−→ E2k+1 = E ′

Proposition 1.63. The maps pnM,N and rnM,N (the obvious generalization of r1
M,N ) yield an

isomorphism between Hn(HomA(P •, N)) and ExtnA(M,N).
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Also, the space of extensions of length n inherits an addition from Hn(Hom(P•, N)) and
an action of morphisms on both sides as in the case of Ext1. For the details, see Chapter 3
in [Wei].
Remark 1.64. This proposition is a generalization of the Comparison theorem 1.22. There
we stated that HomA(M,N) ∼= HomK(A)(P •, Q•). Here the statement is that the n-long ex-
tensions correspond to the higher degree morphisms, i.e. ExtnA(M,N) ∼= HomK(A)(P •, Q•[n])
(see Corollary 1.46 and the previous proposition).

Therefore, the extension fit into the long exact sequence, described in 1.27.

Corollary 1.65. By Proposition 1.63 and Example 1.27 for a short exact sequence 0→ N
f→

L
g→M → 0 and a module K we got:

0 // HomA(M,K)
HomA(g,K) // HomA(L,K)

HomA(f,K) // HomA(N,K) ∂0 // . . .

. . .
∂0 // Ext1

A(M,K)
Ext1

A(g,K)
// Ext1

A(L,K)
Ext1

A(f,K)
// Ext1

A(N,K) ∂1 // . . .

. . .
∂1 // Ext2

A(M,K)
Ext2

A(g,K)
// Ext2

A(L,K)
Ext2

A(f,K)
// . . .

There is one more operation on HomK(A)(P •, P •[n]) = Hn(Hom(P •, P •)) that can be
pulled back to ExtnA(M,M), namely the Yoneda-product (for definition, see 1.38). In short, it
was induced by the multiplication on Hom(P •, P •) i.e. for f ∈

∏∞
i=m HomA(P−i, P−i+m) and

g ∈
∏∞
i=n HomA(P−i, P i−+n) the composition is (f [n])g ∈

∏∞
i=n+m HomA(P−i, P−i+n+m).

Proposition 1.66. The corresponding operation on the Ext-spaces is exactly the concate-
nation: for

Ef : 0→M → Lm−1 → Lm−2 → · · · → L0 →M → 0

Eg : 0→M → L′n−1 → L′n−2 → · · · → L′0 →M → 0

Their product in Extn+m
A (M,M) is

EfEg : 0→M → Lm−1 → · · · → L0 → L′n−1 → · · · → L′0 →M → 0

For the detailed proof, see Chapter 3 in [Wei].

Definition 1.67. The cohomology algebra ⊕∞n=0ExtnA(M,M) of Hom(P •, P •) is called the
extension algebra of M .

Remark 1.68. For extension with different end terms the Yoneda-product can be defined
analogously.
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Chapter 2

Derived categories

The previously defined category K(A) had the special property that any sequence that was
represented by a short exact sequence in Comp(A) was brought into a long exact sequence
of vector spaces by the cohomology functors. The complicated wording also shows that so
far we did not get the correct notion here: there should be a way to recognize the “short
exact sequences” in K(A) without referring to anything that is not encoded in the category.
It may bring us closer to the nature of extension algebras. The notion of exact triangles and
triangulated categories gives the solution.

2.1 Triangulated categories

Definition 2.1. Let C be an additive category and T : C → C be an invertible endofunctor,
called the translation functor. If X,Y, Z ∈ Ob(C) and f : X → Y , g : Y → Z, h : Z → TX

are morphisms of C then a sequence X f→ Y
g→ Z

h→ TX is called a triangle.
Let X f→ Y

g→ Z
h→ TX and X ′ f

′
→ Y ′

g′→ Z ′
h′→ TX ′ be two triangles and a : X → X ′,

b : Y → Y ′ and c : Z → Z ′ are morphisms in C. Then (a, b, c) is called a morphism of triangles
if the following diagram is commutative:

X

a
��

f // Y

b
��

g // Z

c
��

h // TX

Ta
��

X ′
f ′
// Y ′

g′
// Z ′

h′
// TX ′

Definition 2.2. A triple (C, T, T ) is called a triangulated category if C is an additive category,
T is an invertible endofunctor on C and T is a set of triangles called the exact triangles (or
distinguished triangles) satisfying the following properties:

• TR0: Any triangle of the form X
id→ X

0→ 0 0→ TX is exact and any triangle isomorphic
to an exact triangle is exact.
• TR1: For every morphism f : X → Y in C there exists an exact triangle of the form
X

f→ Y
g→ Z

h→ TX
• TR2: (Usually called the rotation axiom) The triangle X f→ Y

g→ Z
h→ XT is exact if

and only if Y g→ Z
h→ TX

−Tf→ TY is exact.
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• TR3: For every commutative diagram of the following form – where the rows are exact
triangles – can be completed with a c : Z → Z ′

X

a
��

f // Y

b
��

g // Z

c
��

h // TX

Ta
��

X ′
f ′
// Y ′

g′
// Z ′

h′
// TX ′

such that (a, b, c) is a morphism of triangles.
• TR4: (The octahedral axiom) Let X,Y, Z be objects in C and f : X → Y and g : Y → Z

are morphisms of C. Consider the three exact triangles corresponding to f , g and
h = g ◦ f :

X
f→ Y

f ′→ QY/X
f ′′→ TX Y

g→ Z
g′→ QZ/Y

g′′→ TY X
h→ Z

h′→ QZ/X
h′′→ TX

Then there exist morphisms a : QY/X → QZ/X and b : QZ/X → QZ/Y such that

QY/X
a→ QZ/X

b→ QZ/Y
Tf ′◦g′′→ TQY/X

is exact and the triples (idX , g, a) and (f, idZ , b) are morphisms of triangles.
Remark 2.3. Axiom T2 ensures that in a triangle no morphism of the three is primary but in
the long exact sequence T−1Z

−T−1h−→ X
f−→ Y

g−→ Z
h−→ TX

−Tf−→ TY every three consecutive
term is a exact triangle.
Remark 2.4. The fourth axiom can be visualized on an octahedron (hence the name) where
four triangles are exact and the other four triangles are commutative:

X

f
��

h

))
Y

f ′

||

g // Z

h′

||

g′

��

QY/X

f ′′

EE

a
// QZ/X

h′′

YY

b

��
QZ/Y

g′′

YY

(Tf ′◦g′′)

hh

The diagram is not totally adequate because for example f ′′ is a QY/X → TX morphism not
a QY/X → X one.
Remark 2.5. The last axiom can be reformulated in several ways. An intuitive way to rewrite
it is by the analogy of the third isomorphism theorem: As we will see later, triangles are
generalizations of the usual short exact sequences so if we say short exact sequences instead
of triangles (so QY/X is indeed Y/X and so on) then TR4 is a tricky way to state that
(Z/X)/(Y/X) ∼= Z/Y .

(Another way to characterize the axiom TR4 can be done by generalizing the process of
pushout. For reference, see [PS])

The analogy between exact triangles and short exact sequences may become more visible
after some familiar statements and notions:
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Proposition 2.6. (Five lemma) Let (a, b, c) be a morphism of triangles between the two exact
triangles X f→ Y

g→ Z
h→ TX and X ′ f

′
→ Y ′

g′→ Z ′
h′→ TX ′. If a and b are isomorphisms then

c is also an isomorphism.

Proof. If we apply TR3 on the supposedly existing morphisms a−1 and b−1 then we can get
a morphism d, a candidate for c−1. Then (a−1a, b−1b, dc) = (idA, idB, dc) is a morphism of
triangles. We prove that (dc − idZ)2 = 0 because then after a short rearrangement we get
dc(2idZ − dc) = id so 2idZ − dc in an inverse of dc as we stated.

By TR1 and TR2, consider the following exact triangles and the two maps 0 and idZ−dc:

Y
g //

��

Z
h //

idZ−dc
��

TX
−Tf //

e
��

TY

��
0 // Z

idZ
// Z // 0

By TR3, we can get a morphism e : TX → TX completing the diagram commutatively,
i.e. idZ − dc = eh. However, (idX , idY , idZ) − (idX , idY , dc) = (0, 0, idZ − dc) is a morphism
of triangles so h(idZ − dc) = 0 ◦ h = 0 hence (dc− idZ)2 = eh(dc− idZ) = 0.

Corollary 2.7. Every exact triangle is uniquely determined by any of its morphisms.

Proof. If X f→ Y → Z1 → TX and X
f→ Y → Z2 → TX are exact triangles then by TR3

there is a morphism c : Z1 → Z2 such that (idX , idY , c) is a morphism of triangles. By the
Five Lemma, c is an isomorphism.

As usual, when we meet a new concept then it is useful to name the maps that preserve
that structure:

Definition 2.8. An additive functor F : C → D is triangulated between the two triangulated
categories C and D if it preserves the triangulated structure modulo a natural isomorphism,
i.e. there exist a natural transformation ξ : F ◦ TC → TD ◦ F such that
• ξX : F (TCX)→ TDF (X) is an isomorphism for all X ∈ C
• For every exact triangle X f→ Y

g→ Z
h→ TX in C the triangle

F (X) F (f)−→ F (Y ) F (g)−→ F (Z) ξX◦F (h)−→ TDF (X)

is exact in D.

Definition 2.9. Let C be a triangulated category andM be an abelian category. The additive
functor H0 : C → M is called a cohomological functor if for every distinguished triangle
X

f→ Y
g→ Z

h→ TX the sequence . . . −H
0(T−1h)−→ H0(X) H0(f)−→ H0(Y ) H0(g)−→ H0(Z) H0(h)−→

H0(TX) −H
0(Tf)−→ . . . is exact in Comp(M).

Remark 2.10. It would be enough to assume that H0(X) H0(f)→ H0(Y ) H0(g)→ H0(Z) is exact
because then TR2 implies the existence of the long exact sequence.

Example 2.11. For any object U ∈ C the functor HomC(U, .) : C → Ab is a cohomological
functor.
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Proof. Consider a triangle X f→ Y
g→ Z

h→ TX. Because of TR2 we only have to prove that
HomC(U,X) HomC(U,f)−→ HomC(U, Y ) HomC(U,g)−→ HomC(U,Z) is exact in the middle. To get the
half-exactness it is enough to see that gf = 0. By TR3 the diagram

X
idX //

idX
��

X //

f
��

0 //

j
��

TX

idTX
��

X
f // Y

g // Z
h // TX

can be completed commutatively with a morphism j : 0→ Z such that 0 = j ◦ 0 = gf so we
got the half-exactness.

For the other direction consider a map a ∈ Ker(HomC(U, g)) and the following diagram:

U //

a
��

0 //

��

TU
−idTU //

c
��

TU

Ta
��

Y
g // Z

h // TX
−Tf // TY

by TR2 and TR3 it can be completed with a morphism c : TU → TX such that −Ta =
Ta ◦ (−idTU ) = (−Tf) ◦ c. Therefore a = f ◦ T−1c so a ∈ Im(HomC(U, f)). This way we got
the exactness.

