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Chapter 1

Introduction

1.1 Motivation and notation

Combinatorics on words is a relatively new research area of discrete mathemat-
ics partly inspired by problems in theoretical computer science, as dealing with
formal languages and automata theory and other fields of mathematics, such as
number theory, group theory and probability theory.

The beginning of systematic research concerning the topic is devoted to the
pioneering work of Axel Thue who started to work on repetition-free words and
proved, among others, the existence of an infinite square-free word over an alpha-
bet of three elements.

Until the eighties, words were used in various areas of mathematics but only as
tools to achieve other goals. The first comprehensive presentation of results and
methods related to the field was the book “Combinatorics on words” of Lothaire
[40].

The book, which collected the current developments of the topic, was followed
by others. The recent one [41] is devoted to the applications of combinatorics
on words only. It covers several areas of science, such as natural languages,

bioinformatics, applied and pure mathematics.

Now we review the most fundamental notion and notation used through the

thesis. For more details, see the corresponding chapters.



1.1 Motivation and notation

Let ¥ be a finite set of ¢ elements. X is called the alphabet and its elements
are called the letters. For the sake of simplicity we will use the alphabet ¥ =
{0,1,...,t —1}. A finite sequence composed of the elements of 3 is a word, i.e.
w = wj...w, such that w; € ¥ for all 7. Here we notice that all the structures
examined in the thesis are finite. For a word w = wy ... w, let n be the length
of w, it will be denoted by |w|. Let 3™ denote the set of all words of length
n over the alphabet ¥ and let ¥* = (J, .y

subsequence u of w is called a subword, which will be denoted by u < w. The

Y™ A (not necessarily consecutive)

consecutive subsequences are called factors.

Let |w|; denote the maximal number of occurrences of the letter ¢ in the word
w. More generally for w € ¥* and G C X, let wg denote the maximal subword
of w containing the letters of G only. A word is homogeneous if all of its letters
are the same. Maximal homogeneous consecutive subwords are called runs. (So
e.g. 01111001 has four runs.)

Let the ordered pair P = (A, <) be a partial ordered set or a poset shortly
where A is the ground set of P and < is the partial order of P. a,b € P are
comparable if a < borb< a.

If a < b, but there is no x € P such that a < x < b for a,b € P, then a is
called a child of b, and b is called a parent of a. Furthermore we say that a; and
as are brothers if they have a common parent.

A poset P is called graded or ranked if all of its maximal chains (are finite
and) have the same length. Every graded poset has a rank function r : P — 7Z
such that if @ is a minimal element, then r(a) = 0, furthermore, if b is a parent
of a, then r(b) = r(a) + 1. Let P; denote the elements of rank [ in the poset P,
called the [-th level.

Let B be a family of elements of rank [ in a poset P, i.e. B C P;. Let A, B
denote for 0 < k£ < [ the family of elements of rank k& being comparable to at
least one element of B, the k-shadow of B. For k =1 — 1 we simply say shadow
and denote it by A B. Similarly, for [ < k the k-shade \J* B is the family of the
elements of rank k being comparable to at least one element of B. For k =1+ 1
we simply say shade and denote it by \/ B.

In the case of B = {a}, let A, B be called the k-deck of a. Less formally

speaking the k-deck of the element a is the family of elements of rank k being
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comparable to it.
Let Aut(P) denote the automorphism group of the poset P.
All logarithms are of natural base through the thesis, except when it is de-

noted.

In mathematics, there is a notable number of problems that deal with recon-
struction either of an object by some incomplete information about it or of a whole
by its parts. One can find such problems in various topics, such as the reconstruc-
tion of a function by its values at some points, the reconstruction of a group by
its subgroups, pattern recognition or decision making by partial observations or
fragmentary information, information with missed values, error-correcting codes,
etc. Many problems of discrete mathematics can be reduced to this scenario,
furthermore it is often difficult to determine whether the missing information is
important and whether it is possible to restore it using the available data.

In a substantial part of this thesis we will examine different generalizations

and applications of the following reconstruction problem:

Basic problem Let the length n of a word and an alphabet 32 be given. Determine
the smallest k such that every word w € ¥ can be reconstructed from the k-deck

of its subwords.

In the literature two versions of this problem are studied concerning the ele-
ments of the k-deck:

i. reconstruction from the k-deck consisting of the multiset of the (Z) subwords

of the original word of length n;

ii. reconstruction from the k-deck consisting of the set of different subwords of

the original word of length n.

The problem was examined first by Kalashnik [28] who handled the case of
reconstruction from the k-deck consisting of the multiset of (Z) subwords. In
his paper the author is related to the information-theoretic study of noisy dele-
tion channels in which characters of a transmitted sequence are randomly (but

not necessarily independently) omitted. The examined problem addresses the
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variant in which, out of n original characters, n — k are chosen uniformly at ran-
dom and deleted; the problem amounts to characterizing the greatest loss rate at
which it is possible to determine the message using unlimited repeated sampling.
This is similar to asking whether ancestral genomes can be inferred from modern
specimens, although the genetic process is more complicated, than this mathe-
matical model, since in the real world not only deletions occur but insertions and
substitutions as well; furthermore, the number of deleteted genes is not constant.

The problem is partially motivated by a non-standard direction of coding the-
ory, the insertion-deletion codes. Codes with an upper bound on the length of
common subwords of two codewords are called insertion-deletion codes, which
are introduced by Levenshtein [35] for the correction of synchronization errors.
Contrary to the conventional coding theory, the length of the sent and received
messages are different, hence the classical results are not applicable. As an ana-
logue of the Hamming-distance, a new metric called Levenshtein-distance was
introduced as the minimum number of insertions and deletions of letters needed
to transform a word into another. In the paper some constructions capable cor-
recting single deletions are given via ordered Steiner systems.

One way to generalize the problem is to consider DNA-words and their sub-
strands instead of words and subwords. This variant of the problem is motivated
by the basic properties of the DNA-strand: one can build an exact mathematical
model of DNA-words, which can be handled well, by emphasizing the presence
of complement pairs, and some structural properties of the Watson-Crick double
helix (i.e. double-strandedness and reverse complementation).

D’yachkov et al. [19] introduced a new family of insertion-deletion codes,
called DNA codes, based upon the structure of the DNA-strand. A DNA code is
a set of codeword strands over the alphabet {{A,T'},{C, G}} with the following

properties:

e no codeword strand equals to its reverse complement

e the reverse complement of every codeword strand is a codeword strand as
well

e the length of a common subword of any two distinct codeword strands of

length n is at most k
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Then a DNA code defined above is capable to correct n — k deletions.

Another way of generalization is to increase the “dimension” of the problem.
This leads to reconstruction of square matrices from their square submatrices
which question is not well-studied in contrast to the case of words, except the
lonely paper of Manvel and Stockmeyer [43]. Note that there are two natural
variants of this problem, i.e. the case of deleting some rows and columns of the
original matrix symmetrically, or arbitrarily. Beyond its theoretical interest this
problem has a connection to the famous graph reconstruction problem of Kelly
[31] and Ulam [60]: it is equivalent with the special case of ordered graphs or
ordered bipartite graphs, respectively.

The results of the original problem cannot be generalized trivially in neither
case. The reason of the difficulties is the greater complexity of the structures.

The algorithmic aspect of combinatorics on words is very important from the
practical point of view as well. In pure mathematics, computer science, bioinfor-
matics and other areas of science there is a wide range of applications related to
this topic, such as language processing, inference of network expressions, DNA
sequencing, pattern matching, etc. For more on the applications and algorithms

on combinatorics on words see the third book of Lothaire [41].

1.2 Overview of the thesis

Here we outline the main results presented in the thesis.

In Chapter 2 we examine the most simple version of reconstruction from differ-
ent subwords in the case of DNA-words and matrices: the reconstruction from the
n — 1-deck. Contrary to the case of graph-reconstruction, the presented problems
can be solved easily, these are only tools for proving other interesting statements:
as an application of this kind of results we determine the automorphism groups
of different posets: the first one arising from all DNA-words of length at most n,
partially ordered by the substrand relation, the second one arising from all square
matrices of order at most n partially ordered by the submatrix relation. There

are two obvious types of automorphisms in both cases:
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DNA-words: the one induced by a permutation on the complement pairs,
and the ones induced by a map which interchanges the elements of a given

complement pair

Matrices: the one induced by a permutation on the alphabet, and the congru-

ence group of the square

We will see that for most cases (i.e. for n > 3) there are no more automorphisms.
At last as one more illustration of the method we will give a significantly shorter
proof for a theorem of Burosh, Gronau and Laborde [12] which determines the
automorphism group of a poset consisting of all subwords of the word which has
maximum number of different subwords among the words of given length n and
over given alphabet. The results of Chapter 2 are based on a joint paper with

Péter Sziklai [L4] and on a manuscript [L3].

Simon [53] and Lothaire [40] proved that every word w € X" can be recon-
structed from its [®:1]-deck consisting of its different subwords which result is
sharp for binary alphabet. In Chapter 3 we give an improvement of this result
for a general alphabet and with lower and upper bounds for the number of oc-
currences of letters in the words. The results of Chapter 3 are based on a joint

paper with Péter Sziklai [L5].

In Chapter 4 we examine the reconstruction of DNA-words from the k-deck
consisting of the set of its different substrands. We prove the analogue of the
result of Theorem 10 for DNA-words, i.e. every DNA-word of length n can
be reconstructed from its L@J—deck. The significant part of this chapter is
devoted to this proof which has two main stages. In the first one we prove a bit
stronger result when the alphabet consists of one complement pair, and in the
second part we prove the general statement when the alphabet consists of two
complement pairs. In addition we give some further related simple results. The
results of Chapter 4 based are on a joint paper with Péter L. Erdés, Péter Sziklai

and David C. Torney [L1].

In Chapter 5 we consider the other generalization of the basic problem, i.e.
the reconstruction of square matrices from the k-deck consisting of the multiset

of its square submatrices and one more special problem, the reconstruction from
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the matrix consisting the sum of the elements of the k-deck. Clearly matrices
with the same k-decks have the same sum-matrix but the other direction is not
trivial. We examine the cases of symmetric and non-symmetric deletions as well,
and prove lower and upper bounds in both cases. (The reconstruction problem
from the sum-matrix is motivated by the proof of the lower bound.)

In the first part of this chapter using simple combinatorial and linear algebraic
arguments we prove that the following is a necessary condition for the reconstruc-
tion problem of matrices (this condition is sufficient in the case of reconstruction
from the sum of the the elements of the k-deck only): if two square matrices
of order n have different k-decks consisting of the multiset of their square sub-
matrices, then there exists a polynomial p(z,y) with real coefficients such that
degp < k and two subsets Hy, Hy C {1,2,...,n}? such that

Y vy # D> play).

(xvy)EHl (x7y)EH2

The second part of the chapter is devoted to the construction of such a poly-
nomial using Chebishev polynomials and some geometrical arguments.

The main results of this chapter are (i) an asymptotical upper bound of order
of magnitude O(n??), (ii) the fact that one cannot get essentially better bound
using this method yielding a lower bound for the reconstruction from the sum
of the elements of the k-deck which differs in a factor O(y/logn) only from the
upper bound.

The results of Chapter 5 are based on a manuscript joint with Géza Kés and
Péter Sziklai [L2].

In Chapter 6 we present an algorithm on words which has an application
to bioinformatics. The algorithm determines the evolutionary distance between
two organisms, hence it can be used in the statistical analysis of the genome
rearrangement via Markov chain Monte Carlo methods.

The evolutionary distance can be determined by comparing the order of ap-
pearance of orthologous genes in the genomes of the organisms. Among the
numerous parsimony approaches that try to obtain the shortest sequence of rear-
rangement operations sorting one genome into the other, Bayesian Markov chain

Monte Carlo methods have been introduced a few years ago. The computational
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time for convergence in the Markov chain is the product of the number of steps
needed in the Markov chain and the computational time needed to perform one
MCMC step. Therefore faster methods for making one MCMC step can reduce
the mixing time of an MCMC in terms of computer running time.

We introduce an efficient algorithm for characterizing and sampling transpo-
sitions and inverted transpositions for Bayesian MCMC. The algorithm charac-
terizes the mutations by the change in the number of cycles in the graph of desire
and reality. We show that this is equivalent with the following searching problem
on words: for every position of a given signed permutation of length n decide
whether there can be found a given 3-long permutation starting in this position.
The algorithm runs in O(n) time and uses O(n) memory, where n is the size of
the genome. This is a significant improvement compared with the so far available
brute force method with O(n?) running time and memory usage.

The results of Chapter 6 are based on a joint paper with Istvan Miklés and
Timothy P. Brooks [L6].

In most of the chapters some open problems are presented.

1.3 Mathematical background

In the few subsequent sections we give a brief survey of the related problems and
motivations on combinatorial reconstruction problems and of the known results

concerning the reconstruction problem of words as well.

1.3.1 Combinatorial reconstruction problems

There is a wide range of reconstruction problems in combinatorics, however the
name “The Reconstruction Problem” is devoted to the famous and notorious
conjecture of Kelly [31] and Ulam [60]:

Conjecture 1 FEvery finite graph of at least three vertices is determined up to

isomorphism by the n — 1-deck, consisting of its one-vertex-deleted subgraphs.

For some graph-classes the conjecture is known to be true, e.g. for discon-

nected graphs and trees and for graphs of at most as many edges as vertices,
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etc., however the problem is still open in general. For an interested reader we
recommend the chapter of Babai [4] who gives a comprehensive discussion of this
topic.

An ordered graph on n vertices is a graph with a linear ordering on its vertices
inherited by its subgraphs, i.e. the vertices are indexed by the numbers 1,...,n,
and in the case of considering its subgraph on £ vertices with vertex-indices
i1, ..., the vertices must be re-indexed with the numbers 1,...,k keeping the
order of the indices.

A bipartite graph with color-classes on n; and ny vertices is ordered if both of
the color-classes are ordered and no order relation between the vertices of different
color-classes is given. In other words the vertices are indexed by the numbers
1,...,np and 1,...,ng, respectively, and the subgraphs inherit the orderings,
similarly as above.

Note that the vertex-reconstruction of ordered graphs is a special case of
reconstruction of square matrices with symmetric deletions by considering the

adjacency matrix of the graph, see Figure 1.1.

0O 0 0 1 1
0o 0 1 1 1
0 1 0 1 O
1 1 1 0 O
1 1 0 0 O
1
0o 1 1 1 0O 0 1 1 0o 0 1 1 o 0 0 1 o 0 0 1
1 0 1 0 o 0 1 o0 0O 0 1 1 o 0 1 1 o 0 1 1
1 1 0 O 1 1 0 O 1 1 0 O o 1 0 O o 1 0 1
1 0 0 O 1 0 0 O 1 1 0 O 1 1 0 O 1 1 1 0
1
5 2

4 3

4 1 4 14 1 4 14N]
o 2 1w *2 ¥ *2 W *32 3 2

Figure 1.1: The 4-deck of an ordered graph on 5 points and the 4-deck of its

adjacency matrix
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Similarly the vertex-reconstruction of ordered bipartite graphs is a special case
of reconstruction of square matrices with not necessarily symmetric deletions by
considering the adjacency matrix of the bipartite graph.