2.2 The homotopy category as a triangulated category
In the case of C = K(A) the triangles will take the role of the short exact sequences. In

this section, instead of working with an ordinary algebra A we consider the bit more general
case of a DG-algebra (A, d). (For the definition, see Section 1.3)

Our goal is to find the proper notion of exact triangles which satisfy the axioms and for
which usual cohomology functor gives a long exact sequence. In the light of Proposition 1.6
and the axiom TR1, we should find a short exact sequence for each morphism f that gives a
triangle with f .

Definition 2.12. Let (A, d) be a DG-algebra and f : K → L be a DG-homomorphism. The
cone of f is a DG-module C(f) def= L⊕K[1] with grading C(f)n = Ln ⊕Kn+1 and with the
differential

dC(f) =
(
dL −f [1]
0 −dK [1]

)
d2
C(f) =

(
d2
L −dLf [1] + fdK [1]
0 d2

K [1]

)
= 0

It is indeed a differential because

dC(f)((l, k)a) = (dL(la)− f [1](ka),−dK [1](ka)) =

= (dL(l)a+ (−1)nld(a)− f [1](ka),−dK [1](k)a− (−1)n+1kd(a))

while

dC(f)(l, k)a+ (−1)n(l, k)d(a) = (dL(l)− f [1](k),−dK [1]k)a+ (−1)n(l, k)d(a)

so it satisfies the Leibniz-rule, mentioned in Definition 1.33.

17



Remark 2.13. The cone gives a short exact sequence: 0 → L
ιf→ C(f)

πf→ K[1] → 0 where
ιf = (idL, 0)T and πf = (0,−idK). It can be checked that ιf and πf are DG-morphisms
and it is obviously a short exact sequence because it is split exact (with the splitting map
s : K[1]→ C(f); s(k) = (0, k) not necessarily being compatible with the differential).

Proposition 2.14. Let f, g : K → L be two DG-morphisms. If f ∼ g then there is a DG-map
j : C(f)→ C(g) such that jιf = ιg, πgj = πf and j is an isomorphism in K(A).

Proof. Denote by s the map of degree −1 such that f − g = sdK + dLs and define j as(
idL −s[1]
0 idK

)
. Then

jdC(f) − dC(g)j =
(
dL −f [1]− s[1](−dK [1])
0 −dK [1]

)
−
(
dL −dLs[1]− g[1]
0 −dK [1]

)
=

=
(

0 (sdK + dLs)[1]− (f − g)[1]
0 0

)
= 0

so j is a DG-map and trivially

jιf − ιg = idL − idL = 0 and πgj − πf = idL − idL = 0

The inverse of j is
(

idL s[1]
0 idK

)
therefore it is an isomorphism even in DGMod−A.

Corollary 2.15. The cone of a morphism of K(A) is unique up to isomorphism in K(A).

Proposition 2.16. In the case of K(A) the usual cohomology functors Hn yield cohomological
functors with respect to the defined triangulation, i.e. if K f→ L

ιf→ C(f)
πf→ K[−1] is a triangle

defined above then by taking the cohomologies we get a long exact sequence:

. . .
Hn−1(πf )
−→ Hn(K) H

n(f)−→ Hn(L)
Hn(ιf )
−→ Hn(C(f))

Hn(πf )
−→ Hn+1(K) H

n+1(f)−→ . . .

Proof. We already knew that 0 → L → C(f) → K[1] → 0 is a short exact sequence so we
automatically get a long exact sequence of cohomologies. The statement is that the connecting
morphism ∂n : Hn(K)→ Hn(L) is exactly Hn(f).

In the Snake Lemma 1.7, we already stated that the connecting morphism is basically
ι−1
f dC(f)π

−1
f where the inverse means arbitrary preimage. Therefore,

ι−1
f dC(f)π

−1
f =

(
idL
0

)−1(
dL −f [1]
0 −dK [1]

)(
0 −idK

)−1
≈
(
idL 0

)(dL −f [1]
0 −dK [1]

)(
0
−idK

)
= f

Definition 2.17. Let T = [1] be the translation of K(A) and let us call a triangle exact in
K(A) if it is isomorphic (in K(A)) to a mapping cone of some morphism f .

Proposition 2.18. With the above definitions (K(A), T, T ) becomes a triangulated category.
(9.3. in [SP3] or 10.2.4. in [Wei])
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Proof. By Proposition 1.51K(A) is additive and T = [1] is obviously an invertible endofunctor.
To check TR0 we use the fact that if a DG-morphism f : K → L is a quasi-isomorphism

then C(f) is exact in DGMod−A. This is a consequence of the previous proposition: if f is a
quasi-isomorphism then Hn(f) is an isomorphism by definition so by the long exact sequences
we get that Hn(C(f)) = 0 for all n ∈ Z. What is more, in the case of f = idK , C(idK) is even

split exact: Indeed, for the morphism s =
(

0 0
−idKn 0

)
: Kn ⊕Kn+1 → Kn−1 ⊕Kn we get

dC(f)sdC(f) = dC(f) so in the sense of 1.10 it is split exact. It is easy to see that a split-exact
sequence is homotopically equivalent to the zero DG-module so K(A) satisfies TR0.

TR1 does not require a proof: for every morphism the cone gives an exact triangle by
definition. For TR2 we have to prove that the triangle C(f)[−1]

−πf [−1]
−→ K

f−→ L
ιf−→ C(f) is

isomorphic to the triangle containing the cone of C(−πf [−1]). To go into detail, we have to
find the homotopy equivalences u and v that complete the following commutative diagram:

C(f)[−1]

idC(f)[1]
��

−πf [−1]
// K

idK
��

f // L

u

��

ιf // C(f)

idC(f)
��

C(f)[−1]

idC(f)[1]
��

−πf [−1]
// K

idK
��

ι−πf [−1]
// C(−πf [−1])

v

��

π−πf [−1]
// C(f)

idC(f)
��

C(f)[−1]
−πf [−1]

// K
f

// L ιf
// C(f)

where

C(πf [1]) = K ⊕ L⊕K[1] dC(−πf [−1]) =

dK 0 idK[−1]
0 dL −f [1]
0 0 −dK [1]



ι−πf [−1] =

idK
0
0

 π−πf [1] =
(

0 −idL 0
0 0 −idK[1]

)

Let u be defined as u =
(
0 idL 0

)T
: L → C(−πf [−1]). This u is indeed a DG-

morphism because dC(−πf [−1])u =
(
0 dL 0

)T
= udL. Besides, uf = ιπf [−1] and ππf [−1]u =

ιf so (idC(f)[−1], idK , u) is a morphism of triangles as it was expected. Similarly, let v =(
−f −idL 0

)
: C(−πf [−1])→ L and note that vdC(−πf [−1]) =

(
−dLf −dL 0

)
= dLv so

it is also a DG-morphism.
Now, we have to prove that the diagram commutes up to homotopy and that u and v are

homotopy equivalences. Obviously, vι−πf [−1] = f by the definitions, and

ιfv − π−πf [−1] =
(
−f −idL 0
0 0 0

)
−
(

0 −idL 0
0 0 −idK[1]

)
=
(
−f 0 0
0 0 idK[1]

)

so we can define the map s =
(

0 0 0
idK 0 0

)
: C(−πf [−1])→ C(f)[−1] . For this,

sdC(−πf [−1]) + dC(f)s =
(
−f 0 0

dK − dK 0 idK[1]

)
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so ιfv ∼ π−πf [−1]. Finally, u and v are a homotopy equivalences: vu = idL by definition
and the map

r =

 0 0 0
0 0 0

idK 0 0

 : C(−πf [−1])→ C(−πf [−1])[−1]

proves that uv ∼ idC(−πf [−1]) because a short computation can verify that sdC(−πf [−1]) +
dC(−πf [−1])s = uv − idC(−πf [−1]). The proof of the reversed rotation being an exact triangle
goes analogously.

In the setup of TR3 we can assume that C = C(f) and C ′ = C(f ′) because every exact
triangle is isomorphic to a cone-triangle.Then the functoriality of the cone yields the existence

of c, i.e. let us define c : B ⊕A[1]→ B′ ⊕A[1] as c =
(
b 0
0 a[1]

)
. Then

cdC(f) − dC(f ′)c =
(
bdB − dB′b −bf [1] + f ′a[−1]

0 −adA[1] + dA′[1]a

)
= 0

so c is a DG-morphism and it is easy to see that this way (a, b, c) is a morphism of triangles.
The proof of TR4 is a rather complicated “diagram chasing” that can be found for example

in [SP3]

As we have already mentioned after proposition 1.17 that cohomologic morphisms are not
necessarily homotopic and similarly, “cohomologically equivalent” complexes (or in our case,
DG-modules) are not necessarily isomorphic in K(A). Here, “cohomologically equivalent”
means that there is a complex morphisms that makes the two complexes be the same on the
level of cohomologies.
Definition 2.19. Let C be a triangulated category and H0 : C →M be a fixed cohomological
functor. A morphism f in C is called a quasi-isomorphism if H0(f [n]) is an isomorphism for
all n ∈ Z.

If this separation of the two notions does not seem to be a problem then note that there
are short exact sequences that are not homotopically equivalent to an exact triangle but quasi-
isomorphic to one. Or in other words, when we singled out our triangles (the small collections
that can yield us long exact sequences of cohomologies) then we left out some candidates (for
such a left out example, see Exercise 10.1.2 in [Wei]) To solve this problem we should more
or less identify the quasi-isomorphic DG-modules.

One way is constructing a category where the morphisms are equivalence classes. In this
case we would lose the track of the arrows even more than in the case of K(A) and several
technical difficulties may arise (see [SP3]). A more traditional way to get through this is to
supply the category with extra arrows, namely the formal inverses of quasi-isomorphisms. Let
us summarize the expected properties in a definition:
Definition 2.20. Let S be a collection of morphisms in a triangulated category (C, T, T ). A
localization with respect to S is a triangulated category S−1C together with a triangulated
functor Q : C → S−1C such that Q(s) is an isomorphism for all s ∈ S and for any functor
F : C → D such that F (s) is an isomorphism for all s ∈ S we get the following commutative
diagram for some suitable G:

C Q //

F !!

S-1C

G
��
D
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Definition 2.21. Let S be the class of quasi-isomorphisms. The localization of K(A) with
respect to S is called the (unbounded) derived category of A, denoted by D(A).

This way we got an invariant of the DG-algebra (in particular, an invariant of an algebra)
that is clearly coarser than Morita equivalence (for comparison see for example [H, Sch]) but
still preserves the possible cohomologies of the DG-modules. It turns out that a lot of other
algebraic invariants can be computed merely from the derived category. Such examples are
the finiteness of the global dimension, the Grothendieck groups or the Hochschild cohomology.
For details, see Proposition 9.3 in [Rick1], Proposition 2.5 in [Rick2] or page 101 of [Hap].

Instead of constructing the derived category, in the next subsection we prove more gener-
ally the existence of a localization of an abstract triangulated category.

2.3 Localization of a triangulated category
First, we deal with the more general but less restrictive case of localizing a not necessarily

triangulated (nor additive) category:

Definition 2.22. Let S be a collection of morphisms in an arbitrary category C. A localization
with respect to S is a category S−1C together with a functorQ : C → S−1C such thatQ(s) is an
isomorphism for all s ∈ S and for any functor F : C → D such that F (s) is an isomorphism for
all s ∈ S there exists a functor G : S−1C → D such that the following diagram is commutative:

C Q //

F !!

S-1C

G
��
D

2.3.1 Construction

Similarly to the localization of rings, the collection of morphisms S have to satisfy some
kind of Ore condition or else we cannot define the compositions of the formal fractions of
morphisms.

Definition 2.23. Let C be a category. A set of morphisms S of C is called a (left) multiplicative
system if it has the following properties:
• MS1: For every C ∈ Ob(C) idC ∈ S and if s, t ∈ S then st ∈ S.
• MS2: (or RMS2, the right Ore condition in the terminology of [SP3]) For every morphism
g : X → Y and S 3 t : Z → Y there exists an f : W → Z and an S 3 s : W → X such
that the following diagram is commutative:

W
f //

s
��

Z

t
��

X
g // Y

• MS3: (Cancellation property) Let f and g be two morphisms X → Y . Then there exists
an s ∈ S such that sf = sg if and only if there exists a t ∈ S such that ft = gt.

Remark 2.24. The left version of MS3 would be enough in order to get a localized category.
However, to get a triangulated structure on the localization of a triangulated category, we
need the whole MS3.
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Definition 2.25. Assume that S satisfies the axioms MS1, MS2 and MS3. Then we can
construct S−1C by the so called calculus of fractions:
• Ob(S−1C) = Ob(C)
• HomS−1C(X,Y ) = {fs−1 : X s← X ′

f→ Y }/ ≈ where fs−1 ≈ gt−1 if there exists an
X̂ ∈ Ob(C) and the morphisms u : X̂ → X, a : X̂ → X ′, b : X̂ → X ′′ and h : X̂ → Y
such that u ∈ S and the following diagram is commutative:

X ′

s

~~

f

  
X X̂

a

OO

uoo

b
��

h // Y

X ′′
t

``

g

>>

• the composition of fu−1 = X
s← X ′

g→ Y and gt−1 = Y
t← Y ′

h→ Z is defined by the
diagram

W

s
��

f // Y ′
h //

t
��

Z

X X ′
g //uoo Y

where f and u are given by the Ore condition so s ∈ S and(fu−1)(gt−1) def= hf(us)−1

Remark 2.26. One can realize that we did not define the sum of two fractions. At this point,
the goal is to describe the localized category of an arbitrary – not necessarily triangulated or
additive – category. Later, it will turn out that if the original category C was additive then
we can easily find the corresponding additive structure on S−1C. Similarly, we can deal with
the triangulated structure afterwards.

Theorem 2.27. (Gabriel-Zisman) The above construction together with the functor Q : C →
S−1C defined as Q(C) = C for C ∈ Ob(C) and Q(f) = (X idX→ X

f→ Y ) for f ∈ HomC(X,Y )
is the localized category of C in the sense of Definition 2.22

Proof. We have to prove several things:
• First step: ≈ is an equivalence relation. Following [SP1], let us define the relation E:
denote the fraction X s← X ′

f→ Y by p1 and the fraction X t← X ′′
g→ Y by p2. We say

that p1Ep2 if there exist a morphism a such that the following diagram is commutative:

X ′′

t

}}
a
��

g

  
X X ′

soo f // Y

This relation is clearly reflexive and transitive (p1Ep2 and p2Ep3 obviously implies
p1Ep3) but generally it is not symmetric. However, it can help us to express ≈. Indeed,
p1 ≈ p2 if and only if there is a p12 such that p1Ep12 and p2Ep12. Hence, the transitivity
of ≈ can be reworded as follows: let p1, p2 and p3 be arbitrary fractions and assume
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that there exist a p12 and a p23 such that p1Ep12, p2Ep12, p2Ep23 and p3Ep23. We have
to prove that there exist a p13 such that p1Ep13 and p3Ep13. Or in diagram:

p13
E

||

E

""
p12

E

}}

E

""

p23
E

||

E

!!
p1 p2 p3

As one can guess, we can forget about p1 and p3 because the other three triangles p2, p12
and p23 will give us enough information to prove the existence of p13 . Therefore, after
some rearrangement in the notations, our setup with p12, p23 and p2 can be described
as:

X1
s1

~~

f1

  
a10
��

X Z0
t0oo g0 // Y

X2

s2

``

f2

>>

a20

OO

(2.1)

Now, we will repair Z0 in a few steps to get p13. First, apply MS2 to repair a10:

Z1
a11 //

t10
��

X1

s1
��

Z0
s0 // X

This gives us that s0t10 = s1a11 = s0a10a11. Then the cancellation property MS3 yields
that there exists a t21 : Z2 → Z1 such that t10t21 = a10a11t21 so the following diagram
is commutative:

Z2
a11t21 //

t10t21
��

X1
a10

~~
s1
��

Z0
s0 // X

i.e. we can interchange a10 : X1 → Z0 with a21 = a11t21 : Z2 → X1 in the diagram 2.1.
By the same trick we can repair a20: apply MS2 on

Z3
a32 //

t32
��

Z2

t10t21
��

X2 a20
// Z0

Now, this Z3 and the corresponding new morphisms will give us the fraction p13.
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• Second step: the composition is independent of the choice of W . Assume that we have
two possible completition of the composition diagram:

W2

s2

��

f2

((
W1

s1
��

f1 // Y ′
h //

t
��

Z

X X ′
g //uoo Y

Then the Ore condition gives us that the two possible results of the composition are
equivalent with respect to ≈. Apply MS2 on

W3
a //

s3
��

W1

s2
��

W2 s1
// X ′

and note that (X us1← W1
hf1→ Y )E(X ← W3 → Y ) and (X us2← W2

hf2→ Y )E(X ← W3 →
Y ) so the two compositions are equivalent.
• Third step: the composition is independent of the representation of fu−1 and gt−1. It

is enough to prove that if p1Ep2 then q ◦ p1 ≈ q ◦ p2 and p1 ◦ r ≈ p2 ◦ r. For this, the
same argument works as in the second step.
• Fourth step: the composition is associative. Three applications of MS2 give

W3
f3 //

s3
��

W2
f2 //

s2
��

Y ′
k //

t
��

Z

W1
f1 //

s1
��

X ′
h //

v

��

Y

U ′
g //

u
��

X

U

where U us1s3← W3
kf2f3→ Z is a good representing fraction for both bracketing.

• Fifth step: Q is a functor and Q(s) is an isomorphism for all s ∈ S. It is clear from
the definition that Q(idX) = idX and that Q(fg) = Q(f)Q(g). Besides, the inverse of
Q(s) : X idX← X

s→ Y is clearly Y s← X
idX→ X.

• Sixth step: Universality of S−1C: For the definition of G we have no freedom: G(X s←
X ′

f→ Y ) = Q(f)Q(s)−1 is our only possibility and it works.

2.3.2 Additional structures on the localized category

Now, let us turn our attention to the problem of adding up fractions:
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Proposition 2.28. Let gis−1
i be a fraction X

si← X ′i
gi→ Y for all 1 ≤ i ≤ n. Then there

exists a “common denominator” S 3 t : X ′ → X of si’s, that is for all 1 ≤ i ≤ n there is an
fi : X ′ → Y such that gis−1

i = fit
−1.

Proof. We only prove the statement for the case of n = 2, the general statement follows
by induction. Consider the two fractions g1s

−1
1 and g2s

−1
2 and apply MS2 on the following

diagram:
X ′

a //

t0
��

X2

s2
��

X1 s1
// X

Then by the choice of t = s2t0 we get that (g1a)t−1 = g1a(s2t0)−1 = g1a(s1a)−1 = g1s
−1
1

and (g2t0)t−1 = g2t0t
−1
0 s−1

2 = g2s
−1
2 . Therefore, f1 = g1a and f2 = g2t0 satisfy the required

equations.

Corollary 2.29. If C is a preadditive category then we can also define addition on S−1C as
f1s
−1
1 + f2s

−1
2 = (f ′1 + f ′2)t−1 where t is a “common denominator” in the above sense. It is

obvious to verify that it is a well defined operation and the composition is bilinear, i.e. S−1C
is preadditive.

Proposition 2.30. If C is an additive category then the localized category S−1C is additive
as well.

Proof. Q(X ×C Y ) ∼= Q(X)×S−1C Q(Y ) by expanding the definition of categorical product so
S−1C has finite coproducts.

Definition 2.31. Let C be a triangulated category. A multiplicative system S is compatible
with the triangulated structure, if s ∈ S implies Ts ∈ S and if there are two maps s, t ∈ S
between two exact triangles

X
f //

s
��

Y
g //

t
��

Z
h //

u
��

TX

Tf
��

X ′
f ′ // Y ′

g′ // Z ′
h′ // TX ′

then it can be completed with an S 3 u : Z → Z ′ to a morphism of triangles.

Lemma 2.32. If S is a system of morphisms in C that is closed under multiplications (MS1)
and satisfies the compatibility criterions in the previous definition then the Ore condition
automatically holds on S.

Proof. Let g : X → Y and S 3 t : Y ′ → Y . By TR1 and TR2 we can find exact triangles
T−1Y

h→ Z
f→ X

g→ Y and T−1Y ′
h◦T−1t→ Z

f ′→ X ′
g′→ Y ′. The following commutative diagram

T−1Y ′

T−1t
��

h◦T−1t // Z

idZ
��

f ′ // X ′

u

��

g′ // Y ′

t
��

T−1Y
h // Z

f // X
g // Y

can be completed by u ∈ S because both idZ and h ◦ T−1t are in S. Therefore, tg′ = gu
so we got the Ore condition.
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Theorem 2.33. The localized category S−1C of a triangulated category C is a localization in
the triangulated sense, see Definition 2.20.

Proof. In Proposition 2.30 we have proved that S−1C is additive. Besides, Q commutes
with T by its definition in the Gabriel-Zisman theorem 2.27. Similarly, the universality is a
consequence of the universality stated in the Gabriel-Zisman theorem. We only have to prove
that S−1C is a triangulated category with the “same” exact triangles, i.e. a triangle in S−1C
is defined to be exact if it is isomorphic to an image of an exact triangle in C.

TR0 is obvious from the definition of exact triangles and from TR0 for C. To prove TR1
for S−1C consider a fraction fs−1 : X s← X ′

f→ Y . In C by TR1 we have an exact triangle
X ′

f→ Y
g→ Z

h→ TX ′. Then the morphism (s, idY , idZ) is an isomorphism of triangles:

X ′

s
��

f // Y
g // Z

h // TX ′

Ts
��

X
fs−1

// Y g
// Z

sh
// X

so the lower triangle is exact in S−1C as well.
The axioms TR2 and TR4 for S−1C are obvious consequences of TR2 and TR4 in C: in

the assumptions of the axiom every exact triangle can be replaced by an exact triangle of C.
Then the original TR2 and TR4 in C produces the required system of exact triangles – in the
case of TR4 also morphisms of exact triangles – so applying Q on the whole system gives the
statement.