Tardos [58] settled a series of conjectures and solved problems with the help of
0-1 matrices and ordered graphs. Marcus and Tardos [44] examined the extremal
problem of how many 1 entries a square binary matrix of order n, that avoids
a certain fixed submatrix P, can have. They proved a linear bound for any
permutation matrix P, settling the conjecture of Stanley and Wilf on the number
of n-permutations avoiding a fixed permutation and other related open problems.
Tardos [59] determined the order of magnitude of the maximal number of 1 entries
of a square binary matrix of order n avoiding P for all patterns P with four
1 entries. In the same framework Pach and Tardos [49] disproved the general
conjecture of Fiiredi and Hajnal and presented a new proof of a theorem of
Spencer et al. [55] claiming that the number of occurrences of the unit distance
among n points on the plane is O(n*3).

Alon et al. [3] examined the reconstruction problems in a more general frame-
work with the help of tools from permutation group theory. In their model they
supposed that a set X and a group of automorphisms G of X are given. Then
considering an arbitrary Y C X on m elements and the set of representatives R
of orbits of Y, the k-deck of Y tells the number of subsets of Y on k elements
which are in the same orbit with a representative r for every r € R.

In this scenario they considered the following reconstruction problem:

Problem: Given a set X, a group of automorphisms G of X, and two integers
m,k (m > k), can every subset Y on m elements be reconstructed (up to G-

equivalence) from its k-deck?

One can consider the edge-reconstruction conjecture of Harary [26] within this
framework as a nice example. Let X be the set of all (g) edges of a complete graph
on n vertices and G is the group of all permutations of X induced by permuting
the vertices of the complete graph. Then a subset Y € X on m elements is a
graph on n vertices and m edges, and its orbit is the set of every graph isomorphic
to it. The m—1-deck is the set of isomorphism types of all edge-deleted subgraphs
of Y with multiplicities.

10



1.3 Mathematical background

The authors proved several relationships between the parameters of the prob-
lem (i.e. m, k, the size of G and of the orbits, etc.) which ensure reconstructabil-

ity, and discussed more combinatorial and geometrical reconstruction problems.

1.3.2 Preliminary results on reconstruction of words

As we noted above, there are two different versions of the reconstruction problem
of words: reconstruction from the k-deck consisting of the multiset of subwords
and reconstruction from the k-deck consisting of the different subwords. In the

following we present the known results of both problems in chronology.
Reconstruction from the k-deck consisting of the multiset of subwords

The original problem raised from Kalashnik [28] who proved the following
upper bound:

Theorem 2 Fvery word w of length n can be reconstructed from its k-deck if
k=>135]

Later Aleksanjan [1] gave an incorrect assertion claimed that every word w of
length n can be reconstructed from its 3-deck. Zenkin and Leont’ev [62] proved

the first lower bound.

Theorem 3 It is not possible to reconstruct every word w of length n from its
k-deck if k < en

loglogn *

Later Manvel et al. [42] improved the lower bound and gave a new proof of

the upper bound of Theorem 2.

Theorem 4 Fvery word w of length n can be reconstructed from its k-deck if
k> 2.
It is not possible to reconstruct every word w of length n from its k-deck if

k <logyn.

11



1.3 Mathematical background

The lower bound is given by the well-known Prouhet-Thue-Morse sequence
and its complement. The Prouhet-Thue-Morse sequence is a binary sequence
and its n-th element is 1 if the number of ones in the binary form of n is odd
and 0 otherwise. The Prouhet-Thue-Morse sequence has applications in many
fields of science such as combinatorics on words, number theory, physics, etc. For
a comprehensive discussion of this topic see Allouche and Shallit [2]. Here we

present the first three examples of length 2% of Manvel et al. denoted the same
k-decks by ~y:

01 ~; 10, 0110 ~5 1001, 01101001 ~4 10010110,

Choffrut and Karhumaéki [15] improved the lower bound with a constant factor
by showing that & is bounded by ¢(n), where ¢() is a Fibonacci-sequence defined
by ¢(1) = 2,¢(2) =5 and ¢(n) = ¢(n — 1) + ¢(n — 2) for n > 3. From this the

authors proved the following:

Theorem 5 It is not possible to reconstruct every word w of length n from its
k-deck if k < 4.77logn + 1.1.

Scott [51] made a substantial improvement of the upper bound using simple

number theoretic and linear algebraic arguments:

Theorem 6 Fuvery word w of length n can be reconstructed from its k-deck if

k= (14 o(1))vnlogn.

Dudik and Schulman [17] improved the lower bound with a generalization of

the Prouhet-Thue-Morse sequence called templates:

Theorem 7 It is not possible to reconstruct every word w of length n from its

k-deck if k < 30V/2/3=o(0)log;*n.

Independently Krasikov and Roddity [32] improved the upper bound using
similar ideas than Scott [51]. They proved that if there are two different words

of length n with the same k-deck, then for some s the system

a"tah 4+ ad = =1, k-1

12



1.3 Mathematical background

a < ag < ..<as, b <by<. <by

has a nontrivial solution with a;,b; € [0,n — 1].
This is the Prouhet-Tarry-Escott problem of classical Diophantine analysis.
Using a new result of Borwein et al. [11] on this problem the authors get the

following;:

Theorem 8 Fuvery word w of length n can be reconstructed from its k-deck if
k> [2y/n] +5~2.286\/n.

Furthermore they proved that this bound cannot be improve significantly with

/ 1
this method, since for k < /2log 2 IL —3 the above system has a non-trivial
ogn

solution.
Foster and Krasikov [22] improved the result of Borwein et al. [11] concern-
ing the Prouhet-Tarry-Escott problem which yields a slight improvement in the

constant factor of the upper bound.

Theorem 9 Fvery word w of length n can be reconstructed from its k-deck if

k> 2|v/nlog2] + 3~ 1,665y/n.

Leont’ev and Smetanin [34] proved that determining whether a given word
can be uniquely reconstructed from a given set of subwords is an NP-complete

problem.
Reconstruction from the k-deck consisting of the different subwords
This problem originates from Simon [53] who proved the following:

Theorem 10 Every word w of length at most n is uniquely determined by its
length and the [*£4]-deck of its different subwords.

Lothaire [40] gave an elegant proof of this bound for general alphabet. Since
we were inspired by they train of thought, and we have proved a few generaliza-
tions of Theorem 10, we present their original proof in 4.3. Contrary to the case
of reconstruction from the multiset of subwords, this result is sharp for a binary

alphabet. One can see that easily from the pair of words abab..ab and baba..ba.

13



1.4 Biological background

Levenshtein in his papers [36; 37; 38| considered more generalizations of this
reconstruction problem. In [37] the author examines which other sets of subwords
or super-words determine uniquely the original word, in [36] the maximum size
of the set of common subwords (or super-words) of two different words of fixed
length is given in a recursive way. In [38] every unknown sequence is reconstructed
from its versions distorted by errors of a certain type, which are considered as
outputs of repeated transmissions over a channel, and a minimal number of trans-
missions sufficient to reconstruct the original word (either exactly or with a given
probability) is given. In both of the last papers simple reconstruction algorithms
are given.

Leont’ev and Smetanin [34], Simon [54], and Dress and Erdds [16] approached
the problem from algorithmic point of view. The authors presented algorithms
of linear running-time which reconstruct a word from the set of its different sub-

words.

1.4 Biological background

In the next sections we briefly outline the structural properties of the DNA and
the main notions of the genome rearrangement necessary to the examined math-

ematical models.

1.4.1 The structure of the DNA

DNA (deozyribonucleic acid) is a nucleic acid that contains the genetic instruc-
tions and information used in the development and functioning of all known
living organisms. The DNA segments that carry this genetic information are
called genes, but other DNA sequences have structural purposes, or are involved
in regulating the use of this genetic information.

DNA is a strand composed of four nucleotides or bases called adenine, cyto-
sine, guanine and thymine, abbreviated by A,C,G and T, respectively. These
nucleotides form two base-pairs which are A — T and C' — G called complement
pairs. The chemical structure of DNA induces an orientation of the strands: there

is a starting and an ending point of the DNA, denoted by 5" and 3’. Furthermore

14



1.4 Biological background

DNA is double-stranded (which is called the double heliz), i.e. every strand bonds
to an other strand, to its reverse complement. Reverse means that in a double
helix the direction of the nucleotides in one strand is opposite to their direction in
the other strand and complement means that every nucleotide of a strand bonds
to the other base of its complement pair in the other strand. See Figure 1.2 as

an illustration of the structural properties above.

N — >

Q— Q
Q— @
Q— Q
Q— Q
= — N
S
N —
=~ — N
Q— Q

3 — ... . — 9

Figure 1.2: Part of a DNA double helix with complementary bonds

Obviously one can get the reverse complement of a DNA strand in two steps:
first by reverting the whole strand and second by replacing every nucleotide with

its complement.

1.4.2 Genome rearrangement

Genes are finite sequences of nucleotides, and since these sequences are double-
stranded every gene has a “reading direction”. Genomes are assumed to have the
same gene content, and each gene is represented in one copy in every genome.
Gene orders are described as signed permutations, numbers correspond to genes,
signs represent the reading direction of genes.

There are different types of mutations or rearrangement operations acting on
genomes, here we present the ones which will be taken into consideration in our
mathematical model and some others. Let’s denote the genes by ~;-s, some of the

possible mutations are the following:

e inversions: this type of mutations reverses a consecutive block of the genome

and changes the reading directions of all genes in the block, i.e.:

4> <—
R L R F 0 E o AN (b f I (S W F R IR
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1.4 Biological background

e transpositions: this type of mutations interchanges two consecutive blocks

of the genome, i.e.:

N (A A IR 10U EE IS 0 T NS I AN (07 NE IS S0 URE IRINRS /10 1'S ™ IRINp

e inverted transpositions: this type of mutations can be considered as a con-
catenation of a transposition and an inversion on one block of the transpo-

sition performed, i.e.:

~/ / ~/ ~ S~ . A~
R (A L R A B IR /0 1 2 A (At O & B RO U IERERO £ 10 (2 R

e translocations: this type of mutations insert one consecutive block of a

genome into another genome, i.e.:
- -
s YiYitr e YV PEY i VPR

Given two genomes 7, ™, with the same gene content, the problem of the
genome rearrangement is to determine the evolutionary distance of two genomes,
which is the minimal number of mutations transforming 7y to 7.

These processes are studied by parsimony methods, i.e. what is the minimum
number of a certain type of events (mutations) needed to turn one genome into

another.
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Chapter 2

Reconstruction from the
n — l-deck and automorphism

groups

2.1 DNA-words

2.1.1 Motivation and notation

Let A = {{a1, a1 };{az2, as};...;{ag, @, }} be an alphabet of ¢ pairs of symbols
(called complement pairs), the finite sequences composed from A are called DNA-
words. Define a; = «;; and for a word w = x125...2; over A let w = T;Ty_1...71
be the reverse complement of w. Note that (75/) = w. Since we want to keep
the essence of the partial ordering of ordinary words, we identify each DNA-word
with its reverse-complement, i.e. every w with the corresponding w, denoted by
w = w. For obvious reasons, when ¢ = 2 then the alphabet is often denoted by
{A,A=TH{G.G = C}}.

Let D?™ denote the poset of all DNA-words of length at most n (defined
over an alphabet of ¢ complement pairs), partially ordered by the extension of
the subword relation, i.e. {u,u} < {v,v} if uw is a subsequence of v or w is a
subsequence of v. In this case we say that u precedes v or u is a substrand of v,
and we use the notation u < v. A small example for a DNA-poset can be found
in Figure 2.1: the poset of substrands of the DNA-word ACGT.

17



2.1 DNA-words

{ACGT)
,—fﬂ"__-__-_-__-_ EE-HE_-_'““—-_____E
{ACG.CGT) {ACT.AGT)
////-'/ "“———__________;_-::::__—____-—P‘___/‘ Hx““-»___xmx

o e T— T
[{CG} {AC,GT} [AG,CT} {AT)

~_ ] —

— |
~1 — ] —
{C.G} {AT]

Figure 2.1: The poset of substrands of the DNA-word ACGT

2.1.2 Reconstruction from the n — 1-deck

In the following we will prove that every DNA-word of length n can be recon-
structed from the set of different DNA-words of length n — 1 which precede it.

As a first step we reduce the case of a general alphabet to the case of the
alphabet {{A,T},{C,G}}.

Lemma 11 We can solve a reconstruction problem of all DNA-words over an
alphabet with ¢ > 2 complement pairs if and only if we can do it for the similar
problem for q = 2, i.e. if and only if we can reconstruct all DNA-words over the

alphabet {{A, T},{C,G}}.

Proof: It is clear that if we can reconstruct all DNA-words over an alphabet
with ¢ > 2 complement pairs, then we can reconstruct them over {{A, T}, {C, G}}.
Conversely, suppose that we can reconstruct all DNA-words over {{A,T},{C,G}}.
Then replace the first complement pair with A—7T', and all the others with C'—@G.
Now we can reconstruct the strand, and so we find the places of letters from the
first complement pair in the original strand (now A —T-s are there); then we can

repeat the procedure in order to find the other complement pairs. O

Now we show that a DNA-word can be reconstructed from its n — 1-deck.
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2.1 DNA-words

Lemma 12 [f 3 < i then every DNA-word of length i is uniquely determined by
its substrands of length (i — 1).

Proof: Because of Lemma 11, it is enough to consider DNA-words over the
conventional {{A,T},{C,G}} alphabet. It is easy to see that for i = 2 the
lemma is false: the DNA-words AT and T'A have the same one letter substrand
{A=T} but AT # T A. Now w.l.o.g. we can suppose that we have a substrand
with first letter A. Now consider substrands of form A*aT!, where k is maximal
and then [ is maximal with respect to this k. Then 0 <[ <k and £ > 1.

Such a word can arise after deleting a letter from one of the following words:
AFTHL (then o was empty, in this case k > 1), AFBT" for |8] = |a| + 1,
Amg Ao for m = 0,...,k — 1 and A*aT"""yT™ for m = 0,...,1 — 1. Be-
cause of the maximality of k and [ there are no more cases and the first letter of
[ is not A, the last is not T, further z # A,y # T.

Now we search for substrands of form A™ 'z A*™aT!. If we have such a
substrand for some m = m* € {1,....,k — 1} and for m = m* + 1, then the
original word was A™ xA*™ oT'. If we have for m = 1 but not for m = 2 then
the original word was xA*aT". If we have for m = k but not for m = k — 1,
then A*xzaT'. If we are not in the above cases, we search for substrands of form
AkaT=myT™=1 and follow the above train of thought. At last if we haven’t found
a substrand of the above forms, then we have a substrand A¥~!3T", where we get

3 from a by inserting a letter. Then the word is A*3T". The proof is complete.O

2.1.3 The automorphism group of the DNA poset

Now our aim is to determine Aut(D?%™). There are two obvious types of au-
tomorphisms: a permutation m € Sym, on the complement pairs induces an
automorphism o, on D%". Denote also by Sym, the automorphism group gener-
ated by these o,-s. Furthermore, consider a map which interchanges the elements
of the i-th complement pair. This induces an automorphism ; on D%™. Denote
by Z, the automorphism group generated by ;. We will prove that for n > 3
there are no more automorphisms (note that the automorphism that reverses the
order of the letters, which is a natural one, is 7105...0; e.g. 7162(ab) = ab, which

is identified with its reverse complement, i.e. ba).
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2.1 DNA-words

Theorem 13 (i) if n = 1, then Aut(D?') = Sym,;
(ii) if n = 2, then Aut(D??) = Sym, @ Symi ® Symgg);
(1ii) if n > 3, then Aut(D?™) = Sym, @ Z3.

Proof: The case n =1 is considered only for the sake of completeness. In this
case an automorphism is a simple permutation on the ¢ complement pairs.

It is clear, that the levels of the poset are invariant under an automorphism.
Furthermore, an automorphism transfers complement pairs to complement pairs.
Take an arbitrary automorphism oy € Aut(D?™), and consider its action on D"
(i.e. on the set of complement pairs). Thus, this is a permutation on A, take

L'on A. This permutation induces an automorphism o,-1 on the

its inverse 7~
poset D", Let 01 = 0go,—1. Then oy fixes all of the complement pairs. Now
one can partition the second level into ¢ + (g) blocks: we have ¢ blocks of size
3 with elements {a;a; = a;a;, a;a;, a;a;}; and (g) blocks of size 4, with elements
{a;0; = a;a;,q;0; = a;a;, 0,05 = aja;,a;6; = aja;} for all i # j, each block is
fixed by o (setwise).

If n = 2, then within these blocks one can specify the image of all elements
freely. This means ¢ copies of Syms and (g) copies of Symy, and these automor-
phisms differ and commute.

Now let n > 3 and consider the effect of oy on D3™.
Claim 14 o, fixes all sequences of form a;a; = a;a;.

Proof: To the contrary, suppose that oy(a;a;) = a;a; (or a;a; which case is sim-
ilar). Then o1(a;a;a;) = a;a;a; or o1(a;a;a;) = a;a;a;. In both cases A o1(a;a;a;)
has two elements, but A(a;a;a;) has only one element, hence we cannot define
o1(a;a;a;). O

Let 7; be the automorphism which interchanges the elements of the i-th com-
plement pair. Take the product of those &;’s for which oy(a;a;) = a;a;, then let
oy:=01 || o for all i. Then o fixes all elements in the 3-blocks. If ¢ = 1,

01 (a4a;)=
=a;a;

the proof is complete. Let ¢ > 2.

Claim 15 o9 fizes all sequences of form a;a;,i # j.
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2.2 Matrices

Proof: To the contrary, suppose first that os(a;a;) = aja;. Then oy(aa,a;) =
a;aja; because a;a; is fixed, therefore a;a; is fixed too. But then we cannot
define o9(a;a;a;). Now suppose that os(a;a;) = a;a; (a;a; is similar). Then
os(a;a;a;) = a;a;a; because a;a; is fixed, then oy(a;a;) = a;a;. But then we
cannot define oy(a;a,a;). O

Now we know that oy is the identity on D™ and D3". Because of Lemma
12 it is true for D3, and by induction for all D" (i = 4,...,n). The proof is
complete. [ |

2.2 Matrices

2.2.1 Motivation and notation

Let X be a finite alphabet and X"*" the set of all n x n matrices over X, further-
more let X7 = [J X" the set of all finite square matrices over ¥ . For A € YXkxk
and B € Y™ we say that A is a submatrix of B if we can get A by deleting
some n — k rows and some n — k columns of B (we use the notation A < B).
Denote by sx(B) = {4 € ¥ : A< Bl =1,...,k} the set of all submatrices of
B of size at most k x k. Let M denote the partially ordered set of all elements
of ¥ for ¢ = 1,...,n and for ¥ = {0,1,...,q — 1}, partially ordered with this

submatrix relation.

2.2.2 Reconstruction from the n — 1-deck

We begin this section with some basic observations. The case ¢ = 1 (i.e. homo-
geneous O-matrices) is not interesting, so we can suppose that ¢ > 2. We can

prove easily, that the size of the alphabet is not important.

Lemma 16 We can solve the reconstruction problem for all square matrices if
and only if we can solve it for ¢ = 2, i.e. if and only if we can do it for 0 — 1

square matrices.

Proof: It is clear that if we can solve the problem for an arbitrary alphabet,

then we can solve it for a two-element alphabet. Conversely, suppose that we can
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2.2 Matrices

solve it for 0 — 1 square matrices, and consider A, B € ¥™*" such that A # B.
This means that there exist 1 < 4,5 < n, such that a = a;; # b;; = b. Then
replace all occurrences of a by 0 and all the other letters by 1, denote A* and
B* the new 0 — 1 square matrices respectively. Clearly A* # B*, then by the
assumption sj(A*) # si(B*), i.e. there exist C* € {0,1}F*% . C* < 4*, C* 4 B~
and C* has a 0 entry. One can obtain the corresponding matrix C' by deleting the
set of rows and columns from A which arises C* from A*. Then clearly C' 4 B,

which completes the proof. O

Now we show that matrices can be reconstructed from its n — 1-deck.

Lemma 17 For n > 3 every square matrix in X" is uniquely determined by

its submatrices of size (n — 1) x (n —1).

Proof: For n = 2 the statement is clearly not true. Furthermore, because of
Lemma 16, we consider 0 — I-matrices only. We prove the lemma by induction.
Let n = 3, there exist 2° = 512 binary matrix of size 3 x 3. We can check by a
simple Matlab program that all of its submatrix-sets are different. Now suppose
that the statement is true for n = k. Let A € S*+DXE+H) and consider s;,(A).
Now by deleting the last row and the last column from all elements of s;(A) we
get the set s’. Clearly s’ = sp_1(A’) where A’ denotes the matrix, which we get
from A by deleting its last row and last column. Applying the induction for A’
we can determine the upper left (n—1) x (n—1) of A. Similarly we can determine

the first n — 1 rows, and last n — 1 column, etc. O

2.2.3 The automorphism group of the matrix poset

Now our aim is to give the automorphism group of the posets M, for all ¢ and
n. There are two obvious types of automorphisms: a permutation = € Sym, on
the elements of 3 induces an automorphism o, on M. Denote also by Sym, the
automorphism group generated by these o.-s. At second consider the elements of
the congruence group of the square (the matrix), which is generated by a rotation
(of order 4), and a vertical reflection (of order 2). These induce the automor-
phisms 0,4, 0ref On Mg‘. Denote by D4 the automorphism group generated by

the congruences. Clearly, these automorphisms differ and commute with the ones
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2.2 Matrices

in Sym,. We will see that for n > 3 there are no more automorphisms of the

matrix poset.

Theorem 18 (i) if n =1, then Aut(M,) = Sym,
(i) if n = 2, then Aut(M?) = Sym, ® Symg? ® Symgé) ® Symg?
(ii) if n > 3 , then Aut(M]') = Sym, ® D,

Proof: The case n =1 is considered only for the sake of completeness. In this
case an automorphism is a simple permutation on the ¢ letters.

Let n > 2. Take an arbitrary automorphism oq € Aut(M') and consider its
action on the first level of the poset, i.e. on the letters. This is a permutation
on Y, take its inverse 7—! on the letters. This induces an automorphism o,-1 on
the whole poset. Let 01 = 0go,-1. Then oy fixes the letters (the first level of the
poset). Now we can partition the second level of the poset into four parts: in the
first part there are the ¢ homogeneous 2 x 2 matrices, these are fixed, because the
letters are fixed. In the second part there are the matices containing two letters
only, for every pair of letters there are 14 such a 2 x 2 matrices, these build a
block, and there are (g) blocks. In the third part are the matrices containing only
three letters, for every triple of letters there are 36 such a 2 x 2 matrices, and
there are (g) blocks. And at last in the fourth part are the matrices containing
four different letters, these build (Z) blocks of size 24. Clearly, these blocks are
setwise fixed. Now in n = 2, then in each block we can specify the image of
all elements freely. These automorphisms differ and commute, hence we get the
second part of the theorem.

Now let n > 3. Our aim is to prove that except the elements of D, =<
Orots Oref >, (the rotation and the reflection w.r.t horizontal axis) there are no
more. Now consider the 14-element block of the matrices containing the 0 and 1

letters only. For the sake of simplicity we present these matrices:

typel subblock typel subblock
1 1 1 0 0 1 1 1 ) 0 0 1 0 0 0 )
1 0)J’\1 1/)’\11)’Vo 1 /)\o 1) \o 0o /)'\1 0 )
0 1 10\ [0 O 11\ 1 0
o1 /)’\1 o0o/)'\11/)’LVo o) Lo 1

type2 subblock type2 subblock type3 subblock

23
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We have some restrictions concerning the images of the elements of this block:
there are five subblocks of three types, i.e. there are some properties which are
not changing under every automorphisms, if the first level of the poset is fixed.

The properties determining the subblocks are the following:

typel subblock There are matrices which have only one parent who has one

11 0
for the first matrix of the block). These matrices form two four-element

11 1
more child only, a homogeneous one (this parent is for example ( 111 )

subblocks concerning their homogeneous brother . It is easy to see, that

there is no other matrix in this block with this property.

type2 subblock There are two matrix-pairs such that they have two common

parents, such that they have only one more common brother, and it is homo-
01 0

geneous (one of these parents is for example ( 0 1 0 ), then the matrix-
01 0

pair is ( g 1 > , < 1 8 >) As above we can see, that no other matrix-pairs

satisfy this assumption. Notice that we cannot distinguish these matrix-

00 0
pairs in the poset, because < (1) (f )( (1) (1) ) with the parent ( 111 )

00 0
have the same structure in the poset as of the above example.

type3 subblock The remaining two matrices < ? (1) > and ( (1] (1) ) form one

more subblock.

So the automorphism must fix each subblock setwise. We will prove that, if the
four elements of the above matrix-pairs (i.e. the second type of the subblock) are
fixed, then the whole second level of the poset is fixed.

Suppose first that 01(< 8 1 )) # ( g 1 ) We can fix this matrix easily by a
rotation. Now let o9 = 010,.. This yields that the other element in the subblock
(i.e. < 1 8 )) is fixed too. Now we must fix the elements of the other subblock.
Suppose that 02(< (1) (1) >) = < (1) (1) > Now let 03 = 090,.f. Notice that this
automorphism do not change the elements of the other matrix-pair, this results

that all the matrices of the two matrix-pairs are fixed under o3.

Claim 19 o3 fixes the 0-1-matrices in the second level of the poset .
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Proof: Because of the above we have some restrictions for the images of the
elements. We analyze one case in detail, the proof of other cases are same, here

we present only the counterexamples.

01 1
Suppose that a;;(( (1) (1) )) = < (1) (1) > Consider the childrenof [ 1 0o o |in
1.0 0

0 1 0 0 0

the poset. These are < (1) ! )( Lo )( L > and < g 0 ) Only the first child

0 1 1
is not fixed by o3, that is the children of o3(| 1 0o o |]) are < (1) (1) >< i 8 ),
100

( (1) (1) > and ( 8 8 ), and we can check fast that there is no 0-1-matrix in 23%3

with these Children, ie. < (1) (1) ) is fixed under o3.

00 10
Suppose that o3( 0 1 ( o o ), or ( (1) 8 > Now, as above, we cannot

define o3(

o O O
o O O

cannot define o3

) At last suppose, that 03(< g ? )) = ( g (1) ), now we
0
0
0

0
0
11
Similarly we can see, that all the matrices of the four-element subblocks are

fixed under o3, the proof is complete. O

Now our aim is to prove that the elements in the other blocks of size 14, i.e.

the matrices containing only two letters (but not 0 and 1) are fixed under o3.

Claim 20 o3 fizes all matrices in the second level of the poset containing only

two letters.

Proof: We prove at first that the 2 x 2 matrices with children 0 and a are
fixed, for a = 2, ...,¢ — 1. Remember that the letters are fixed, and we have some
restrictions for the images of the matrices as above. In the proof we must consider
five cases, these steps are similar to the above observations, so we omit here the

full analysis, it is left to the reader.

0

1. ( g 0 > is fixed, otherwise we cannot define 03(( 1
a
0

oS O =
Q@ O O
~—

0
2. < 0 a ) is fixed, otherwise we cannot define 03(< 1

a a 0

Q O
Q@ 2 O

\—/
S~—
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z)>'

4. 03(<Z 8))%(8 g>,0r<2 2>,elsewecannotdeﬁneag(<

)

Now we have that all matrices having the children 0 and a only are fixed, next

e O 2

0

3. ( 0 g ) is fixed, otherwise we cannot define 03(< a
a

1

2 O e
o = O

[ e )
~—

a

5. ( Z 8 ) is fixed, otherwise we cannot define 03(< a

Q O O
o O O

a

we have to prove that every matrix composed of a,b ¢ {0,1}. Here we present

one case only, the other cases can be handle by a similar way:

a 0 b
( Z b > is fixed, otherwise we cannot define o3({ o o o |)
“ b 0 a
Now we have that all matrices containing only two letters are fixed. O

Claim 21 o3 fizes all matrices in the second level of the poset.

Proof: The only remaining thing is to prove that the matrices containing three
and four letters are fixed too. From the previous claim and the same type of
counterexamples as the last one in Claim 20 this will follows. We present here

one case of the three-letter case only, the remaining ones and the four-letter case

b
0)).

Now we know that o3 is the identity on the first two levels of the poset.

can be handle similarly:

o O Q
o O O

< Z 2 > is fixed, otherwise we cannot define 03(<
O

Because of Lemma 17 it is the identity on the third level, and by induction on

the whole poset. This completes the proof. [ |
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2.3 A short proof for a theorem of Burosch,

Gronau and Laborde

2.3.1 Motivation and notation

At the end of this chapter we show an application of the method used above,
i.e. the reconstruction from the n — 1-deck, by giving a short proof for the
nice theorem by Burosch, Gronau and Laborde [12]. Their result determines the
automorphism group of a poset consisting of all subwords of a certain word
which has maximum number of different subwords among the words of length n
over an m-letter alphabet. Chase [14] showed that the maximum is realized if
and only if the word is a repeated permutation of the alphabet and a prefix of
the permutation, e.g. 4021340213402.

Based on this result, let u,,, denote the word a;...a, where m > 2, a; = 0
and a;41 = a; + 1 modulo m, and let B,,,, denote the set of all subwords of u,, ,
partially ordered by the subword relation. As a special case of the result of Erdés
et al. [20] and Theorem 10, the elements of the poset B,,, can be reconstructed

from its n — 1-deck.

Lemma 22 [f 3 < ¢ then every word of length © is uniquely determined by its
subwords of length (i — 1). O

2.3.2 The automorphism group of the Burosch poset

Similarly, as in the previous sections of this chapter, based on the Lemma 22, we
give a simple proof for the following theorem by Burosch, Gronau and Laborde

[12] with proof of 13 pages:

Theorem 23 (i) if 1 <n <m, then Aut(B,, ) = Sym,,;
(i1) if m+1<n<2m—1, then Aut(B,,,) = Z2 @ Symaom_n;
(111) if 2m < n, then Aut(B,,) = Zs.