In the case of TR3 the problem is that in the assumptions of the axiom there is a commu-
tative square that is commutative only up to ≈. So it is not obvious why could we interchange
the triangles so that the square becomes commutative in C. For the details, see Proposition
5.5 in [SP3].

2.3.3 The derived category

Proposition 2.34. Let C be a triangulated category and H0 : C →M be a cohomological func-
tor. Then the system {f ∈ Hom(X,Y ) | X,Y ∈ Ob(C), H0(Tnf) is an isomorphism for ∀n ∈
Z} is a multiplicative system compatible with the triangulated structure.

Proof. Clearly idX ∈ S and S is multiplicatively closed because H0(Tn(st)) = H0(TnsTnt) =
H0(Tns)H0(Tnt). Besides, S is trivially invariant under translation so we only have to prove
the cancellation property and the last compatibility criterion. In that case, by Lemma 2.32
we would get the statement.

For the compatibility criterion, consider two exact triangles X f→ Y
g→ Z

h→ TX and
X ′

f ′→ Y ′
g′→ Z ′

h′→ TX ′ with the morphisms

X
f //

s
��

Y
g //

t
��

Z
h // TX

Ts
��

X ′
f ′ // Y ′

g′ // Z ′
h′ // TX ′

Then by TR3, we get a morphism u : Z → Z ′ that completes the diagram. Now, if
we apply H0 on the triangles to get the long exact sequences then s and t guarantees that
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H0(TnX) ∼= H0(TnX ′) and H0(TnY ) ∼= H0(TnY ′) for all n ∈ Z. In this case, we must have
H0(TnZ) ∼= H0(TnZ ′) by the Five Lemma.

To prove the cancellation property consider the morphisms f, g : X → Y and S 3 s : Y →
Z such that sf = sg. By TR1 there is an exact triangle Y s→ Z

u→ TQ
Tv→ TY containing s.

Now apply TR3 on the diagram

X //

f−g
��

0 //

��

TX
idX //

Tj
��

TX

T (f−g)
��

Y s
// Z u

// TQ
Tv
// TY

that is commutative because s(f − g) = 0, so we get a morphism Tj : TX → TQ such that
vj = (f − g). This j embeds into a an exact triangle W i→ X

j→ Q→ TW by TR1 and TR2.
So our situation can be summarized as

W

i
��
X

j

��

f−g // Y

T−1Z
T−1u

// Q

��

v
// Y s

// Z

TW

where s is a quasi-isomorphic therefore H0(TnQ) = 0 for all n ∈ Z so i must be a quasi-
isomorphism as well. Besides, (f − g)i = s(f − g)i = 0 so we have proved one direction of the
cancellation property. The other direction goes the same way.

Corollary 2.35. The usual quasi-isomorphisms in K(A) form a multiplicative system com-
patible with the triangulated structure.

Corollary 2.36. The interpretation of the previous theorems in the case of K(A):

1. The (unbounded) derived category D(A) = S−1K(A) of A exists (by Theorem 2.27).
2. The (unbounded) derived category D(A) is a triangulated category (by Proposition

2.33).
3. The universality property holds for D(A) (by Definition 2.20 and Theorem 2.27).

Proposition 2.37. The cohomological functors H0 on K(A) give rise to a cohomological
functor on the derived category.

Proof. For every DG-module X in D(A) H0(X) is defined to be the same as in K(A). For
a morphism fs−1 it is defined as H0(fs−1) = H0(f)H0(s)−1. This is clearly well-defined
because H0 respects the composition in K(A). Additionally, H0 brings exact triangles into
long exact sequences because every exact triangle can be replaced by an exact triangle of
K(A).
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2.4 The equivalences of D−(A)
2.4.1 Subcategories

Our original aim was to give a description of the possible extensions over an algebra. In
the first chapter we found an algebra structure on the self-extensions of a module M but it
is not totally clear (yet) how it is related to the concept of derived category. The extension
algebra of M was the graded endomorphism ring of a projective resolution in the homotopy
category. Do we get something different if we consider the endomorphisms of the resolution
as an object in D(A)? Before the answer, first note that when we singled out the subcategory
K(Proj−A) of K(A) that contains the projective resolutions, we were not precise enough: The
resolutions also have the important property that they are in K−(A) i.e. they are bounded
from above.

So let us introduce some important subcategories of K(A) for an ordinary algebra A:

Definition 2.38. The categories K+(A),K−(A) and Kb(A) are the full subcategories such
that their objects are the bounded from below, the bounded from above and the bounded
complexes respectively.

These are not only subcategories in the additive categorical sense but in fact these are
triangulated subcategories in the following sense:

Definition 2.39. The pair (D′, [1], T ′) is a triangulated subcategory of the triangulated cat-
egory (D, [1], T ), if

1. (D′, [1], T ′) is a triangulated category
2. D′ is an additive subcategory of D
3. T ′ ⊆ T and if

(
X

f→ Y
g→ Z

h→ X[1]
)
∈ T ′ then X,Y, Z ∈ Ob(D′) and f, g and h are

morphisms in D′.

Proposition 2.40. K+(A),K−(A) and Kb(A) are triangulated subcategories.

Proof. Let us define their exact triangles as the exact triangles of K(A) which have objects in
the corresponding subcategory. Then the third defining property of a triangulated subcategory
is automatically satisfied because we took full subcategories. Besides, it is clear that they
are additive subcategories and closed under translation. The fullness and the definition of
T ′ implies TR0, TR2, TR3 and TR4.Therefore, it is enough to check that the mentioned
subcategories are closed under taking the cone so we get TR1. However, this is also trivial by
the definition of C(f), see Definition 2.12.

Definition 2.41. The derived category bounded from above D−(A) is defined as
(S ∩ K−(A))−1K−(A) where S is the class of quasi-isomorphisms in K(A). It is easy to see
that S∩K−(A) is also a multiplicative system in K−(A). Similarly, one can define the derived
category bounded from below and the bounded derived category, denoted by D−(A) and Db(A).

There would be another way to define the mentioned subcategories as full subcategories
inside D(A):

Proposition 2.42. The embeddings D+(A) ↪→ D(A),D−(A) ↪→ D(A) and Db(A) ↪→ D(A)
are full and faithful. (For the proof, see 10.3.13 and 15 in [Wei])

In particular, this proposition means that for a projective resolution P • of M we have
HomD(A)(P •, P •) ∼= HomD−(A)(P •, P •). So how does this differ from HomK−(Proj−A)(P •, P •)?
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Proposition 2.43. The composition of the embeddings K−(Proj − A) i
↪→ K−(A) Q→ D−(A)

is full and faithful.

Proof. It is enough to prove that if s : P • → Q• is a quasi-isomorphism in K−(Proj−A) then it
is also a homotopy equivalence because that way we could identify the Hom spaces. Consider
the cone of s and the corresponding exact triangle P • s→ Q• → C(s)• → P •[1]. After taking
cohomologies we get that Hn(C(s)•) = 0 for all n ∈ Z because s is a quasi-isomorphism.

Besides, the components of C(s) are projective modules by the definition of the cone
(Definition 2.12). However, if a bounded above complex has only projective components and
all of its cohomologies are zero then it is a null-homotopic sequence. Indeed, by the projectivity
of the last term (i.e. the component with the highest index) we get that the complex is split
exact in that term and an induction shows that have to be split exact in every term. Hence,
denote by r the map C(s)• → C(s)•[−1] such that rdC(s)• + dC(s)•r = idC(s)• . Then, if one
denotes the “coordinates” of r by(

xn yn+1

zn vn+1

)
: Qn ⊕ Pn+1 → Qn−1 ⊕ Pn

then the previous equation means that

xn+1dQn+dQn−1xn+(−sn)zn = idQn xn+1(−sn+1)+yn+2(−dPn+1)+dQn−1yn+1−snvn+1 = 0

zn+1dQn − dPn−1zn = 0 zn+1(−sn+1) + vn+2(−dPn+1)− dPnvn+1 = idPn+1

The third equation shows that z is a map of complexes, while the first and the last equation
shows that s(−z) ∼ idQ and (−z)s ∼ idP so P • and Q•are homotopically equivalent and the
statement follows.

Corollary 2.44. By the previous proposition if P • and Q• are projective resolutions of M
and N respectively, then

HomK−(Proj−A)(P •, Q•) ∼= HomK(A)(P •, Q•) ∼= HomD−(A)(P •, Q•) ∼= HomD(A)(P •, Q•)

Therefore ExtnA(M,N) ∼= HomD(A)(P •, Q•[n]). We can say even more:

ExtnA(M,N) ∼= HomD(A)(ι(M), ι(N)[n])

because ι(M) (the complex havingM in the zeroth term and zeros elsewhere) is quasi-isomorphic
to P • and similarly ι(N) is quasi-isomorphic to Q•. In particular, the extension algebra
⊕n≥0Extn(M,M [n]) is exactly the graded endomorphism-algebra ⊕n≥0HomD(A)(ι(M), ι(M)[n])
of ι(M) in D(A).

2.4.2 Derived functors

In the first chapter, we have seen that these M → N “higher degree morphisms” have
several faces: their meaning can be first understood through the bounded long exact sequences
between N and M , but there is a correspondence to HomK(A)(P •, Q•[n]), furthermore we
have now seen that they can be easily interpreted in terms of derived categories. However,
we had another reformulation, namely Extn(M,N) ∼= Hn(HomA(P •, N)•). The idea behind
considering HomA(P •, N)• was that the functor HomA(., N) was not exact so it did not take

29



triangles of K(A) into triangles. By looking at the projective resolution of M the problem
disappeared because HomA(., N) is exact on K−(Proj−A).

In the case of derived categories this problem is more serious: if a functor is not exact
on K(A) then if we try to apply it on D(A), then we not only lose its triangulated property
but it will not even be a functor (Indeed, it will not bring quasi-isomorphisms into quasi-
isomorphisms). So the above procedure should be generalized for the additive functors on the
whole K(A) and as a result, we will get a triangulated functor on the derived category. In the
following we omit using contravariant functors, we shall be using the covariant Hom-functor
Hom(K, .) instead. Furthermore, we would need some analog of the projective resolution of a
module for arbitrary complexes. Or in other words, we need that:

Proposition 2.45. The embeddings K−(Proj−A) i
↪→ K−(A) Q→ D−(A) induce an equivalence

between K−(Proj−A) and D−(A). (Theorem 10.4.8 in [Wei])

Proof. In Proposition 2.43 we have seen that Q◦ i is faithful and full. Therefore, to prove this
statement we only have to prove that Q ◦ i is essentially surjective. As we mentioned before,
to this end, we have to construct the projective resolutions not only for modules but also for
complexes:

Definition 2.46. The projective resolution of a complex M• ∈ K−(A) is a complex P • ∈
K−(A) so that it is term-wise projective and quasi-isomorphic to M .

Proposition 2.47. The projective resolution of a complex exists and it is unique up to iso-
morphism in K(A) (i.e. up to homotopic equivalence).

Proof. The uniqueness is a consequences of Proposition 2.43. For the existence assume that
Mn = 0 if n > 0. We can recursively define the projective resolution: For M0, take an
arbitrary projective cover, i.e. an epimorphism ϕ0 : P 0 → M0 for some projective module
P 0. Denote by K0 the pullback of the diagram

K0 u0 //

v0
��

P 0

ϕ0
��

M−1
d−1
M

//M0

By the constructive definition of the pullback, we get that v0 is epi because ϕ0 was epi as
well. Therefore

M0/Imd−1
M
∼= M0/Im(d−1

M v0) ∼= M0/Im(ϕ0u0) ∼= P 0/Imv0

So · · · → 0→ K0 → P 0 → 0→ . . . is correct in the zeroth cohomology. Now we can take
a projective cover of K0 and iterate this process: By induction, consider a diagram

. . . // 0 //

��

K−n //

vn
��

P−n //

ϕn
��

. . . // P 0 //

ϕ0
��

0 //

��

. . .

. . . //M−n−2 //M−n−1 //M−n // . . . //M0 // 0 // . . .

be a complex such that the P ’s are projective, vn is epi and the cohomologies are the same in
the two rows. Then taking the pullback of a projective cover P−n−1of Kn gives us a longer
resolution with similar properties for n+ 1. The statement follows.
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The projective resolution is by definition quasi-isomorphic to M• so the essential image
of Q ◦ i : K−(Proj−A)→ D−(A) is the whole D−(A).

Definition 2.48. The functor P : D−(A)→ D−(A) is defined via “take an arbitrary projec-
tive resolution”. By the same process as we had in the previous proof, one can easily define
P on morphisms.

This P is some kind of a “projection” of D−(A) onto a subcategory (namely the image
of Q ◦ i) on which the additive functors of K−(A) behave well: they preserve the triangles.
Therefore, we can define the “induced” functor of such a functor on the whole D−(A):

Definition 2.49. Let F : K(A)→ K(B) be an additive functor. Then the left derived functor
of F denoted by LF is defined as LF = F ◦ P : D−(A)→ D−(B)

Similarly, the right derived functor of a functor G is defined as RG = G ◦ I where I
denotes the injective coresolution. For details, see [Wei]

Example 2.50. Primary examples for the derived functors are the derived functor of Hom
and ⊗. Namely, for a module X ∈ Mod − A we have a functor HomA(X, .) : K(A) → K(k).
Similarly, for a module Y ∈ Mod−Aop we get a functor .⊗A Y : K(A)→ K(k). In these case
of Hom, we use the right derived functor RHomA(X, .) and in the case of the tensor functor,
the left derived functor .⊗L

A Y because in this way

H0(RHomA(X, .))|Mod−A = HomA(X, .)

and H0(.⊗L
A Y )|Mod−A = .⊗A Y . What is more,

Hn(RHomA(X,M)) ∼= Hn(HomA(X, I(M)•)) ∼= Extn(X,M)
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Chapter 3

Total Derived equivalence and
Generalized Koszul duality

In the previous chapters, we were speaking about the extension-algebra of an arbitrary
module. It is obvious to expect that for specially chosen modules the structure of the algebra
⊕nExtn(M,M [n]) is either easier to describe, or in other cases it tells more about the original
algebra. An example for the first is when M is the algebra itself: then we get back A or Aop
and no proper extensions by the projectivity.

However, if we take not A but a module that is close enough to A in some sense then
it may happen that the corresponding extension algebra of M does not differ from A too
much. As it will turn out later, the precise notion of “does not differ too much” is that the
two algebras are derived equivalence. Let us summarize the main statements of the theory of
derived equivalence:

3.1 Unbounded Derived equivalence

3.1.1 Total Derived functors

For an equivalence, first we need some functors on the derived categories that are hoped
to be full and faithful under certain circumstances. The previously introduced way of taking
the derived functor of an additive functor on K(A) does not always work, only if we consider
the bounded above derived categories. Indeed, it may happen that an unbounded complex
does not have a projective resolution. To get over this problem, we have to generalize the
notion of projective resolution. In the following, we work in the general DG-algebraic setting:
Definition 3.1. A DG-module M ∈ K(A) is called homotopically projective if the Hom
space HomK(A)(M,N) = 0 for all N ∈ K(A) such that Hn(N) = 0 for all n ∈ Z. The
full triangulated subcategory containing the homotopically projective modules is denoted by
Kp(A)

We defined this notion in the setup of DG-algebras without any problem because the
definition is independent of the concept of the projective module. It is reasonable to avoid
projectivity in DGMod-A because it is a generalization of projectivity in Ch(A), not in Mod-
A. The next proposition shows why we should accept the homotopically projective DG-
modules as general candidates for projective resolutions.
Proposition 3.2. The smallest full triangulated subcategory of K(A) containing all the pro-
jectives is Kp(A). (For proof, see 8.1.4 in [KZ])
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There is a natural dual notion of the homotopically projective DG-modules, namely
Definition 3.3. Similarly, a DG-module N ∈ K(A) is called homotopically injective if
HomK(A)(M,N) = 0 for all M ∈ K(A) such that Hn(M) = 0 for all n ∈ Z. The full triangu-
lated subcategory containing the homotopically projective modules is denoted by Ki(A)

The required property for a projective resolution of M• in the case of D−(A) was that it
had to be quasi-isomorphic to M•. Besides, we found that P is always exist and unique up
to isomorphism. Therefore, we could hope the same in this case and not in vain:
Proposition 3.4. (For the proof, see 8.1.4 in [KZ])

1. For each DG-module K, there is a triangle P(K)→ K → A(K)→ P(K)[1] where P(K)
is homotopically projective and A(K) is acyclic. Any triangle P → K → A→ P [1] with
a homotopically projective P and acyclic A is isomorphic to P(K) → K → A(K) →
K[1]. In particular, P(K) is well-defined up to isomorphism.

2. For each DG-module K, there is a triangle A′(K)→ K → I(K)→ A′(K)[1] where I(K)
is homotopically injective and A′(K) is acyclic. Any triangle A′ → K → I → A′[1] with
a homotopically injective I and acyclic A′ is isomorphic to A′(K) → K → I(K) →
A′(K)[1]. In particular, I(K) is well-defined up to isomorphism.

3. KpA ↪→ K(A) Q→ D(A) (resp. KiA ↪→ K(A) Q→ D(A)) induces an equivalence of
triangulated categories with the quasi-inverse P : D(A) → Kp(A) (resp. I : D(A) →
Ki(A)) left adjoint (resp. right adjoint) to the previous composition. In particular,
HomK(A)(M, I(N)) ∼= HomD(A)(M,N) ∼= HomK(A)(P(M), N)

By the aid of the functor P and I we again got the two “projections” from D(A) onto some
subcategories on which the additive functors are triangulated. Hence, we can again define the
“induced” functors:
Definition 3.5. Let F : K(A) → K(B) be an additive functor. Then we define its total left
(resp. right) derived functor as LF = F ◦P (similarly, RF = F ◦ I).

For the total derived functors as well, the main examples are still the Hom and the tensor
functors, but now in the DG-setting:
Example 3.6. The Hom is defined the same way as in 1.42 i.e. for a DG-module X ∈
DGMod−A we define HomA(X, .) : DGMod−A → DGMod− k as

HomA(X,N) =
⊕
n∈Z

HomGr
A (X,N [n])

with the differential δ(f) = dNf − (−1)nfdX for f ∈ HomA(X,N [n]).
This type of a “total” DG Hom-functor induces a K(A)→ K(k) functor, so by the above

I, one can define its derived functor, RHomA(X, .) : D(A)→ D(k).
Example 3.7. For a left A-module X ∈ DGMod − Aop we define . ⊗A X : DGMod − A →
DGMod− k as

(M⊗AX)n =
( ⊕
p+q+n

Mp⊗kX
q
)
/Span

(
ma⊗x−m⊗ax | m ∈M i, a ∈ Aj , x ∈ Xk, i+j+k = n

)
with the differential

d(m⊗ x) = d(m)⊗ x+ (−1)pm⊗ d(x) (m ∈Mp, x ∈ Xq)

Again, by the above functor P, one can define the derived functor, .⊗L
A X : D(A)→ D(k).

The importance of the above definitions will come to light when X will be a DG-bimodule
in the next sections.
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3.1.2 Compact generators

When dealing with derived categories one could have the idea to somehow use the Morita
theory of modules. Directly, it is impossible because there is a fundamental difference between
Mod-A and D(A), namely the former is abelian while the latter is triangulated. However,
Morita theory can be an intuitive starting point by which one can find out the analogous
theorem for derived categories. So let us consider one simple form of characterization of
Morita equivalence:

Theorem 3.8. (Morita theorem, Theorem 22.4 in [AF]) Two rings A and B are Morita
equivalent if and only if there exists a finitely generated projective generator P ∈ Mod-A such
that B ∼= EndA(P )(in short: progenerator)

The informal meaning of progenerator is that P resembles to A in a homological sense. So
for a derived analogy we have to identify some properties of ιA in D(A) that will be required
for a “derived progenerator”. First, let us look at the generating property:

Theorem 3.9. (Infinite dévissage) The full triangulated subcategory U of D(A) equals D(A)
if and only if it contains ιA and is closed under infinite direct sums. (For the proof, see 8.1.4
in [KZ])

This theorem can be proved by the use of 3.4. Namely, the statement is true for Kp(A)
and by the mentioned equivalence the statement can be pulled back to D(A) itself.

Note that in the theorem we did not use the word “generate” because it leads to ambiguity:
usually the generated subobject is the smallest subobject containing the generator and closed
under the “usual” operation. However, one could say that “usual” operation means closed
under finite direct sums and closed under taking cones. In that sense ιA does not generate
D(A). For a special case, consider an ordinary algebra A as a DG-algebra A = Â. Then we
have the following proposition:

Proposition 3.10. The smallest full triangulated subcategory of D(A) containing the direct
summands of ιA is exactly the full subcategory of D(A) formed by complexes that are quasi-
isomorphic to bounded complex of finitely generated projective modules.

The proposition gives rise to the following definition:

Definition 3.11. Let A be an (ordinary) algebra. Then M•is a perfect complex if it is a
bounded complex of finitely generated projective modules. The category perA is the full
subcategory of D(A) formed by complexes that are quasi-isomorphic to perfect complexes.

Proof of Proposition 3.10. It is trivial that any summand P of A is in perA represented by
the complex · · · → 0→ P → 0→ . . . . because P is projective.