Before the proof let us describe the involutory automorphism of the “typical
case” no.(iii). Consider ty,, = 01...(m —1)01...(m —1)...01...(m — 1)01...(k — 1).
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Let o* be the mapping that reverses all the words, and let vy, be the mapping
that changes the letters in the words in the following way: for 0 < i < k — 1 the
letter ¢ is changed for k — 1 — 4, and for £ < j < m — 1 the letter j is changed
for m + k — 1 — j. Clearly neither o* nor vy, is an automorphism of B,, ,, but
0*Vgm € Aut(Bp)-
Proof: It is clear, that the levels of the poset are invariant under an automor-
phism. Also homogeneity (i.e. the property that a word has exactly one 1-letter
subword) and total inhomogeneity (i.e. the property that a t-letter word has
exactly ¢ 1-letter subwords) are kept by every automorphism.
(i) Take an arbitrary automorphism oy € Aut(B,,,), and consider its action on
the first level of the poset. Thus, this is a permutation 7 on {ay, ..., a,}, take its
inverse 7! on {ay, ..., a,}. This permutation induces an automorphism o,-1 on
the poset. Let 0y = 0go,-1. Then o fixes all of the letters. Furthermore, o fixes
all sequences of form ij where i < j because oy(ij) # (ji) as ji is not a subword
of Uy, . Then oy is the identity on the two lowest levels of the poset and, by
Lemma 22, on the whole poset. O
(ii) In this case up, = 01...(m —1)01...(k — 1) where n =m+k, 1 <k <m—1
and let oy be an arbitrary automorphism.

It is easy to see that if i < k — 1 then o¢(7) < k — 1. Indeed, o¢(i) = j > k is

impossible as i is a subword of w,,, but jj is not.

Claim 24 Let e be an element of the third level of the poset, \, e contains the
two letters i, j only and suppose that it is a subword of e. Then we can read from

the poset whether j is the middle letter or not.

Proof: In that case e = 1ij, jii, or iji. The shadows of the first two words have

two elements, but the shadow of the third word has three elements. O

Claim 25 Let j; < jo < k—1andi < k—1, i # j1,J2, then we can tell
the difference between the jiiija-type subwords and the jijoti-type or iijyja-type

subwords in the poset.

Proof: Consider the elements of the shade of j;2ij5 containing the subword 777,

(by inserting a letter j; in the above word: jjijiijo or jiiijij2). Now consider
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2.3 A short proof for a theorem of Burosch, Gronau and Laborde

the element of the 3-shadow of this word which contain the letter j, and the
subword 7;,7;. In this case the inserted letter is the middle one what we can see
from the poset because of Claim 24. We get the same by inserting the letter js;
the inserted letter is the middle one. Now insert the letters j; or jo in jy72i: we
get j17J2171% or j1jotj2t. We see by considering the elements of the 3-shadow that
in the first case the inserted letter is not the middle one. For #ij;j, we get the

same: the inserted letter is never the middle one. O

Claim 26 The image of the letter i is i or (k —i — 1) by any automorphism.

Proof: Consider the family of subwords of length k£ + 1 having a 2-long homo-
geneous and a k-long totally inhomogeneous subsequence (i.e. with & different
letters) and put v; = 01...(¢ — 1)#i(i 4+ 1)...(k — 1). Clearly the set {vo, vy, .., v5-1}
is fixed by every automorphism. With the previous claim og(vy) = vo or vj_1,
because only for © = 0 or £ — 1 will v; have no jjiijo-type subwords, as we can
see because of Claim 25. Hence the image of 0 is 0 or k£ — 1.

Now one can forget all the words in the poset containing 0 or (k — 1) and,
inductively, as in the previous paragraph, it can be proved, that the image of 1
is either 1 or (k — 2), etc. O

It is also easy to see that every sequence i(k—i—1) is fixed by every automor-
phism fori < k—i—1,as o(ii(k—i—1)) =ii(k—i—1)ori(k—i—1)(k—i—1).
Then i(k — i — 1) is fixed and so (k — i — 1)i is fixed, too.

From the statements above we can see that we have restrictions for the images
of the letters 0,1, ...,k — 1, but we are free to choose the images of the remaining
2m — n letters. Let o9 be an arbitrary automorphism, and consider its action
on the letters k,...,m — 1 (i.e. on the first level of the poset), this induces a
permutation 7 on these letters (still on the first level), take its inverse 7. This
permutation induces an automorphism o,-1 on the poset. Let 0y = 0yo,-1. Then
oy is the identity on the letters k,...,m — 1 and, as above, o fixes all sequences
of form 75 where k <i < 7.

Now we define a mapping p: given a word w = x1%y...Tsy1Ys... Y1 21 22... 24, Where
0<um,z <k—1Lk<y <m-—1;let p(w) = 242y_1---21Y1Y2-- - Y4 TsTs_1...T1. Let v
be the mapping that changes the letters ¢ (0 <i < k—1) for k—1—1i in each word
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2.3 A short proof for a theorem of Burosch, Gronau and Laborde

(and does not change the letters j for k < 7 < m — 1). Clearly neither p nor v is
an automorphism but pv is an involution in Aut(B,, ). Finally, if 0,(0) = (k—1)
then let 0 = pro; and if 01(0) = 0 then let 0 = o;. Hence ¢(0) = 0.

Claim 27 The two lowest levels of the poset are fixed under o.

Proof: We prove first that 0z is fixed for 1 <7 < k — 1, hence we get that the
first level of the poset is fixed (remember that oy fixes all sequences of form ij
where k < i < j). Now suppose that 0i is not fixed. Then we have that o(0i)
is either O(k — ¢ — 1) or 40 or (k — i — 1)0. Let o(0i) = 0(k — i — 1), hence
o(0(k—i—1)i) = 0(k—1i—1)i because (k—i—1)i is fixed, so o(0(k—i—1)) = 0i
but then we cannot define o((k — i — 1)0i). Now let ¢(0i) = i0 (or similarly
(k —1i—1)0). Then o(0ii) = 30 which is not a subword of w,,,. Note that, as a
by-product, we have just proved that each letter 0 < ¢ < k — 1 is fixed as well.
(For k <i <m — 1 we knew it already.)

It follows from this reasoning that 0 is fixed if ¢ is at most £k — 1. Now let’s
see the image of ij. Suppose that o(ij) = ji (this is the only case to exclude as
the first level is fixed). If 0 < ¢,57 < k — 1 then we cannot define o(i0j) because
i0 and 0j are fixed. If 0 <i <k —1 < j < m — 1 then we cannot define o(7;0).
So ij is fixed (we knew it already if k& <14, 7). O

From this claim we get that o is the identity on the two lowest levels of the
poset and so (by Lemma 22) on the whole poset, which proves part (ii) of the

theorem. O

(iii) Now the word is of the following form u,,, = 01...(m —1)01...(m —1)...01...
..(m —1)01...(k — 1) where n = Im + k. Let 0y an arbitrary automorphism.
Clearly oo(i) # j for 0 < i < k < j < m — 1 (we could not define oy(i'*1)).
Similarly to the above train of thought we get that for every automorphism o
and for 0 < ¢ < k — 1 we have 0¢(i) = ¢ or k — i — 1 considering the subwords
w; = 01...( — 1)i" (i +1)...(k — 1) and here for k < j < m — 1 we have 0¢(j) = j
or k+m — j — 1 considering the subwords u; = k...( — 1)j'(j + 1)...(m — 1) as
well. Now every sequence i(k —i — 1) and j(k +m — j — 1) are fixed by every
automorphism for 0 <i <k —1and for k <j<m— 1.

Remember the automorphism o*vy,, defined before the proof. Let o be
o*Vmoo if 0¢(0) = (k — 1) and let o be oq if 09(0) = 0. Now ¢(0) = 0. By
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the previous paragraph, similarly to (ii), one can see that o is the identity on the
two lowest levels of the poset and because of Lemma 22 on the whole poset.
The case m = k is slightly simpler, then we have only o¢(i) =7 or k —i — 1

for 0 <1i <k — 1 by any automorphism, etc. The proof is complete. [ |

2.4 Open problems

Problem 28 Determine the automorphism group of the matrix poset in the case

of symmetric deletions.

As we mentioned in the Introduction one can define a submatrix of a square
matrix by deleting rows and columns either symmetrically or arbitrarily. In 2.2
we handled the second case. Regarding the other case, there are two obvious types
of automorphisms: the one induced by a permutation on the alphabet, and the
reflection to the diagonal, i.e. for the poset symM;' the previous claims suggest
that Aut(symM]') = Sym, ® Z, for sufficiently large n. However, contrary to
the non-symmetric case, the term “sufficiently large” means at least 4, since the

symmetric analogue of Lemma 17 is not true for n = 3, which can be seen from

()

Hence in order to prove the symmetric analogue of Theorem 18, one have to

the following example:

= o O
o O O
o O O
o O O

0
0
1

o O o

fix at least the three lowest level of the poset symM', which seems at least as

technical as in the non-symmetric case, so we dispense with it.
Problem 29 Further short proofs.

Using the same tools as in 2.3 (i.e. with the help of the reconstruction from the
n — 1-deck) one can find shorter and new proofs of known results. One example
can be the theorem of Carpi and deLuca [13], claiming that a word w is completely
determined by its set of factors of length at most G, +2, where G, is the maximal

length of a repeated factor of w (i.e. a factor of multiplicity at most two).
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Chapter 3

Generalized bounds for

reconstruction of words

3.1 Motivation and notation

Consider the t-element alphabet 3, = {0, 1,...,t — 1} denoted by %; throughout
this section and the elements of the set ¥} called words. We do not deal with the
trivial case of t = 1, i.e. the alphabet consisting of one letter only. Remember
that Simon [53] and Lothaire [40] proved the following bound:

Theorem 10 Every word w € X} is uniquely determined by its length and the

[”THW -deck consisting of its different subwords.

Moreover, this result is sharp for the binary alphabet as the following example

shows:

Example 30 Consider the periodic words w = 0101..01 and v = 1010..10 of
length 2n. It is easy to see, that the n-deck consisting of the different subwords

of v and also for w is XY, i.e. all the binary words of length n.

There are however several series of examples (see some in 3.3) showing that if
one knows more about the structure of the word w then one can get an improve-

ment of Theorem 10.
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3.2 General bounds for the number of letters

To describe a bit more this phenomenon we will specify some restrictions for
the number of occurrences of letters in the words, which, in some cases, will result
in better bound than Theorem 10.

Before we present our results let us recall two easy observations, which will

be useful in what follows.

Remark 31 We can reconstruct every w € X} from the k-deck consisting of the
multiset of (Z) subwords (or different subwords) for any t > 2 if and only if we
can reconstruct every w € X% from the k-deck consisting of the multiset of (Z)

subwords (or different subwords resp. ).

Remark 32 [t is equivalent to know the set of subwords of length at most k
instead of the set of subwords of length k.

In this chapter we examine the case of different subwords only, hence from

now on we use the term subwords for the set of different subwords.

3.2 General bounds for the number of letters

In the following we suppose that there are common lower and upper bounds for
the number of occurrences of every letter in the words, i.e. for the examined
words w € X} we have
[ <|w|; <u
fori=0,...,t—1.
In the first Lemma we examine a slightly different problem of reconstructing
the original word from its subwords. Note that this algorithmic point of view is a

different problem, which is examined in several papers [16], [34], [54] in the case

of the binary alphabet.

Lemma 33 Let w € X} such that |w|; < u fori = 0,....t — 1. Then w is
uniquely characterized by its length and by its subwords of length at most u + 1.

Proof: Let S denote the set of subwords of w of length at most u + 1. Because

of the assumption we get i®li € S, i.e. we know the exact number of each
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3.2 General bounds for the number of letters

letter in w. In the next step we can find out the lengths of the 0-runs from the
subwords 0750~ ¢ S moreover, we know which letters occur between two
fixed consecutive O-runs. Similarly, we can reconstruct the lengths of the runs of
each letter ¢ and the set of letters between two fixed consecutive i-runs. From
these we can uniquely reconstruct the original word w by interleaving the runs.
O

Lemma 34 Letw € %7 such that |w|; > 1 fori=0,...,t—1. Then w is uniquely

n—(t—2)~l+1-|

characterized by its length and by its subwords of length at most | 5

n—(t—2)-1+1
(t2)+]

and suppose that there is a v € X}, v # w with the same lower bound for the

Proof: Let S denote the set of subwords of w of length at most |

number of letters and the same subword-set S. First we will show that |w|; = |v];

for every i. Suppose to the contrary that |w|y < |v|o, then the assumption yields
|U|0 = I—n—(t—22)~l+1
that [w], > |v]; and from |vg1y| < n— (t—2) -1 we get [v]; < [==2E1 which

3
l1+1 {5 not a subword

1. Since |w| = |v| we get that there is another letter, say, 1 such

is a contradiction because 1!'*1 is a subword of w and 1
of v.

From now on we suppose that |w|; = |v|; for every i. Since w # v there are
two letters such that subwords of w and v builded up only from these letters are

different. Take the two letters at a position where v and w differ. W.l.o.g. we

can suppose that wyo 1} # v{o,13. From the assumption we get (w13 = |v{o13] <
n — (t —2) - [. In this case we can use Theorem 10 for word length n — (t —2) - [,
so we find a subword of length at most (%W which is contained in one of
them only. This completes the proof. O

Theorem 35 Fvery word w € X} with | < |w|; < w fori = 0,...,t —1 is
uniquely characterized by its length and by its subwords of length at most min{u-+

17 "nf(t722)-l+1" }

Proof: Use Lemma 33 and Lemma 34. |

The following remark is not surprising as we used Theorem 10 in the proof.

Remark 36 For a binary alphabet Theorem 10 of Simon and Lothaire is a special

case of Theorem 35 with the most general parameter values | = 0,u = n.
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3.3 Examples

Note that if there are different lower and upper bounds for the number of
occurrences of every letter then we can prove similar bounds which are a bit

stronger in some cases:

Remark 37 FEvery word w € X, with l; < |w|; < u; for i =0,...,t — 1 and
lo < --- < l;_1, is uniquely characterized by its length and by its subwords of
n—yi_glitl

length at most min{max; u; + 1, [ —=5"—1}.

3.3 Examples

At the end of this chapter we present some natural examples where the two

bounds of Theorem 35 coincide.

Example 38 Let w be a permutation of order n, i.e. | =u=1,t=n.
Every permutation of order n can be reconstructed from its subwords of length 2.
We get this from the bounds of Theorem 35 which are u+1 = (%] =2.

More generally:

Example 39 Let w and u two periodic words of t letters, i.e. | =u=7%.

w=01...(t—1)01...(t—=1)...01...(t —=1) and v = 12...(t — 1)012...(t —
1)0...12...(t = 1)0. Similarly to Example 30 it is easy to see, that the subwords
of length % of w and v are the same, however the subwords of length % + 1
are not the same. We can get this from the bounds of Theorem 35 which are

w1 =[R2y
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Chapter 4

Reconstruction of DN A-words

4.1 Motivation and notation

In this chapter we study another version of the reconstruction problem of words.
Let us recall the basic notation of 2.1 concerning the DNA-words:

Let A = {{a1,a1};{aw,as};...; {ay, @ }} be an alphabet of ¢ pairs of sym-
bols (called complement pairs), the finite sequences composed from A are called
DNA-words. Define &; = «;; and for a DNA-word f = zyx5...2¢ over A let
f: Z4Ty_1...21 the reverse complement of f. Note that (fv) = f. Since we want
to keep the basic properties of the structure of the DNA, and we need a gener-
alization of the ordinary subword-relation we identify every DNA-word with its
reverse complement. Let A" denote the DNA-words of length n composed from
A considering this identification.