For the reversed direction, we use induction: Assume that all complexes of finitely gener-
ated projective modules of length at most n are in perA and consider a complex

Y =
(
· · · → 0→ P 0 d0

→ P 1 d1
→ . . .

dn−1
→ Pn → 0→ . . .

)
where P i is a finitely generated projective module for all i ≤ n. Then the cone of d0 is an

exact triangle containing the above complex: Let Z be the complex · · · → 0→ P 0 → 0→ . . .
and X be the complex

X =
(
· · · → 0→ 0→ P 1 d1

→ . . .
dn−1
→ Pn → 0→ . . .

)
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Then the cone of d0 : Z → X[1] is exactly Y by definition (see Definition 2.12) so we have
an exact triangle X → Y → Z

d0
→ X[1]. The complexes X and Z have length at most n hence

they are in perA by the induction hypothesis so the whole triangle has to be in perA.

In the general case of DG-algebras we would like to avoid the notion of projectivity so
perA can be defined by the previous proposition, directly.

Definition 3.12. Let A be a DG-algebra. Then the category perA is defined to be the
smallest full subcategory of D(A) containing the direct summands of ιA.

Now, that we found in what sense ιA is a projective generator in D(A), the next question
is what is the “derived analogy” of a finitely generated module:

Proposition 3.13. A projective module K ∈ Mod-A is finitely generated if and only if
HomA(K, .) commutes with infinite direct sums.

This homological characterization gives the proper generalization of finitely generated
module in the case of D(A). Fortunately, it is not even a new notion:

Lemma 3.14. (Homological characterization of perA) A DG-module K belongs to perA if
and only if the functor HomD(A)(K, .) commutes with infinite direct sums.

For the proof, see Lemma 2.1 and Proposition 6.3. in [Rick1]. The property that
HomD(A)(K, .) commutes with infinite direct sums is in general called the compactness of
K.

3.1.3 Derived equivalence

After finding a promising generalization of the progenerator, let us continue to follow
the analogy with the theory of Morita equivalence: there we used a progenerator bimodule
AXB ∈ Mod− (B⊗kA

op) to construct an equivalence. In that case, the usual tensor product
⊗AX and the Hom functor HomB(X, .) gave us the functors on the (abelian) module category.
In this spirit, using DG-bimodules, one can get functors in this new situation on the (rarely
abelian but triangulated) derived categories, after taking the derived functors of the mentioned
Hom and tensor. First, we define the notion of bimodules for DG-algebras:

Definition 3.15. A DG A-B bimodule (X, dX) is a bimodule AXB is a left DG A-module
and a right DG B-module such that X is a bimodule in the ordinary sense and the differential
satisfies the following identify:

dX(axb) = d(a)xb+ (−1)pad(x)b+ (−1)p+qaxd(b)

where a ∈ Ap and x ∈ Aq.

Then we automatically get the corresponding functors on the homotopy category:

Definition 3.16. Let X be a DG A− B-bimodule. Then there are functorial maps K(A) 3
M 7→ M ⊗A X ∈ K(B) and K(B) 3 N 7→ HomB(X,N) ∈ K(A) where the tensor product
and the Hom is taken in the sense of 3.6 and 3.7. The DG-module structure on M ⊗AX and
HomB(X,N) are defined in an obvious way.

From now on, we will denote the functor . ⊗A X : K(A) → K(B) by F and the functor
HomB(X, .) : K(B) → K(A) by G and their derived functors by LF and RG respectively,
following the notations of [KZ].

The generalized tensor and Hom functors are defined in such a way that

35



Proposition 3.17. (F,G) is an adjoint pair, i.e. F is the left adjoint of and G and vice
versa.

In representation theory, categorical equivalences are realized by adjoint functors in many
cases. It is not surprising, for adjoint pairs there is a useful characterization when they
became equivalence functors. For the statement we need to define the natural transformations
µ : F ◦ G → id and ε : id → G ◦ F called the counit and the unit, respectively: the
assumption that F and G are adjoint functors means that there is a natural transformation
τ : HomK(B)(F (.), .)→ HomK(A)(., G(.)). So the morphisms

τX,F (X) : HomK(B)(F (X), F (X))→ HomK(A)(X,G(F (X)))

applied on idF (X) gives us the natural transformation

µX = τX,F (X)(idF (X)) : X → G(F (X))

Similarly, one can define the natural transformation εX = τ−1
G(X),X(idG(X)). (For details, see

Section 1.5 in [KS])

Proposition 3.18. Let (F,G) be an adjoint pair with the corresponding natural transforma-
tions µ and ε. Then the functor F (resp. G) is fully faithful if and only if ε (resp. µ) is an
isomorphism. (Proposition 1.5.6 in [KS])

By the aid of the proposition, one can characterize the adjoint pairs that give rise to
equivalence functors:

Corollary 3.19. For an adjoint pair (F,G) and the corresponding transformations µ and ε
the followings are equivalent:
• F is an equivalence
• G is an equivalence
• L and R are fully faithful
• µ and ε are isomorphisms.

This helps us to prove the weaker version of Rickard’s theorem about derived equivalences.
The statement is an analog of the theorem about Morita equivalence that discusses when a
given functor yields an equivalence between the module categories:

Theorem 3.20. Let A and B two be DG-algebras and let X be an A−B-DG-bimodule. Then
the following are equivalent: (Section 8.1.4 in [KZ])

1. The functor LF : DA → DB is an equivalence of triangulated categories.
2. The restricted functor LF : perA → perB is an equivalence of triangulated categories.
3. The object T def= LFιA satisfies the followings

(a) the unit map of A, ειA : ιA → RGLF (ιA) is a quasi-isomorphism.
(b) T ∈ perB
(c) The smallest full triangulated category of DB containing T and closed under form-

ing direct summands equals perB.

Remark 3.21. For an ordinary algebra A = A (i.e. when we look at A as a DG-algebra
concentrated in degree zero), the first assumption of 3. can be reformulated: In the theorem,
we require that HnεA : A → HnRGLFA = HomDB(T,LFA[n]) = HomDB(T, T [n]) to be
an isomorphism for all n ∈ Z, where we used that HnRG = HomDB(T, .[n]). In this special
case, it is equivalent to saying that H0εA : A → HomDB(T, T ) must be an isomorphism and
HomDB(T, T [n]) must be zero for all n 6= 0.
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Proof. 1. ⇒ 2. is a consequence of Lemma 3.14. In implication2. ⇒ 3. first note that if
LF is an equivalence functor then by Proposition 3.19 the unit map εM is automatically an
isomorphism for every M ∈ D(A), in particular for ιA itself. To prove part c) note that perA
is generated by the direct summands of ιA as a triangulated category (Corollary 3.10) so the
image of LF is generated by the direct summands of T . Taking into account that the essential
image of LF is perB (because it is an equivalence functor) it proves part c).

In the last implication 3. ⇒ 1. we have to show that LF is fully faithful and essentially
surjective. For the fully faithfulness by Proposition 3.18 it is enough to prove that the unit
map εM : M → RGLFM is invertible in D(A) for each M ∈ D(A) (i.e. it is a quasi-
isomorphism). This is shown by the infinite dévissage, Proposition 3.9: Denote by U the full
subcategory of D(A) containing the objects M such that εM is an quasi-isomorphism. We
need to show that ιA ∈ U and U is closed under infinite direct sum.

By the first assumptionειA is a quasi-isomorphism so ιA ∈ U . Now, it is enough to show
that RGLF commutes with infinite direct sums, because that way U is closed under infinite
direct sums. The functor LF is the left adjoint member of an adjoint pair so it commutes with
infinite direct sums (see 5.2.8 in [KS]), the problem is at RG. By the definitions, there is a
natural morphism ⊕RG(M)→ RG(⊕M) which will become an isomorphism in D(A) if and
only if it is an isomorphism on all of its cohomologies. Using Hn(RG(M)) = HomDB(X,M)
the statement follows from the fact that HomDB(X, .) and Hn commutes with infinite direct
sums by lemma 3.14.

The theorem basically states that if the DG-bimodule is given then the derived equivalence
can be characterized by some properties of the DG-bimodule as a B-module. In the case of
ordinary algebras, T is called a two-sided tilting complex. The problem in this theorem is
how we can find the proper DG-bimodule or in other words how can we find an A-module
structure on a given B-module T that is expected to realize the equivalence functors. It is not
trivial, even in the case of ordinary algebras.

The problem is the following: our goal is to prove the equivalence of an ordinary algebra
B and another algebra A = HomD(B)(T, T ) where T ∈ K(B). Then T is usually is not a
module over HomDB(T, T ) because this algebra can only act on T in the derived category but
not in the category of complexes so it will not naturally become a bimodule complex. In the
proof of the next theorem this problem get resolved.

Theorem 3.22. (Rickard, Keller) The following are equivalent: (8.1.4 in [KZ])
1. DA andDB are equivalent as triangulated categories.
2. perA andperB are equivalent as triangulated categories.
3. There exists an object T ∈ DB such that

(a) there is an algebra isomorphism ε : A → HomDB(T, T ) and HomDB(T, T [n]) = 0
for n 6= 0.

(b) T ∈ perB
(c) The smallest full triangulated category of DB containing T is closed under forming

direct summands equals perB.

Proof. Direction1.⇒ 2. is obvious again by 3.14. For direction 2.⇒ 3. we can use exactly the
same argument as in 3.20, i.e. the fully faithfullness of the equivalence functor gives part a),
the assumption of 2. gives part b) and by the essential surjectivity of the equivalence functor
we can conclude the third property.

Direction 3.⇒ 1. is the part where we will finally see that the notion of DG algebras are
necessary for this proof of the Rickard-Keller theorem. The problem is still that T is not a
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module over A ∼= HomDB(T, T ). However, it is a module over C def= HomB(T, T ) where we
look at HomB(T, T ) not only as a complex in K(k) but as a DG algebra (seen in Lemma
1.42). Now, we can apply theorem 3.20 on A = C and B = B because

HnιC = HomDB(T, T [n]) = HomDB(T, (LFC)[n]) = Hn(RGLF (ιC))

so ειC is an isomorphism. Here, do not forget that F and G corresponding to the original A
and C are different but still LF (C) = T as a right B-module so the computations are valid.
So we got that D(C) and D(B) are equivalent.

Now we have to prove that A and C are derived equivalent. By assumption (a) H0ιC =
HomDB(T, T ) ∼= A and HnC = HomDB(T, T [n]) = 0 for n 6= 0, i.e. A is the cohomology
algebras of C. Hence, the following proposition will finish the theorem:

Proposition 3.23. Let C be a DG-algebra such that HnC = 0 for all n 6= 0. Then D(C) is
equivalent to D(H0C). (see Theorem 3.13. in [Sch])

Proof. To get the statement we prove thatD(C) ∼ D(C−) ∼ D(HnC) where C− is the truncated
algebra of C i.e.

Cn− =


Cn if n < 0
kerd0 if n = 0
0 if n > 0

One can check easily that it is indeed a DG-algebra with the same differentials as C. Now we
have morphisms of DG-algebras: C ←↩ C− → H0C that are quasi-isomorphisms. Therefore, it
is enough to prove that quasi-isomorphic DG-algebras are derived equivalent. So let ϕ : U → V
be a quasi-isomorphism between the DG algebras U and V and define the U − V bimodule
complex X = V with the ordinary right action of V and with the left U -action u ·v def= ϕ(u)v.
This way it obviously becomes a bimodule complex.

Now, we can use the theorem 3.20 on F = .⊗U X, so it is enough to check the assumption
of the third characterization. Namely, that XV = VV ∈ perV (that is trivial by the definition
of perV ), the smallest full triangulated category of DV containing XV = VV and closed
under forming direct summands equals perV (also trivial by Definition 3.12) and that the
unit ε : U → RGRF (U) = RHomV (VV , U⊗L

U VV ) is a quasi-isomorphism of U -modules. The
last property can be checked by the fact that HnV ∼= HnU .

This proves the theorem.

Remark 3.24. In fact, such a derived equivalence can be realized every time as . ⊗L
A X for

some bimodule complex X. We do not prove this, the construction can be found in [KZ] and
in [Kel4].

One could expect that the different subcategories of derived categories gives different
equivalence notions. It is generally true but in our special case, among finite dimensional
algebras, basically every notion gives the same equivalence of algebras.

Theorem 3.25. For finite dimensional algebras A and B (in particular for finite dimensional
algebras) the following are equivalent: (see 6.4, 8.1, 8.2, 8.3 in [Rick1])

1. D(A) ∼ D(B) i.e. there exist a tilting complex
2. D−(A) ∼ D−(B)
3. Db(A) ∼ Db(B)
4. Db(mod−A) ∼ Db(mod−B)
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3.2 Graded Derived equivalence

3.2.1 Graded algebras

In the applications the naturally arising algebras have more structure than just being
algebras, namely they are graded in many cases.

Definition 3.26. A graded algebra is an associative algebra over the field k that is non-
negatively Z-graded: there is a vector space decomposition A = ⊕i≥0Ai that is respected by
the multiplication, i.e. if a ∈ Ai and b ∈ Aj then a · b ∈ Ai+j .

In the case of graded algebras one does not even investigate all the modules, only those
that are compatible with the grading:

Definition 3.27. Let A be a graded algebra. Then a graded module M is a module over A
with a Z-grading, i.e. M = ⊕i∈ZMi as a vector space that is respected by the multiplication:
for a ∈ Ai and m ∈ Mj we have ma ∈ Mi+j . A morphism of graded modules is an A-
homomorphisms that preserves the grading.

The category Gr(A) is the category of graded A-modules with the graded homomorphisms,
while gr(A) is its full subcategory with the finitely generated modules as objects.

Proposition 3.28. Gr(A) is an abelian category. (see Chapter 2 in [NO])

Example 3.29. One common example for a graded algebra is the polynomial ring k[x] with
one variable. Its grading is induced by the degree. Even on this example we can see that
among the graded modules there is only one simple module but if we consider non-graded
modules as well, this is not the case. These is a general “phenomenon”: the graded modules
usually behave more regularly.

Now, our goal is to save some parts of the previous theory of derived categories for graded
modules. Although graded algebras are special cases of DG-algebra, that theory cannot be
applied here directly because we want to consider the complexes over A that have graded
terms. Hence, the correct way is to take the homotopy category where the objects are the
mentioned graded complexes.

Definition 3.30. The homotopy category K(GrA) has the complexes (M i
j)i,j∈Z over Gr(A)

with graded differentials as objects and the graded maps of complexes as morphisms. Simi-
larly, one can define the bounded, bounded from above and bounded from below homotopy
categories, denoted by Kb(GrA), K−(GrA) and K+(GrA) respectively.
We also use the notations K(Proj−GrA) for the graded homotopy category containing term-
wise projective complexes and per(GrA) for the analog of perGrA in the graded setting.

The main difference compared to the previously introduced theory of the homotopy cate-
gories is that in the graded homotopy category there are two types of shifts: on one hand we
have the usual shift of complexes X[1]ij = Xi+1

j . On the other hands, we can shift the grading
of the module:

Definition 3.31. The graded shift of a module is defined asM〈1〉j = Mj−1. Similarly we can
shift a complex in the category of complexes or in the homotopy category: (X〈1〉)ij = Xi

j−1.

Besides this difference, most notions and statements stay unchanged:

Definition 3.32. The cohomology of a complex in K(GrA) is Hn(M) = Ker d0/Im d−1 ∈
Gr(A).
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Proposition 3.33. The category K(GrA) is triangulated.

The proof is literally the same as in the case of K(A), we just have to realize that the
construction of the cone does not interfere with the grading and the cone-triangles will be a
triangle in KGr(A) as well.

Corollary 3.34. The derived category D?(GrA) of A exists in the sense of Definition 2.20 as
a localization of K?(GrA) with respect to the grade quasi-isomorphisms where ? ∈ {+,−, b, }.

The corollary is obvious: in Chapter 2, especially in 2.34 we worked in a general setup of
an abstract triangulated category without referring to any notion of K(A) so the theorems
can be applied.

One could guess that the theory of derived equivalence – introduced in the previous section
– can be applied for Gr(A) as well, however this not the case. The category Gr(A) is not
totally comparable to Mod−A, one is not a subcategory of the other: the problem is that we
have not only fewer morphisms between the modules (i.e. we take only the graded morphisms)
but we have a lot more non-isomorphic objects because usually M is not (graded) isomorphic
to M [n]. One consequence of this phenomenon is that ιA does not necessarily generate D(A)
with infinite sums (as it does in the non-graded setting, see 3.9), only {ιA〈n〉 | n ∈ Z} is a
generating set.

Fortunately, at least the argument of the DG-algebraic proof of Rickard’s theorem 3.22
can be transferred to our case. Let A and B be two graded algebras and assume that D(GrA)
and D(GrB) are equivalent as triangulated categories. Here, we did not require that the
equivalence functors F : D(GrA) → D(GrB) and G : D(GrB) → D(GrA) commute with the
graded shift 〈1〉. Therefore, s def= F 〈1〉G : D(GrB)→ D(GrB) is an autoequivalence (because
we composed equivalence functors) that is not necessarily the identity functor in general. So
it should appear in the assumptions of a characterization of graded derived equivalence:

Theorem 3.35. (Proposition 5.3 in [Mad5]) Let A and B be finite dimensional graded alge-
bras. Then D(GrA) is equivalent to D(GrB) as a triangulated category if and only if there
exists a complex T ∈ D(GrB) and an autoequivalence s : D(GrB)→ D(GrB) such that all of
the following hold:

1. T ∈ perGrB
2. The smallest full subcategory of D(GrB) containing {siT | i ∈ Z} and closed under

infinite direct sums is D(GrB).
3. ⊕i≥0HomDGrB(siT, T [i]) ∼= A as graded algebras and HomDGrB(siT, T [n]) = 0 for n 6= 0.

3.2.2 Classical Koszul duality

A classical situation where one can utilize the previous theorem is the case where the zeroth
level of the graded algebra B is semisimple and we consider the case of T = B0 i.e. T is the
sum of all non-isomorphic simple modules. In this case the first assumption is automatically
satisfied. Besides by choosing s = [−1]〈−1〉 the second property can be checked and the third
property as HomDGrB(T [−i]〈−i〉, T [n]) = 0 for all n 6= 0 can be reformulated as T has to have
a linear projective resolution in the following sense:

Definition 3.36. A module M has a linear projective resolution if there is a projective
resolution P−i → P−i+1 → · · · → P−1 → P 0 → M → 0 such that P i = P iiB or in other
words it is generated in degree i.
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Definition 3.37. Let B be a finite-dimensional graded algebra with B0 being semisimple.
If every simple module has a linear projective resolution (or equivalently if B0 has a linear
projective resolution) then B is called a Koszul-algebra.

Then, as a special case of 3.35 we get that

Theorem 3.38. Let B be a finite dimensional graded algebra and denote the extension algebra
⊕n≥0ExtnGrB(T, T 〈n〉) by A, where T = B0 is the sum of all non-isomorphic simples. If T
has linear projective resolution (i.e. B is Koszul) thenD(GrA) is equivalent to D(GrB) as a
triangulated category.

By considering the graded extensions instead of all extensions, we did not lose anything:

Proposition 3.39. (2.4.4, 2.4.7 in [NO]) Let B be a graded algebra and M,N ∈ grB then

ExtnB(M,N) ∼= ⊕j∈ZExtnGrB(M,N〈j〉)

Corollary 3.40. Let B be a graded algebra and M,N ∈ grB. If ExtnB(M,N〈j〉) = 0 for
j 6= n then the ordinary extension algebra ⊕n≥0ExtnB(M,N) ∼= ⊕n≥0ExtnGrB(M,N〈n〉).

The above mentioned extension-algebra has several names in the literature, sometimes it
is called the Yoneda dual, the Koszul dual or the homological dual. The term “dual” can be
rationalized by the following theorem:

Theorem 3.41. Let B be a finite dimensional graded Koszul algebra and A be its dual. Then
the Koszul dual of A is isomorphic to the original algebra B.

3.3 T -Koszul algebras

3.3.1 Derived equivalence with not semisimple zeroth level

In this chapter A will be a finite-dimensional graded algebra with finite global dimension
and with basic zeroth level. However, we do not assume that A0 is itself semisimple. In this
case the above mentioned theorem can still be applied but not for T = A0 and the correct
assumption will be different from having a linear resolution. Instead, we have to require that
HomGrA(T [−i]〈−i〉, T [n]) = Extn+i(T, T 〈i〉) = 0 for n 6= 0.

Definition 3.42. Let T be a graded A-module concentrated in degree zero without isomorphic
direct summands. Then T is called a graded self-orthogonal module if ExtiGrA(T, T 〈j〉) = 0
for all i 6= j.

Now we have to ensure somehow that siT generates D(A). A possibility for that is

Proposition 3.43. If A0 has a T -coresolution or a T -resolution then the smallest full trian-
gulated subcategory containing T [−n]〈−n〉 for all n ∈ Z and closed under infinite direct sums
is D(GrA).

The proof goes the same way as in 3.10.
If one supposes that T is graded self-orthogonal (in particular, ExtiGrA(T, T ) = 0 for all

i ∈ Z) and A0 has a T -coresolution then we more or less got back the notion of tilting:

Definition 3.44. A finitely generated module T ∈ Mod-A is called a tilting module if
• pd(T ) <∞
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• ExtiA(T, T ) = 0 for all i > 0
• A has a T -coresoltuion.

The difference is that the definition is stated for not necessarily graded algebras, and it is
equivalent to the above mentioned assumptions if B is graded in a trivial way:B = B0.

Nevertheless, the next definition seems sufficient for our purposes:

Definition 3.45. Let T be a graded module over A concentrated in degree zero. The algebra
A is T -Koszul (or Koszul with respect to T ) if T is a tilting module over A0 and T is graded
self-orthogonal over A.