We will say that the DNA-word g precedes the DNA-word f or g is a substrand
of f (g < f) if g is a subword of f or it is a subword of its reverse complement
f. We suggest to the reader to keep the difference between the subword (<) and
the substrand (<) relations in mind in this section. Let S(m, f) denote the set
of all different DNA-words of length at most m, which precede f. Our main goal
in this chapter is to determine for a given n the smallest m such that for every
f € A™ the set S(m, f) uniquely defines f, i.e. f can be reconstructed from its

m-deck.
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4.1 Motivation and notation

The problem and definitions have molecular biological motivations, two po-
tential applications are Digital Velcro and DNA computing (for more details see
D’yachkov et al. [19]). DNA typically exists as paired, reverse-complementary
words or strands: the Watson-Crick double helix, with its four letters, A, C, G
and T paired via A = T and C' = G. Respective DNA-codes could involve the
insertion-deletion metric — with bounded similarity between two strands: the
length of the longest subword common either to the strands or common to one
strand and the reverse complement of the other.

Another common task is to decide fast and effectively whether a given DNA-
word (for example an erroneous gene, which causes illness) is present in the
sample. For that job microarrays are used: ten thousands of relatively short
DNA-words (called probes) are fixed on a glass sheet. The sample reacts with
the probes, and it is evaluated which probes bond material from the sample. See

Figure 4.1 as an illustration.

\ I Y I P |
[ ,’ " J’ 1] {’ 1] {’

" - " - " [ T »

5’ o e o ' 3

3 5

Figure 4.1: The bonding of a sample to a probe

On the figure we denote the probe with a black line and the sample with a
blue line, such that the loops which are the substrands not bonding to the probe
are denoted with dashed line. The blocks between two consecutive loops form a
substrand of the sample bonding to the probe.

We want to model this process with our definition. One can argue that the
physiochemical laws don’t allow that each substrand of the long DNA-word can
make the bond, but longer blocks are needed, and perhaps the number of blocks
are also bounded. While these are perfectly legitimate objections, we try to make

a step in that direction.
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4.2 Main results

4.2 Main results

In this section we formulate our main results concerning the reconstruction of
DNA-words. Since the proofs of the main theorems are rather technical and
long, we present them in the following sections.

One can ask what is the difference between this and the original problems: here
we may have more substrands but we do not know that the individual subwords
belong to the DNA-word or to its reverse complement. This difference will be

very clear already if our alphabet consists of one letter and its complement.

Let’s consider the following example:
3’/ — (—12k+6 ak and 9/ — a2k+6—1 ak+17 (41)

where € € {0,1,2} and & > 1 and (k, ) # (1,0). The length of both DNA-words
are 3k + e. On the one hand the substrand a**¢ of F' satisfies a%**¢ £ G’. On
the other hand it is easy to check that

S2k+e—-1,9)=5S2k+-1,9).
This example suggests the following result:

Theorem 40 Every DNA-word f € {a,a}* of length at most 3m — 1 is uniquely
determined by its length and by the set

D'(f) == S(2m, f).

The proof of this result can be found in Section 4.4.

The next example shows that if our DNA-words contain letters from more
than one complement pairs then they are “easier” to determine. Consider the
following DNA-words:

F=a*"bba* and G=a*""'bba", (4.2)

where € € {0,1,2} and £ > 1 and (k,¢) # (1,0). The length of both DNA-words
are 3k + 2+ ¢. On the one hand the substrand a**¢ of J satisfies a?**¢ £ G. On
the other hand it is easy to verify that

S2k+e—-1,9)=852k+e-1,9).

We have the following statement:
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4.3 Easy consequences and preliminary results

Theorem 41 FEvery DNA-word f € A* of length at most 3m + 1 (m > 1)
containing both (a or a) and (b or b) is uniquely determined by its length and
by the set

D(f):=5(2m, f).

The examples abab and abba show that in case of m = 1 the statement is not
true. The proof of this result can be found in Section 4.5.

We recall that, due to our definitions, the expression “uniquely determined”
means “uniquely determined, up to reverse complementation”. The statement

deals with the case of € = 2 in the examples.

4.3 Easy consequences and preliminary results

Applying the results in Section 4.2 we may derive some easy conclusions of them.
For example, in the case when our DNA-words contain letters from one comple-

ment pair only, one may formulate the following result:

Corollary 42 FEvery DNA-word f € {a,a}* of length at most n is uniquely de-
termined by its length and by the set S ({M-‘ ,f) .

3
and Theorem 40 applies. [ |

Proof: Let m be the smallest integer such that n < 3m—1. Then {MW > 2m

The situation is similar in the case of DNA-words containing letters from two

complement pairs:

Corollary 43 FEvery DNA-word f € A* of length at most n containing both (a or
a) and (b or b) is uniquely determined by its length and by the set S Q%J , f) )

Proof: The statement is straightforward: let m be the smallest integer such
that n < 3m + 1. Then L@J > 2m, therefore Theorem 41 applies. [ |

Let us recall the corresponding theorem for words:

Theorem 10 Every word w € X} is uniquely determined by its length and the

[”T‘H} -deck consisting of its different subwords.
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4.3 Easy consequences and preliminary results

It can be seen that Corollaries 42 and 43 are similar to Theorem 10. Indeed
these corollaries can be considered as the analogues of Theorem 10 for DNA-
words.

Perhaps the shortest proof of Theorem 10 is due to Sakarovitch and Simon
(see [40], pp. 119-120.). Since in 4.4 and in 4.5 we were influenced by this nice
proof, we present their proof here for a sake of completeness. They proved the

following analogue of Theorems 40 and 41, from which Theorem 10 follows:

Theorem 44 Every word w € {a,b}* with at most 2m — 1 letters is uniquely
determined by its length and by the set of its different subwords of length at most

m.

Proof: Let us assume, to obtain a contradiction, that f and g are different
words in {a, b}* such that | f| = |g] < 2m —1 and let D denote the (common) set
of their different subwords of length at most m. We further define p = max{|s| :
s€ DNa*} and ¢ = max{|s| : s € DNb*}.

We can suppose that ¢ < p. Then clearly, |f|, > p and |f|, > ¢, hence
29 < p+q <|flat|flo = |f| < 2m—1. Since q is an integer it follows that ¢ < m,
and this implies that |f|, = ¢. Thus, there exist integers ig, 1, ..., g, Jo, J1; -+ Jgs
such that f = abab...a"-1ba's and g = a’°ba’*b...a’sba’s.

As f # g by assumption, there exists a smallest k, such that iy # j,. W.lLo.g.
we can assume that i, < ji. Since |f| = |g|, 4 = j; for 0 < 1 < k and 7}, < jj, it
follows that jri1 + ... + Jg < gy + ... + g

Let the words s and ¢ be given by

aio-‘ril-l—...-i-ik-‘rlbq—k t = bk+1ajk+1+---+jq+1'

s = and

Clearly, s is a subword of g but not of f and ¢ is a subword of f but not of g. Hence,
due to the assumptions, it follows that |s|, |t| > m. Then ig+i1+...+ix+q—k > m
and kK +1+ jg1 + ...+ j; = m. Summing these two inequalities and recalling that
iy = j; for 0 <1 < k, and that i, < ji we have jo+j1+...+j, +q¢=|g| > 2m, a
contradiction. Thus i, = j, for every k, i.e. f=g. [ |

Previously we suspected that Corollaries 42 and 43 are not sharp and based on

the examples above we thought the truth is the following two general statements:
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4.3 Easy consequences and preliminary results

e Each DNA-word of length at most 3m+¢ containing only a or a is uniquely
determined by its length and by the set S(2m + ¢, f).

e Each DNA-word of length at most 3m + 2+ ¢ containing both (a or @) and
(b or b) is uniquely determined by its length and by the set S(2m + ¢, f).

As we mentioned above Theorem 40 and Theorem 41 are handling the case
€ = 2 in presence of one or two complement pairs, respectively. However one can
check it with simple calculations that in general case we cannot say better bound
than the ones in Corollaries 42 and 43. The case € = 1 gives the same bound in
both cases, we can attain a slight (i.e. ”1%) improvements only in the case € = 0.

The analogue of Corollary 42 is the following;:

Remark 45 Every DNA-word f € {a,a}* of length n = 3m is uniquely deter-
mined by its length and by the set S q%-‘ ,f) .

The analogue of Corollary 43 is the following:

Remark 46 FEvery DNA-word f € A* of length n = 3m + 2 containing both (a
ora) and (b orb) is uniquely determined by its length and by the set S (| %], f) .

We will not prove both statements since they doesn’t seem too relevant, how-
ever in 4.4.2 as a part of the proof of Theorem 40 we will get Remark 45.
If our DNA-words are self-reverse-complementary, then we are back to the

original reconstruction problem of words :

Remark 47 Let the DNA-words f and g € A* of length at most n be self-reverse-
complementary, that is f = f and g = §. Now if S([%27, f) = S([%1], g) then
f=9

Proof: If for the DNA-word w we have w < f and f = f, then w is a subword
of f and f as well, i.e. w < f if and only if w < f = f. Then we can apply

Theorem 10 for ordinary words, which proves the statement. O

At the original reconstruction problem of words it was almost trivial, that if we
know the result for the binary alphabet, then we have an answer at once for the
case of k-element alphabets as well. The situation here is similar but the proof

requires some work:
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Theorem 48 Theorem 41 remains valid if the DNA-word f contains letters from

k > 2 different complement pairs.

Proof: We use induction on the number £ of different complement pairs present.
The case of two pairs present is Theorem 41. Assume that the statement is valid
for case of k — 1 different pairs present. Let f and g be DNA-words with length
|f] = lg] < 3m + 1, and in both DNA-words there are k different complement
pairs present. The alphabet is {{ay, a1}, ..., {ax, ax} }. Let Aj 2, Aj 5 be a new pair
of complement letters, and f; » be the DNA-word derived from f by identifying all
occurrences of a; and as with A, 5 and all occurrences of a; and @, with /_11,2. The
DNA-word g 5 is derived similarly. The new DNA-words contain letters from k—1
different pairs and D(fi2) = D(g12). The induction hypothesis gives that fio =
g1.2 (maybe we have to exchange the names of g » and ¢y 2). Furthermore, for the
substrands f7, and g, consisting of all occurrences of the letters {ay, a1, as, as}
we have D(f},) = D(g;,) therefore we can apply Theorem 41, hence we have
f1*,2 = Qiz or f1*2 = 51‘2

In case of f{y = gi, interleaving f;» and fi, we can determine f which is
identical to g. In case of (fi2 = g12 and fi, = gi,) we can proceed similarly.

However, it can happen that

fiz = g2 but fia# g2 while (4.3)
f1*,2 4 Qf,z but ff,zzgiz- (4.4)

fio|+1 I ol+1
‘ 1,§| ) — 172(|g1,22| >’

therefore f, = gi, cannot occur. So let |f},| = ¢ be even. From Condition (4.4)

The value |f{,| cannot be odd, since otherwise fi(

it follows that there is an index j < £/2 such that, say, f7,(j) = a1, g7 5(j) = ao,
while f{y({+1—j) = @z and g7 ,({ + 1 — j) = a;. From Condition (4.3) it follows
that there is a subscript i < (3m + 1)/2 such that, say, fi2(i) = a3 (therefore
g12(1) = as also holds) while ¢y 5(3m + 2 — i) = b where b # as. If b € {ay, ..., ax}
then introducing the new letters By, By, By, Bs, substitute all occurrences of a;
and as with By, all occurrences of a;,as with By, all occurrences of the letters
s, 4, ..., a;, with Bs, finally all occurrences of the letters as, @, ..., G with By in
the original DNA-words. The result is the DNA-words f? and ¢g? which satisfy
the conditions of Theorem 41 while clearly fZ # ¢® and f? # ;E, a contradiction.
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If, however, b € {ay,as,ay, ...,ax} then we may define a bipartition of the
alphabet, where letters b and a3 belong to different classes, and letters a; and as
belong also to different classes. Then substitute all occurrences of the letters from
the first class of the bipartition with C;, C; and the letters from the second class
with Cy, Cs, respectively. The new DNA-words clearly satisfy the conditions of

Theorem 41, however the consequence of Theorem 41 does not hold. [ |

This proof suggests that the existence of letters from more complement pairs
decreases the necessary substrand length in the result.
Because our approach does not work for very short DNA-words, therefore we

need the following help:

Remark 49 Theorems 40 and 41 were tested by a computer program for short
DNA-words (these are where |f| < 15 and if |f| < 18 and their structures are
very special) and were found valid. Therefore in the proofs we can deal with long
enough DNA-words only. That is important where our reasoning works above a

(usually very small) bound.

In the next two sections we prove our main results concerning the reconstruction
of DNA-words. The general approach used is similar to the one in the proof of
Theorem 48: find a subword of the DNA-word under investigation which dis-
tinguishes the DNA-word and its reverse complement from each other. Such a
substrand in hand can identify the DNA-word itself. The greater the similarity
between the DNA-word and its reverse complement, the harder to find such a
substrand but, in exchange for this difficulty, we know more about the structure
of the DNA-word.

4.4 The proof of Theorem 40 for DNA-words

composed of one complement pair

Assume that f and g are DNA-words in {a, a}* of the same length such that

Ifl=1lg|<3m—1 and D'(f)=D'(g)=D"
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Due to Remark 47 we may assume that f is not-self reverse complementary.
Denote by A(w) the number of a’s in the DNA-word w, and define A(w) analo-
gously. W.l.o.g. we may assume that both DNA-words f and g are written in the
form where A(f) > A(f) and A(g) > A(g). At first assume that A(f) > A(g),
which also means that A(f) < A(g). If A(f) > 2m then take an arbitrary sub-
strand ¢’ of g such that A(g'), A(¢g') > A(f)+1. It is clear that ¢’ 4 f. If, instead,
A(f) < 2m then take the substrand f’ of f containing A(g)+1 a’s. It is also clear
that f* A g and that |f'|, |¢'| < 2m, which constitutes a contradiction. Therefore

from now on in this proof we assume that we have

A:=A(f) = A(g) and A:= A(f) = A(g). (4.5)

Before we continue we recall one more notion: a DNA-word contains a run of

length £ when it contains k& consecutive copies of a certain letter.

4.4.1 The case A< A

In this case we know that f # fand g # g, and each substrand of f or g con-
taining at least A+ 1 a’s shows these inequalities. All substrands from S(2m, f),
containing at least A 4+ 1 a’s, are substrands of g, because they cannot be sub-
strands of § — and similarly for the substrands from S(2m,g) the analogous

statement holds.