If A is T -Koszul, the construction of derived functors – seen in Subsection 3.1 – can be
transferred to this setup with suitable modifications. For details, see [Kel4] and [Mad2].
So we could get a bimodule complex BXA such that G = Hom(X, .) : K(A) → K(B) and
F = .⊗B X : K(B)→ K(A) satisfy the following:

Proposition 3.46. (Proposition 3.2.1 in [Mad2])
1. RG(T ) ∼= B
2. The counit map φT : LFRG(T )→ T is an isomorphism.
3. There is a functorial isomorphism RG(N〈j〉) ∼= RG(N)〈−j〉[−j]

Lemma 3.47. (Proposition 3.2.1 in [Mad2]) For the mentioned G the following hold:
1. There is a functorial isomorphism LFRG(N〈j〉) ∼= LFRG(N)〈j〉.
2. H i(RG(M))j ∼= Exti+jGrA(T,M〈j〉)
3. RG(DA) ∼= S where S def= HomGrA(T,DA) and D is the graded duality, i.e. DMi =

Homk(M−i,k).

Proof. For the first part, by the previously stated properties we get

HomDGrA(LFRG(N〈j〉), L) ∼= HomDGrA(RG(N〈j〉),RG(L)) ∼=

∼= HomDGrA(RG(N)〈−j〉[−j],RG(L)) ∼= HomDGrA(RG(N),RG(L)〈j〉[j]) ∼=
∼= HomDGrA(RG(N),RG(L〈−j〉)) ∼= HomDGrA(LFRG(N)〈j〉, L)

For the second statement, observe that

H i(RG(M))j ∼= HomDGrA(B〈j〉,RG(M)[i]) ∼= HomDGrA(RG(T )〈j〉,RG(M)[i]) ∼=

∼= HomDGrA(LFRG(T 〈−j〉[−j]),M [i]) ∼= HomDGrA(LFRG(T )〈−j〉[−j],M [i]) ∼=
∼= HomDGrA(T 〈−j〉[−j],M [i]) ∼= HomDGrA(T,M〈j〉[i+ j]) = Exti+jGrA(T,M〈j〉)

Finally, for the third statement note that DA is injective (in face it is exactly the sum
of all non-isomorphic injectives) so Exti+j(T,DA〈j〉) = 0 for all i + j 6= 0. Then by the
previous point the this lemma H i(RG(DA))j = Exti+j(T,DA〈j〉) = 0 if i + j 6= 0. So now
we only have to prove that H i(RG(DA))−i = H i(S)−i because then they are isomorphic
in D(A). However, H i(RG(DA))−i = HomGrA(T,DA〈−i〉) = 0 for i 6= 0 because T is
concentrated in degree zero and DAj = 0 for all j > 0. The only nonzero term on both sides
is H0(RG(DA))0 ∼= HomGrA(T,DA) = S0 = S.

Corollary 3.48. Let A be a T -Koszul algebra and denote ⊕n≥0ExtnGrA(T, T 〈j〉) by B. Then
by 3.35 and 3.43 we get that D(A) is equivalent to D(B)
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The theorem characterizes the unbounded derived equivalence. Fortunately, when one
considers finite-dimensional algebras of finite global dimension then it implies the bounded
derived equivalence as well.

Theorem 3.49. Let A and B be finite-dimensional graded algebras with finite global dimen-
sion. Assume that D(GrA) and D(GrB) are equivalent as triangulated categories. Then
Db(grA) is equivalent to Db(grB) as a triangulated category as well. (4.3.4 in [Mad2])

Proof. Here we cannot apply Rickard’s theorem (Theorem 3.25) because of the mentioned
difference between Mod − A and Gr − A. Instead, one realize that in this setup, Db(grA) is
equivalent to the smallest triangulated subcategory of D(GrA) containing all graded shifts of
direct summands of T . Also, Db(grB) is equivalent to the smallest triangulated subcategory
of D(GrB) containing all indecomposable graded projective B-modules, i.e. graded shifts of
direct summands of B. These can be proved the same way as Proposition 3.10. However, RG
and LF maps these subcategories into each other by 3.46.

Remark 3.50. In general, when one considers not only finite-dimensional algebras or algebras
with infinity global dimension then this statement will not stay true. In that case, one can
only identify some subcategories of the derived categories of A and B. Such equivalences can
be found in [Mad2].

3.3.2 Generalized Duality

In the case of classical Koszul duality the second Koszul dual of the algebra was isomorphic
to the original algebra. If we assume that not only A but even A0 has finite global dimension
then we can get the same statement in this setup. The core of the proof is the following
observation:

Proposition 3.51. Let A be a T -Koszul algebra and M ∈ grA. If gldim(A) < ∞ and
gldim(A0) <∞ then the counit map φιM : LFRG(ιM)→ ιM is an isomorphism. (Proposi-
tion 4.1.4 in [Mad2])

Lemma 3.52. Assume that the counit φιN : LFRG(ιN) → ιN is a quasi-isomorphism
for N ∈ GrA and M has a finite N -coresolution (or a finite N -resolution). Then φιM :
LFRG(ιM)→ ιM is also a quasi-isomorphism.

Proof. We prove the statement by induction on the length of the coresolution. If the cores-
olution of M has length zero then M ∈ addN and the φιM is trivially a quasi-isomorphism.
Now assume the statement holds for i− 1 and consider the N -coresolution of M of length i:
X : · · · → 0 → N0

f0→ N1
f1→ . . .

fi−1→ Ni → 0 → · · · ∈ D(GrA). X can be embedded into the
triangle X≥1

i→ X
j→ X0

k→ X[1] where

X≥1 : · · · → 0→ 0→ N1
f1→ · · · →fi−1→ Ni → 0→ . . .

X0 : · · · → 0→ N0 → 0→ . . .

are the truncated complexes ofX and the morphisms are the obvious ones: i = (. . . , 0, 0, idN1 , idN2 , . . . ),
j = (. . . , 0, idX0 , 0, . . . ) and k = (. . . , 0, f0, 0, . . . ). Then we can apply the five lemma of de-
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rived categories (see 2.6) on the following diagram:

LFRG(X≥1)
FTGT (i) //

φX≥1
��

LFRG(X)
FTGT (j)//

φX
��

LFRG(X=0)
FTGT (k)//

φ=0
��

LFRG(X≥1[1])
φX≥1[1]
��

X≥1 i
// X

i
// X=0 i

// X≥1[1]

where both rows are exact triangles because the lower one is exactly the cone of f0 and LFRG
brings exact triangles into exact triangles. The Five lemma states that if φX≥1 and φX0 are
isomorphisms on X≥1 and X0 in D(A) (and that is true by the induction hypothesis and by
the first step of the proof) then φX is also an isomorphism. However, X is quasi-isomorphic
to ιM (so LFRG(X) is quasi-isomorphic to LFRG(ιM) ) and φ is a natural transformation
so φιM is a quasi-isomorphism as well.

The proof for N -resolution is analogous.

Proof. ForM = T the statement is already proven (see Proposition 3). In the case ofM = ιA0
we can use that T is an A0-tilting module so A0 has a finite T -coresolution. Thus by the lemma
φιA0 is an isomorphism. This implies the statement for every finitely generated A0-module
because gldim (A0) < ∞ hence every finitely generated A0-module has a finite A0-resolution
(i.e. projective resolution). Besides, LFRG(N)〈i〉 ∼= LFRG(N〈i〉) so the statement holds for
every shift of a finitely generated A0-module as well. Similarly, an arbitrary finitely generated
module M can be expressed by finitely many extensions of A0 modules; every such extension
corresponds to an exact triangle and by the Five lemma, we get that the statement holds for
every such exact triangle. Therefore, φM is an isomorphism as well.

Corollary 3.53. (Theorem 4.1.5 in [Mad2]) If A is a finite dimensional T -Koszul algebra
then φDA is an isomorphism.

In the theorem we need a well-known theorem about the invariance of finite global dimen-
sion under derived equivalence.

Lemma 3.54. Let A and B finite dimensional k-algebras and assume D(A) and D(B) are
equivalent (in this case, A and B called derived equivalent). Then if A has finite global
dimension then B has finite global dimension too. (see [Hap] page 101)

Proof. Having finite global dimension in the case of finite dimensional algebras is equivalent
to the property that there exists an n0 ∈ N such that Extn(S, S′) = 0 for all n ≥ n0 and
for arbitrary simple modules S and S′. Therefore, if A has finite global dimension then
ExtnB(S, S′) ∼= HomDB(S, S′[n]) ∼= HomDA(RG(S),RG(S′)[n]) where the right hand side is
zero for big enough n by the finite global dimensionality. Hence, the proposition follows
from the fact that up to isomorphism there are only finitely many simple modules over a
finite-dimensional algebra.

Theorem 3.55. (Theorem 4.2.1 in [Mad2]) Suppose that A is a T -Koszul algebra. Then for
B =

⊕gldimA
i=0 ExtiGrA(T, T 〈i〉) we have

1. gldimB0 <∞ and B is DT -Koszul.
2. A ∼= ⊕iExtiGrB(S, S〈i〉) as graded algebras where S def= HomGrA(T,DA)
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Proof. By definition, T is an A0-tilting module therefore B0 = EndA(T, T ) = EndA0(T, T )
and A0 are derived equivalent (Theorem 3.22). That is equivalent to saying that they are
bounded derived equivalent (see 3.25) so by Proposition 3.54 we getgldimB0 <∞.

Additionally S is a tilting module because T was tilting and finite dimensional. We only
have to prove the graded self-orthogonality so let us consider the following isomorphisms:

ExtiGrB(DT,DT 〈j〉) = HomDGrB(DT,DT 〈j〉[i]) ∼=

∼= HomDGrB
(
RG(DA),RG(DA)〈j〉[i]

) ∼= by Proposition 3

∼= HomDGrB
(
RG(DA),RG(DA〈−j〉[i− j])

) ∼= by Proposition 3

∼= HomDGrA
(
LFRG(DA), DA〈−j〉[i− j]

) ∼= by the adjoint relation

∼= HomDGrA
(
DA,DA〈−j〉[i− j]

)
= Exti−jGrA(DA,DA〈−j〉) by Corollary 3.53

For i 6= j this gives ExtiGrB(S, S〈j〉) ∼= Exti−jGrA(DA,DA〈−j〉) = 0 because DA is injective.
Therefore S is graded-selforthogonal and we got the first statement.

For i = j we got ExtiGrB(S, S〈i〉) ∼= Ext0
GrA(DA,DA〈−i〉) = HomGrA(DA,DA〈−i〉) ∼= Ai

as vector spaces by the definition of the grading on DAA = ⊕i≤0DAAi = Homk(AA−i,k).
This means that A ∼=

(
⊕i ExtiGrB(DT,DT 〈i〉)

)
as a graded vector space. The identity of

multiplicative structure can also be checked by the fact that RG brings DA〈−i〉 into S〈i〉[i]
for all i by 3.
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