Our DNA-words f and g can be written in the following form:

_ oo

f:=a"ada

a....aa’

Jo~

an17 ~ Js

and g¢:=a a....aa

where s = A, and any I; or J; can be zero. If f # g then the subset

L= {z c{0,...s) | I # Jl}

has at least two elements. W.l.o.g. we may assume that I, = min{l;,J; : [ €
L}, ie. f contains a shortest run — of those indexed by L. Then consider the
substrand ¢’ of g containing all @’s, in the ¢th run of a’s containing at least I, + 1
a’s, finally it may contain other copies of a’s so that altogether there are at least

A+1 a’s. Then, due to the definition, ¢ is not a substrand of f, furthermore, by
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the number of a’s, it is also clear that gN’ is also not a substrand of f. We know

that 4
ld'| §max{([§w —1) +1+A4, 2/_1+1},

since the left argument of the maximum includes, within its parentheses, the
largest possible value for I;. If |¢'| < 24 + 1 < 2m holds, then there is a con-
tradiction. Therefore this method shows that D'(f) and D’(g) must be different
while A + 1 < m. Continuing the proof from now on (in this section) we assume
that

A>m—1. (4.6)

Hence, in this case
A=3m—-1—-A<2m-—1. (4.7)

Denote by f(a,f) the substrand of f containing all a’s and the /th of a’s.
By our assumptions these are substrands of g, but, as we have just seen, not

substrands of §. Therefore both f and g can be written in the following forms:

A1 4T1 722 =2t

and g =ad""a"a"a*...a*a"", (4.8)

where ry or r; can be zero, while rq,...,r;_; and all s; and z; are non-zero.
Now we are going to show that for all i we also have s; = z; (which, of course,
implies that f = g).

Let F' € {z,y}* be an arbitrary word and assume it is written in the form
F=ax"yta™y%2 oyt (4.9)

where the runs are not empty (except, possibly, the very first and last). That is
ro, ¢ > 0 and all other superscripts > 0.

Definition 50 Let F' € {z,y}*. A subword W of F' is well recognizable for the
pair z,y, or shortly well recognizable if one can reconstruct exactly which letter

of W comes from which x- or y-runs of F.

Note that reverse complementation is not taken into consideration now. Generally
we will ensure separately that the well recognizable subword’s reverse complement

is not a subword of the original. It is clear that if the subword W’ of F' contains
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W as a subword, then W' is also well recognizable. The subword F; containing
one letter from each run is clearly well recognizable. Even better, if ry and r; are
both non-zero (or, oppositely, both zero), then the reverse complement of this
subword is automatically not a subword of F. But when F' has a big number of
runs (say each run consists of one letter), then one can find much shorter well

recognizable subwords.

Lemma 51 Let W(F) be the subword of F' defined as follows:

(I) W(F) retains at least one x from each x-run.

(IT) If ro or ry > 1 then W(F) contains one x from the respective run and one y
from the neighboring y-run.

(III) From all other x-runs with precisely two letters, let W(F) contain both.
(IV) From all other x-runs with at least three letters W(F) contains one x from
the run and one y from both adjacent runs.

(Enl) If between two previously chosen y’s there are only two-letter x-runs, keep
one x from each of these runs and take one element from each in-between y-run.
(En2) From every run of y’s, remove all but one.

Then the resulting W (F) is a well recognizable subword of F for the pair x,y.

O

(The two last procedures make enhancement of the already constructed well
recognizable subwords, that gives their different kind of names.) Lemma 51 may
be thought of as an algorithm, whose six steps are applied sequentially in a single
pass. Thus, its validity is evident. Let’s remark that without operation (Enl)
the subword W (F') would be still a well recognizable subword, but this operation
decreases the number of letters with one with its every application. Note that
W (F') never has more letters than the total number of runs in f and it is never
shorter than the number of z-runs. However, this construction is sensible for
one-letter runs and in their presence it produces well recognizable subwords with
fewer letters than the total number of runs.

Note also that any well recognizable subword of f in condition (4.8) is also a

well recognizable subword of g.
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Assume now that f # g, that is the series sy, ..., s; and z1, ..., z; are different.
Then the set

L:= {le{l,...,t} s. t. sl%zl}

has at least two elements, since the total number of a’s are the same in both of
our DNA-words. W.l.o.g. we may assume that z, = min{s;,z, : [ € L}. At first

take the substrand f; of f containing all its a’s and 2z, + 1 a’s from the ¢th a-run:

f= d°aa™...a’...a"a™

T |

fl — am—l— v T a24+1ar5+ +rt'

This DNA-word is clearly a well recognizable one, and, due to A > A, its reverse
complement is not a subword of f or g. Therefore, if A + 2z, + 1 < 2m, then
fi e D'(f) but fi € D'(g), a contradiction.

If, however, this is not the case, then |f;| = 2m + « and

A = 2m+a—(z+1); (4.10)
A =3m—-1—-A=m—-—a+2z

where o > 1. By the minimality of z, there is another a-run in f with at least z,

elements. Therefore there are at most
t<2+A—(2%+1)=m+1—(2+a) (4.11)

a-runs in the DNA-word f, and there is at most one more: that is, at most
m+ 2 — (z+ «) a-runs in f.

Recall that the substrand f; is not in D’(f) because it has a extra letters and
zp > o> 1 (viz. (4.10)).

Assume at first that rq,7; > 0. Then consider the subword fy; of the DNA-

word f containing one letter from each run except the fth a-run, which contains

ze+1as:
f=a"a*a™...a% .a’ta’t
R A A A
fo=a a a ...a*"1...a a
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This DNA-word is well recognizable, and f; is not a subword of f or g because
there are not enough a-runs in them. Furthermore, fs is also clearly not a subword
of g, since in the ¢-th a-run there are too many letters. Due to (4.11) we know
that

1fol <142t +2, <142m+1— (2 +a)]+20=2m+3 —2a — 2z < 2m,

since z; > a > 1. Therefore fo € D'(f) but fo & D'(g), a contradiction.

If 1o = r, = 0 then we can repeat the previous reasoning since ]?2 is not a
subword of f or g because there are not enough a-runs in them. If, say, o > 0
and 7, = 0, then we cannot rule out that the reverse complement of f5 is a
subword of ¢. In this case there are precisely ¢t (< m +1— (z,+ «)) a-runs in f.
We construct the subword f5 of f as follows: it contains one letter from each run
except the fth a-run, which contains z; + 1 a’s. Then f3 looks like f5 but it has
one less elements, due to r, = 0. It is a well recognizable subword of f but not a

subword of ¢. Its length is
|fsl =2t + 20 < | f2]

therefore also f3 € D'(f). In general it would yield a contradiction, but if r;,_, > z
then it still can happen that f;, is a subword of g. But then let f; be constructed

from f3 by adding z, more a letters to the (¢ — z,)th a-run.

— q"0FS1g"1 il St—z, FTt—1 5t
f=a" a"a™...a* ...a co.atla

L R I
fi=a a a ...a*". . a7 .. .G@ .

This f4 is clearly a subword of f but not a subword of g or g. Finally
\fal = | fs] + 20 < 2m + 2 — 22 < 2m.

Therefore f, € D'(f) but € D'(g), a contradiction. The case A < A is proved.

4.4.2 The case A=A

In this case we can prove a slightly stronger version of Theorem 40: we can
suppose that |f| < 3m. Remember that this is the assumption of Remark 45

which will proven here at the same time.
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Now |f| = |g| is even, i.e. m = 2k and the two DNA-words are of the form

Ro =21 ,R1 522

a’t and ¢ =da™a"a® a2 aTal'r, (4.12)

f=d"°a*a"a*...aa"

a

where ro +---+r,=81+--+s4=Ry+---+Rr =21+ -+2r = A= 3k
and at least one from ry, r; and at least one from Ry, Rp is positive, otherwise we
exchange the name of f and ]7, and similarly for g as well. Now w.l.o.g. we may
assume that rg > 0. Then in g we have Ry > 0. Indeed, otherwise the subword
aa” of f does not precede g (since there are not enough a’s after the first a in g,
and not enough a’s before the last a in g).

If , > 0 also holds then consider the substrand f; = a%a. If 3k + 1 < 4k
then f; € D'(f) but f1 is not a subword of g, since there are not enough a’s
after the first @ in g. Therefore f; itself is a subword of g and we have Ry > 0,
otherwise there are not enough a’s before the last a in g. It also means that f; is
a well recognizable subword of f and g as well. Therefore r, = 0 < Ry = 0. (If,
however, |f| <4, then Remark 49 finishes the proof.)

Assume at first that

e, Ry > 0. (4.13)

Denote by F; the subword of f derived from f; by inserting one a from the ith
a-run. If A > 6 then F; € D'(f). These DNA-words together, for all 4, describe
the length of the a-runs in f and all those runs are the complete union of some
consecutive a-runs in g. Repeating the process with g, yielding G;’s, we have
the similar correspondence between the a-runs of f and ¢g. Therefore the a-run
structure of f and ¢ are identical: t = T, and s; = z; fori = 1,...,t. (If A <5
then Remark 49 finishes the proof.) Therefore our DNA-words are of the form

f=a"a"a"a*....a*a™ and ¢ =da™a"aMa*... aa™. (4.14)

Assume now that f # g, that is the series ry, ..., and Ry, ..., R, are different.
Then the set
L:= {l €{0,...,t} such that r; # Rl}

has at least two elements, since the total number of a’s is A in both DNA-words.
W.lo.g. we may assume that R, = min{r;, R, : [ € L}. Consider the subword

fo = as1ttsegfetlgsent+siq of f This is clearly a subword neither of ¢ nor of
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g. Therefore A+ Ry, + 2 > 4k, implying that R, > k — 1. Due to the selection
procedure for Ry, there is another a-run in f of length at least R,. Then all the
other a-runs in f altogether contain at most 3k — (2R, + 1) letters, hence the
numbers of a-runs are limited: t < 3k—2R,. Let the subword f3 contain one letter
from each different run in f, and contain R, more letters from the /th a-run. This
DNA-word has at most 2(3k —2Ry) +1+ R, = 6k —3R,+ 1 < 3k +4 letters (here
we used R, > k — 1). Since f3 is a substrand of f but does not precede g this is
a contradiction (unless k < 2, when |f| < 12 and Remark 49 applies; or k = 3
and the length of DNA-word f’s a-runs are 3,2,1,1,1,1 which allows again the

use of Remark 49), proving Theorem 40 for this case.

From now on we assume that (4.13) does not hold: that is we have
r, = Ry = 0. (4.15)

(Let’s recall that at that point we do not know whether the number of runs
in f and g are equal or different.) Let f(a;i) denote the subword of f containing

all its a’s and, furthermore, one a from the ¢th a-run of f fori=1,...,¢t.

f= avavan...a%... a"a®

[ A

-7 — pTot+ o ATic1 Z Tt e FTE—1
fla;i) =a aa .

Claim 52 FEvery f(a;i) is a subword of g or every f(a;i) is a subword of g or
both hold.

Proof: Indeed, if every f(a;?) is a subword of both DNA-words then there is
nothing to prove. Therefore assume that there is an index i such that f(a;1) is a
subword of g but not of g. Then for all indices [ # i the substrand f(a;[) is also
a subword of g. Indeed, if there is an index [, such that the substrand f(a;l) was
a subword of g but not of g, then consider the analogous subword f(a;i,1) of f,
containing altogether A + 2 letters (all a’s and one letter from the ith and one

from the Ith a-run). This would not be a subword either of g or g, a contradiction,
if A>6 (if A <6 then Remark 49 applies). The Claim is proved. O

Therefore we may assume that all f(a;i) are subwords of g; therefore t < T,

and one can make ¢ groups ¢j,...,g; of consecutive a-runs in g such that the
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total length of a-runs within g7 is equal to s;. Repeat the whole process for the
subwords g(a;4). It still can happen, that we must substitute f for f, but due to
(4.15) this already implies that

t="T. (4.16)

But from this equation it also follows that each g(a;i) is a subword of f,
since they are just the image in g of the subwords f(a;). Therefore we also have
r; = R; for all 7.

Repeat the whole process now for the analogous subwords f(a;¢) of f. What
we get is

(si = z; for all z) or (si = R;_; for all z)

In the first case we are done. Assume to the contrary that this is not the case.
Then the second relation series holds. But repeating again the whole process for
the analogous subwords g(a,7) then we get that z; = r,_; for all 4, but since we
have r; = R; these imply that s; = z; for all i. This contradicts our assumption

and Theorem 40 is proved. [ |

4.5 The proof of Theorem 41 for DNA-words

composed of two complement pairs

In this section, for the sake of simplicity, we will use the notation a for both a
and @ and b for both b and b, when we don’t care about the actual value of @ or
b. With this notation every DNA-word of A* can be considered as a DNA-word
from {a,b}* Assume that f and g are DNA-words in A* of the same length such
that

Ifl=19] <3m+1 and D(f)=D(g)=D. (4.17)

Without loss of generality we also may assume, due to Remark 47, that at least
one of the two DNA-words, say g, is not self-reverse complementary. Furthermore
let

p:max{|s| : SEDO&*} and q:max{|s| : SEDHB*}.
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W.lo.g. we can assume that ¢ < p. Let f(a) denote the substrand of f
consisting of all a’s. The notations f(b), g(a), g(b) are analogous. Then, by
definition, |f(a)| > p and |f(b)| > ¢, hence

2¢ <p+q<|[fla)) +[fO) = [f] <3m+1,

consequently ¢ < ¥ < 2 if 1 < m. This implies that | f(b)| = |g(b)] = q. It
also implies that |f(a)| = |g(a)| holds. We remark that |f(a)| can be bigger than
p. (Note that if ¢ is odd, then the substrands containing all b’s are different from
their reverse complements.)

Due to these properties there exist non-negative integers t, T'; g, ..., t¢; 71, .., T¢;

jo, ,jT, and Rl, oiey RT such that
F=a bmat. bt and g = aPbfal . bRreiT (4.18)

where t # T can happen and where ig, i, jo, jr can be zero, while all other
superscripts are nonnegative integers, furthermore ig+...4+i; = jo+...+jr = | f(a)]
and ry +--4+71, = Ry + -+ Ry = |f(b)|. Since ¢ < 2m, the substrands f(b)
and g(b) belong to S(2m, f) = D; therefore f(b) = g(b) or f(b) = g(b), or both.
Let’s remark that we have our general form (4.9) with letters a and b; therefore
Lemma 51 applies for these DNA-words.

For two DNA-words w and u denote by w ~ u that w < v and u < w. The

following observation will be useful later.

Lemma 53 Let f and g DNA-words of form( 4.18). Assume that T =t, iy, = ji
for k =0,...t and 1, = Ry forl = 1,..,t, furthermore f(a) ~ g(a) and f(b) ~
g(b). Then f ~ g.

Proof: Suppose to the contrary that f # ¢g and f # g. We can obtain f by
interleaving the runs of f(a) and f(b). Since f # ¢ it easy to see that we must
get g from the runs of ch;) and f(b). If at least one of f(a) or f(b) is self-reverse
complementary, then we get f = ¢ or f = g, a contradiction. Suppose now that
fla) # fz;) and f(b) # ]?(\lj) Then due to Theorem 10 there exists a subword a,,
of length at most [(|f(a)| + 1)/2], such that, say, a. < f(a), but a, £ j?(\c;). We

get b, of length at most [(|f(b)| + 1)/2] similarly. Now let f. be the DNA-word
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made by interleaving a, and b,. Clearly f, < f but f, £ ¢g. Hence if |f| > 7, then
£ < TU£@)]+1)/2] + [(F®)] +1)/2] = [(f +2)/2] = [Gm+3)/2] < 2m, a
contradiction. (The cases |f| < 7 are covered by Remark 49.) O
In the sequel we are going to show that the conditions of Lemma 53 hold.
At first we show that the run structures in f(b) and in at least one of g(b) and
§(b) are identical. Denote by f(b; ¢) the substrand consisting of all its b’s and one
letter from the fth a-run:
f=anprat ... at. .. brat
Al . lA. ol
Fbs0) = bt Ariaghrit - 4

Since |f(b;0)| < 2m, 1 < m, this belongs to D(f) = D(g).

Claim 54 Every f(b;{) is a subword of g or every f(b;¢) is a subword of g or
both hold.

Proof: Indeed, if every f(b;¢) is a subword of both DNA-words then there is
nothing to prove. Therefore assume that for a particular & the DNA-word f(b; k)
is a subword of, say, g but not of g. Then for all ¢ the DNA-words f(b;{) are
subwords of g as well. Indeed, if there is a j # k such that f(b; 7) is a subword of g
but not of g, then the f-subword f(b; k, j), defined analogously, is not a subword
of either g nor of g.

Because |f(b; k,j)| < (3m + 1)/2 + 2, this yields a contradiction for 5 < m.
(The cases m < 5 are covered by Remark 49.) The Claim is proved. O

So we can assume that every f(b;¢) is a subword of, say, g. Therefore ¢t < T
and one can make ¢ groups ¢;, ..., g; of consecutive b-runs in g such that the total
length of the b-runs within g; is equal to r;. Repeat the whole process for the
subwords g(a;i). It still can happen, that we had to substitute fvfor f, but this
already implies that ¢ = T But from this equation it also follows that each g(a; /)
can be chosen to be a subword of f, since, as we know, the subwords f(a;?) can

be found in g. Therefore we also have r; = R; for all ¢ and

F=acbmat. brat and g = abmal . brad (4.19)
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where the b-runs with the same superscripts are identical. Furthermore, we also
know that the number of non-empty a-runs in f and g are equal as well. Indeed,
if the multiset {ig,4,} has no fewer non-zero elements than the multiset {jo, j,}
then the DNA-word containing one a from the nonempty runs indexed by the first
multiset and f(b) establishes this relation. Therefore the number of non-empty
a-runs in f and g are the same, say 7/, equal tot — 1, ¢t or t + 1.

It remains to prove that f(a) ~ g(a) and g can be written in form that i, = jj.
for all possible k. (Remark that if one must interchange g and g then we will show

that in that case f(b) = f(b).)

4.5.1 The case ¢ =1

We start with the special case ¢ = 1. Now w.l.o.g. we may assume that both
DNA-words are written in form where b = b (otherwise we can take the reverse
complement form of the DNA-word). Now any substrand of f containing the
letter b should be contained in ¢ in its original form because changing the sub-
strand into its reverse complement would change b into b. Since |f(a)| = |g(a)|,
io + 11 = Jo + J1-

If the multisets {{io, 1} } and {{jo, j1}} were different, then there would exist
a unique smallest element within them, say, the i : we have 1q > jo, j1 > 7;. Take
a subword u of g of the form

u = bat!

This subword clearly does not precede f (there are not enough a’s after b in
the DNA-word f). Since |u| < (3m+1)/2 < 2m, 1 < m, therefore D(f) # D(g),
a contradiction. The ordered pairs (ig, 1) and (jo, j1) coincide. Denote by f the
longest simple subword of f finishing with b, and by f; the longest subword of
f starting with b. The definitions of gy and ¢; are similar. Now fy and gy are
DNA-words of the same length, and all their substrands of length < 2m, ending
with b coincide as well. Denote by f; and g the same DNA-words without their
b terminus. Then we know that all subwords of length [(|f5|+1)/2] of f; and g;
are the same above the alphabet a, a, in the simple subword relation. Application
of Theorem 10 gives that f; = g in the original ordering. Furthermore, the same

applies for f; and gj, therefore we have proven that f = g.
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4.5 The proof of Theorem 41 for DNA-words composed of two
complement pairs

From now on we assume that 1 < ¢ < (3m+1)/2. Therefore |f(a)| = 3m+1—¢ <
3m — 1. Now considering the elements a* € D and applying Theorem 40 we get
that

f(a) =~ g(a).
Our only remaining goal is to prove that the a-structure of the DNA-words

are the same, i.e. 7, = jj for all k. We will examine two cases concerning the size

of q.

4.5.2 Thecasel <g<m+1

Lemma 55 If1 < q<m+ 1 and there are two indices { € {0, ...,t} for which
q+1i>2m, (4.20)
then we havet =2, g=m+ 1, 1o =11 = jo = J1 = m.

Proof: Indeed, if ¢ < m and if there are two distinct indices k # [ satisfying
(4.20) then
g+u+qg+ik>2m+1+2m+1,

therefore
q+i+ir>4dm+2—q>3m+2>|f],

a contradiction.

If, however, ¢ = m + 1 and ig = 7; = m then jy = j; as well. Otherwise we
would have, say, jo < i1 < j1. Then a g-substrand consisting of one letter from
the middle B-run, and 71 + 1 letters from the j;-run is clearly shorter than 2m but
does not precede f, a contradiction. Let’s remark that in this case Lemma 53 is

applicable directly, and Theorem 41 is proved. O

If there is precisely one index ¢ satisfying (4.20), then the corresponding run
will be called a long run, while the other runs are called short. Denote by f*(b; k)
the f-substrand consisting of all its b’s and the complete kth a-run. For short
runs the length of these substrands is at most 2m, therefore these belong to

D(f) = D(g). Assume for a moment that f(b) = g(b) # g(b). Then f*(b; k) is not

a subword of g for any short run, therefore we can find equality of the lengths of
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4.5 The proof of Theorem 41 for DNA-words composed of two
complement pairs

the short runs, i.e. iy = ji for short runs. Furthermore, because of Lemma 55 (i)
there is only one a-run (the ¢-th), whose length can not be ascertained from the

substrands, but then |i,| = (3m+1—¢q) — Z lik] = (B3m+1—¢q) — Z |76 = |7el,
kAt kA0
which completes the proof in this case. Therefore from now on we assume that

holds as well.

Now we analyze two cases based on the presence of a long run.

Case 1: Assume at first that there is a long run in the DNA-word f and this
is the fth one. Then ¢ also has at least one long run. Indeed, let u; denote
an (2m — q)-letter substrand of the long run. Then the f-substrand f(b) U u;
belongs to D(g), and the image of u; is contained in a long a-run of g. However, g
cannot contain two long runs, otherwise Lemma 55 would apply, a contradiction.
Therefore ¢ contains exactly one long run and we may assume that f and g
contain their respective long runs at the same index £. Let’s assume now that
¢ # t — (. Then denote f; the substrand containing everything except the (th
and (t — £)th a-runs. This has at most 2m letters, and therefore belongs to D(f):
that is it precedes the analogously defined g-substrand g;. Similarly g; precedes
1/ Consequently we know that f; ~ g;. That can mean that (a) f; = g; or (b)
fr = 5} or both. But all three possibilities show us that i, + i,y = jo + Jy_¢. If
(b) does not hold then there is a k # ¢,t — ¢ such that ]?(b; k) is not a subword of
g(b;t — k). But since i, # 0 therefore the substrand f(b; k,t — ¢) (it consists of
all b’s and one element of the kth and one element of the (¢ — £)th a-runs each)
which is not longer than 2m, is a substrand of g(b; k,t — ¢), and vice versa, which
shows that Lemma 53 is applicable. If, however, (b) holds but (a) does not, then
there is a k such that f(b; k) is not a substrand of ¢g(b; k). Then let u denote an
2m — q — i, element substrand of the long run in f. Let f’ be the DNA-word
consisting of u and f(b; k). This is not a subword of g but also not a subword of
g(b;t — k,t — £) unless q is very close to m and j;_, is also close to m. But then
we have a small run-number r and then there is a well recognizable subword of
f with at most 2r + 1 letters and repeating the previous reasoning we get the

contradiction.
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4.5 The proof of Theorem 41 for DNA-words composed of two
complement pairs

We came now to the case when ¢ =t — ¢ and ¢ is odd. But then if f/ has at
most 2m letters, which allows us to show as before that f ~ g;, and then we can
apply Lemma 53 again. If this is not the case then we have ¢ = m+1 and ¢y = m.
If we have at least four non-empty a-runs then for all k # ¢ we have f(b; k,t—k) ~
g(b; k,t—k), showing that i, = j,. Furthermore, it is impossible, as usual, that for
k1, ko we have f(b; ki, t—ki) = g(b; k1,t—ky) while f(b; ko, t —ko) = g(b; ko, t —ko).

(We can use the previous technique again.) So Lemma 53 is applicable again.

Case 2: Next suppose that there is no long run. Then all f(b; k) € D(f) = D(g).
Assume that for all k£ the substrand f(b; k,t — k) has length < 2m. Then for all
k we have f(b;k,t — k) ~ g(b; k,t — k). Even more, as usual, we can show that if
there is a k such that f(b;k,t — k) is equal to g(b; k,t — k) but not to its reverse
complement, then for all other | # k we also have f(b;l,t — 1) = g(b;l,t — ).
Indeed, if this is not the case then there is a substrand f; of f(b; k,t — k) with at
most [(ix+1it—r)/2] letters from its a-runs showing that f(b;1,t—1) # g(b; 1, t—1).
Similarly, there is a substrand f; of f(b;(,t—1) with at most [(i;+14;—;)/2] letters
from its a-runs showing that f(b;l,t — 1) # g(b;l,t — l). Putting together these
two substrands we get a DNA-word from D(f) which does not belong to D(g),
a contradiction, except if ¢ = m + 1 and both a-run pairs contain exactly m — 1
letters, where m is odd. But again, then we can find a well recognizable DNA-
word with ten letters, and repeating the whole process we are done.

So what remains is that we have an ¢ such that g + i, + i,_, > 2m. Then
for all other k # ¢,t — ¢ we have f(b;k,t — k) ~ g(b; k,t — k). (Otherwise again
we have four non-empty a-runs, and finding a well recognizable DNA-word with
eight letters finishes the proof.) Now again we can show that, say, f(b;k,t — k)
is equal to g(b; k,t — k). Of course, we also get from it that iy + i, = jo + Ji_s-
Then the multisets {is, i;—¢} and {js, ji—¢} are the same. Otherwise there would
be a clear maximum, say i, and then f(b;i,) does not precede g, a contradiction.
So we are done except if iy = j;_; # jo = 1;_p. But then if for all k #£ (.t — { we
have f(b;k,t—k) = g(b; k,t — k) then we can apply Lemma 53 getting that f =g
or there is a k which does not satisfy this. But then, as usual, we can construct
a substrand of f with [(ix + i;_)/2] + [(ie + i¢_¢) /2] letters from the respective

a-runs which does not precede g, a contradiction; except if again those four runs
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contain all the a’s. But then again we can construct a well recognizable DNA-
word of length at most, say, 10, repeating the reasoning. So the case 1 < ¢ < m+1

is solved.

4.5.3 The case ¢ >m+1

In this case we have p = |f(a)| < 2m — 1. Therefore any substrand f; consisting
of f(a) and an arbitrary letter from the kth b-run belongs to D(f). If f(a) # f(:)
then it also means that for all £ the substrand f; is a subword of g, therefore for
all k& we have i, = j,. Lemma 53 finishes the proof.

So we may assume that f(a) = m. Suppose that there is a k such that f;
is a subword of g but not of g. Assume furthermore that there is an ¢ such that
fe is a subword of g but not of g. (If this second substrand does not exist then
we already have that the lengths of the a-runs in f and g are identical.) Let
fre denote the union of the former two subwords, then it is a subword of f but
not a subword either of g nor of g. If ¢ > m + 2 then fr, € D(f) therefore it
is a contradiction and we are done. But ¢ = m + 2 can not be true, otherwise

p = 2m — 1 would hold, therefore f(a) # f(a), a contradiction. Theorem 41 is
fully proved. [ |

4.6 Open problems
Problem 56 Reconstruction from the k-deck of the multiset of substrands.

As we seen in the Introduction, in the case of reconstruction problem of words
the exact bounds for multiset-reconstruction are still unknown. One can ask the
similar question for DNA-words as well. However, it seems less relevant from the
practical point of view, it is rather a problem of theoretical mathematics than of
applied mathematics or bioinformatics.

Furthermore one idiosyncrasy of the substrand relation (i.e. the identification
of every DNA-word with its reverse complement) complicate the problem, since

to handle the multiplicities of the substrands becomes a nontrivial problem.
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4.6 Open problems

Problem 57 Finding a polynomial (or being optimistical, a linear) algorithm.

Although, we use the terminology "reconstruction®, the results of this chapter
tell when a DNA-word is uniquely determined by its substrands. Though our
method contains a few algorithmic elements, a fast polynomial algorithm for

reconstruction of DNA-words will be most welcome as well.
Problem 58 Approximate the mathematical model to the real world.

Let us recall Figure 4.1 to illustrate this problem:

As we mentioned above, the physiochemical laws of the DNA double-helix
make restrictions to the length and the number of the blocks (i.e. the lines
between two consecutive dashed loops). Hence in a more exact mathematical
model there are two parameters L and /N, and our aim is to reconstruct a DNA-
word from its m-deck such that the elements of the m-deck have to satisfy that
the length of they blocks is at most L and the number of the blocks is at least N.

Unfortunately these assumptions make the problem very hard to handle. Some
examples and computer tests made by the authors gave nothing useful until this

moment.
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Chapter 5

Reconstruction of matrices

5.1 Motivation and notation

Let X be a finite alphabet and X"*" the set of all n x n matrices over . For
B € ¥* and A € ¥ we say that B is a symmetric submatriz of A if we
can get B by deleting n — k rows and columns of A symmetrically. Denote by
symM;(A) the multiset of all the (}) submatrices of A of size k x k.

We can consider the case of non-symmetric deleting of rows and columns as
well, then let My (A) denote the multiset of all the (2)2 submatrices of A of size
k x k with this submatrix relation. Let us define the sum-matriz of the matrix
A as the sum of the elements of the k-deck of the respective multisets in both

cases: sym¥y(A) =3 pco i a) B and u(A) = 3 ey ) B
In this chapter we consider the following reconstruction problems:

Problem 59 For a given n what is the smallest k such that every A € 3™™ is
uniquely determined by symMyg(A) or by My(A), i.e. the k-deck consisting of the

multiset of its submatrices of size k X k.

Problem 60 For a given n what is the smallest k such that every A € X" is
uniquely determined by sym¥y(A) or by X (A), i.e. its sum-matriz of order k.

We will use the term k-equivalent for matrices A and B in the case of symmet-
ric or non-symmetric deletions if symM(A) = symMy(B) or Mg(A) = My(B),

resp. Similarly we say that matrices A and B are additively k-equivalent in
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5.2 The limitation of the method

the case of symmetric or non-symmetric deletions if sym>;(A) = sym3(B) or
Yi(A) = Eg(B), resp.

Beyond its theoretical interest, Problem 59 has a connection to the famous
(vertex) graph reconstruction problem of Kelly [31] and Ulam [60]: it is equivalent
with the special case of ordered graphs or ordered bipartite graphs, respectively.

An ordered graph on n vertices is a graph with a linear ordering on its vertices
which is inherited by its subgraphs. A bipartite graph is ordered if both of the
the color-classes of the graph are ordered independently. Using 0-1 matrices and
ordered graphs, Tardos [58] settled a series of conjectures and gave new proofs
for several problems.

The vertex-reconstruction of ordered (bipartite) graphs is a special case of
reconstruction of square matrices with (non-)symmetric deletions by considering
the adjacency matrix of the (bipartite) graph.

By the following lemma, the symmetric analogue of Lemma 16, claims that it

is enough to examine the problems over the binary alphabet.

Lemma 61 Every A € ¥ is uniquely determined by symMy(A) for || > 2
iff every A € {0,1}"*" is uniquely determined by symMy(A). O

Contrary to the case of words, the reconstruction problem of matrices was
not examined widely. The only one result is due to Manvel and Stockmeyer [43]
proving the reconstruction from symM,,_;(A), i.e. the reconstruction from the

n — 1-deck consisting of its symmetric submatrices.

5.2 The limitation of the method

First we present negative results concerning the reconstruction from the sum-
matrix (i.e. Problem 60), which show the limitation of our method via proving

the existence of additively k-equivalent matrices:

2/3

Theorem 62 (a) Ifk < then there exist matrices A, B C {0, 1}™*"

v/2log,(n+ 1)
such that A # B but ¥ (A) = X (B).
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5.3 Rephrasing the reconstruction problem

n2/3

(b) If k < - then there exist matrices A, B C {0, 1}™*™ such that

logy(n+1)
A # B but sym¥,(A) = symXg(B).

Proof: (a) For an arbitrary 0-1 matrix A of size n x n, the matrix ¥;(A) is the
sum of (Z)2 submatrices of A so each entry in ¥ (A) is a nonnegative integer not

. 2
exceeding (Z) . Hence,

‘{Zk(A) D He{0,1} "} < ((Z>2 + 1) < (n4 1% <27 = [{0,1}""}|.

So the number of possible values of 3 (A) is less than the number of 0-1 matrices.
(b) Similarly to the nonsymmetric case, each entry of sym¥;(A) is at most

(Z) and therefore

< ((Z) + 1)k2 < (n+1)F < 2" = [{0,1}""}].

‘{symZk(A) : H e {0,1}""}

Remark 63 With more careful computation the conditions can be improved to
k \/g P and k< (V3 e z
< — — €& | —/——— an < ( - &?) ——, respectively.
2 {/logyn $/logyn r Y

Since this statement shows the limitation of the method only, we do not deal

with the determination of the exact constants.

5.3 Rephrasing the reconstruction problem

From now on our aim is to give an upper bound for the reconstruction Problems
59 and 60. In this section we give a generalization of the ideas of Krasikov and
Roditty [32].
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5.3 Rephrasing the reconstruction problem

5.3.1 The symmetric case

We will index the rows and the columns of the matrices from 0 to n — 1 and
let A = (a;;). Note that in the case of symmetric deletions an element of the
lower (or upper)-triangle of a matrix remains in the lower(or upper)-triangle of its
submartix and the elements of the diagonal also remain in the diagonal, hence we
handle these cases separately. It is easy to see that the case of the diagonal leads
back to the case of reconstruction of words examined by Krasikov and Roditty
[32] (see Theorem 8), therefore we eliminate the formulas concerning the diagonal
here. The case of lower and the upper triangle can be handled similarly, here we

consider the upper triangle only.

Lemma 64 Let A € {0,1}"" and let S;;(A) denote the total number of occur-
rences of 1’s in the position of the i-th row and j-th column of the elements of
symMy(A). (Clearly S;;(A) = sym ), (A)i;.) Then fori,j =0,....k—1 and

1<j
Dol ] ety [ e
. !
Nt jg—1—1 k—7j5—1

Proof: Suppose that a;,, = 1, then we need to count the cases when this element

n

l

I
o

becomes a 1 of the ith row and jth column in a matrix of symMj(A). Note that we
need to handle the case | < m only because an element of the lower-triangle of a
matrix remains in the lower-triangle of its submartix. (If we allow non-symmetric
deleting of rows and columns this statement is not true.) We attain such a case
if we choose row and column indices by the following way: first choose ¢ indices
from the first [ ones, then 7 —¢ — 1 indices from the indices from [+ 1,...,m —1,
and the remaining k — j — 1 indices from the indices m+1...n — 1. This ensures
(i) (7;.:.1:11) (’;‘:;7:11) I’s in symMj,(A) for a given pair [, m, summing up all these
expressions for every [ < m finishes the proof.

O

Let A and B be two k-equivalent matrices and let A = (J;;) be a matrix
over the alphabet {—1,0,1} where ;; = a;; — b;;. From Lemma 64 we get the

following;:
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5.3 Rephrasing the reconstruction problem

n—1 n-—1
[ —[—1 -—m-—1
(" T s =0, 0<i<j<k—1,
1) \jJ—1—1 k—j7—1

=0 m=I[+1

O
Consider now the following polynomials of two variables:
(z,7) s\ (y—xz—1\/n—y—1
i\ T, Y) = | . . .
Pty 1)J\j—1—1)\k—75—1
fori <jandi,j=0,...,k—1. It is easy to see that every p;; is a polynomial of

total degree k — 2, furthermore p;;(z,y) =0for 0 <z <i,n+j—k<y<n-—1
and 0 <y—x<j—1.

Lemma 66 For every fized pair of integers n and k, the set {p;j(z,y) : i <
J, 4,7 = 0,...,k — 1} forms a basis of the vectorspace of polynomials of total

degree at most k — 2 in two variables.

Proof: Consider

k=1 k-1 k-1 k-1 —JZ—]_ n—y—l
"X S e =3 () ()G 0)

=0 j=i+1 =0 j=i+1

Now suppose that r(z,y) = 0, we will prove that \;; = 0 for all ¢ < j. Suppose
to the contrary that A,z # 0 and this coefficient is the first one in lexicographical
order.

Then we get 0 = r(«a,3) = )\ag(Z:gj), since (i‘) (’C;.:?__ll) (Z:?:ll) = 0 for

1 = «,j > 3, and for ¢ > «a because of the second and the first binomial term

n—pFG—1
k—i—1

linearly independent polynomials, which completes

respectively, furthermore ((j)( ) = 0 for 7 > « which is a contradiction.

k(k—1)
2

Then p; j(x,y)’s are
the proof. O

From Lemma 65 and Lemma 66 we get the following necessary condition of

k-equivalence of matrices of order n:
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5.3 Rephrasing the reconstruction problem

Theorem 67 If A and B are k-equivalent then for every polynomial r(x,y) of
total degree at most k — 2 in two variables

n—1 n—1

Z Ogyr(z,y) = 0.

=0 y=z+1
Proof
n—1 n—1 n—1 n—1 k—1 k—1
§ § 6zyr(x> y) = E (Smy Aijpij (3:7 y) =
=0 y=x+1 z=0 y=z+1 =0 j=i+1
k—1 k—1 n—1 n-—1
- )\’Lj 5xypij (ZL’, y) =0

5.3.2 The non-symmetric case

Suppose now that for A € ¥%*¥ and B € ¥"*" that A is a submatrix of B if
we can get A by deleting n — k rows and columns of B arbitrarily. In this case
we can get similar statements as above, there are however some little differences,
e.g. let My (A) be the multiset of all the (2)2 submatrices of A of size k x k, and
the diagonal and the lower /upper-triangles are not inherited by the submatrices.
This results in similar and simpler proofs, hence we don’t discuss them in detail

here.

Lemma 68 Let A € {0,1}™" and let S;;(A) be the total number of occurrences
of 1’s in the i-th row and j-th column of the elements of My,(A). (Clearly S;;(A) =

> u(A)ij.) Then

n—1 n—1
NN/n—1l—-—1\/m\/n—m-—1
i (A) = ,7=0,...,k—1.
SZ]() ZZ(Z)(k-’l-l)(])(k—j—l)alm, 27.7 07 7k'

=0 m=0
O
Lemma 69
n—1 n—1
—[-1 —m—1

zz(?)(g ? 1)(”?)(7; m 1)%:0, =0, 1.

=0 m=0 g v J —J-
O
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5.3 Rephrasing the reconstruction problem

Consider now the following polynomials of two variables:

wen = (GG

fori,7 =0,...,k—1. It is easy to see that every p;; is a polynomial of degree k—1
in both of the variables and that p;;(z,y) =0for0 <z <i,n+i—k <z <n-1
and 0<y<yj,n+j—-—k<y<n-1

Lemma 70 For every fized pair of integers n and k, the set {p;;(z,y) : i,j =
0,...,k—1} forms a basis of the vectorspace of polynomials of of degree k — 1 in

each variable. O

Theorem 71 If A and B are k-equivalent then for every polynomial q(x,y) of of

degree k — 1 in each variable

i
—
3
|

—

duyq(z,y) = 0.

s
I
o
<
Il
o

Theorems 67 and 71 show that the case of symmetric and non-symmetric
deletions are essentially the same in the sense that the order of magnitude of the
bounds resulting from the method will be the same.

Let us mention, that from now on we will index the rows and the columns of
the matrices from 1 to n for clearer formulas.

Consider the subsets of the discrete grid of size n x n as the indices of the
l-entries of the square matrices of order n. Then the main theorems of this
chapter suggest the following notion: let Hy, Hy C {1,2,...,n} x {1,2,...,n} =
{1,2,...,n}? be two arbitrary sets (in the symmetric case we restrict to the upper
triangle, more precisely Hy, Hy C {(i,7) : 1 <i < j7 < n}) and let k be positive
integer and define sets H; and Hs k-distinguishable if there exists a polynomial

p(z,y) with real coefficients such that degp < k and

Y vy # D play).

(z,y)EH1 (z,y)EH2
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5.4 Construction of the polynomial

5.4 Construction of the polynomial

5.4.1 Main results

First we present the main result concerning the existence of k-distinguishable
sets without proof. Let us mention that this theorem is the generalization of the

result of Borwein et al. [11] for polynomials of two variables.

The following asymptotic result is the best possible in the sense that it ap-
proximates the lower bound of Theorem 62 with an O(+/logn) factor:

Theorem 72 Ifn is sufficiently large and k > 38n*/3 then any two different sets
Hy, Hy C {1,2,...,n}* are k-distinguishable.

The proof of this result can be found in Section 5.4.2.

As a consequence of this result and of the theorems of the previous sections

we get the following bounds for reconstruction of matrices:

Corollary 73 For sufficiently large n every A € X" is uniquely determined by
symMy(A) if k > 38n?/3 4+ 1.

For sufficiently large n every A € ™" is uniquely determined by My(A) if
k> 38n%3 + 1.

Proof: Suppose that k > 38n%/3 +1, A # B are binary matrices of order n and
let Hy # Hy C {1,2,...,n}* be the set of indices of the l-entries of A and B,
resp. First suppose that the diagonals of the matrices are different. Then we are
back to the case of words and we can have a better bound applying Theorem 8§,
i.e. the matrices are uniquely determined by its k-deck if & > |[22y/n]| + 5. If
the diagonals of A # B are the same then its lower or upper-triangle must be
different. Then for sufficiently large n from Theorem 67 and Theorem 72 we get
that A and B cannot be k-equivalent, which proves the first part of the corollary.

Using Theorem 71 instead of Theorem 67 in the non-symmetric case implies

the second part of the statement. [ |

Theorem 62 shows that one cannot get essentially better bound for recon-

struction of matrices using this method.
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5.4 Construction of the polynomial

5.4.2 Proof of the upper bound

Lemma 74 For arbitrary real numbers A, M > 0 there exists a polynomial f(x)

with real coefficients with the following properties:
(a) f(0) = M, 1
(b) |f(z)| < min (M, —2> for all x € (0, A] and
x
(c) deg f < /TVAVM + 2.

Proof: Letk = P/TE VAVM -‘ +1 and consider the Chebishev polynomial T} (z).
Let up = cos 5 which is the largest root and u; = cos £ which is the largest local

minimum (see Figure 5.1).

Figure 5.1: Construction of polynomial in Lemma 74

The requested polynomial will be constructed as

—Tk (UQ — M.ﬁ[) M
200 _ A _
f(x) =g (.flf), g(,ﬁlf) T ) C g2(0) :
Obviously, f(0) = M and deg f = 2(k — 1) < /mv/AV/M + 2, so properties (a)
and (c) hold.

To estimate ¢(0), notice that

Ti(cost))’ kt) ksinkt
T,;(cost):—( k(eost)) _ (coskt) _ ksin (5.1)
sint sint sint
for all 0 < t < w. Then
s f T s 2 41.2 T
14 ugp,, 1+ cosg; ksing 2—%(ﬁ) k k*— 72
g —T g . PR— Ky \/M

68



5.4 Construction of the polynomial

M
92—(0)<1.

For all z € (0, A], we have uy — 1*%3: € [—1,1] and ]Tk(uo — H%x)] < 1.

Hence, ,
14+ug
‘f(x)‘:C<Tk(U0_x ¥ x)) <L (5.2)

x?’

therefore ¢ =

The function Ty(x) is convex in the interval [ui,ug], and thus |Ti(z)| <
T (up)(x — up). For x € [—1,uy] we have T} (up)(x — ug) < —1. Therefore
Ty(z)| < |Ti(uo)| - (up — x) holds in the entire interval [—1,up]. Then, for all
x € (0, A,
2

uy — oy ’ F(ug)| - ey
|f<w)|=c<Tk( i )> gc('Tk( -5 ):cg%m:M. (5.3)

T

Estimates (5.2) and (5.3) together provide property (b). O

Remark 75 This lemma and this polynomial come from an earlier paper [11],
but the proof has been re-arranged in a different way to make generalizations

easier, as it can be seen 1n Lemma 76.

Lemma 76 For arbitrary real numbers A, B, M > 1 there exists a polynomial
f(x) with real coefficients such that

(a) f(0) = M,
(b) | f(z)| < min <4M, %) forallz € [-A,B], v # 0 and

(c) deg f < TV ABM + 2.

Proof: Without loss of generality we can assume A > B. Let k be the smallest
odd integer which is not less than %\/ ABM and consider the Chebishev polyno-

mial Ty(x). Let w = arc cos ﬁ;—g and let uy = coswy be the greatest root of T} (z)
in the interval [—1, ﬁ;—g]. Since k is odd, ug > 0. Similarly to Lemma 74, the

requested polynomial will be constructed as

1
Tk (Uo + ZUO l’)

x #*(0)
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5.4 Construction of the polynomial

Again, properties (a) and (c) are obvious. For all z € [~ A, B] we have ug++52z €

(
[~1,1] and therefore |g(z)| < &

. . o
Since wy < min (w + 7 5),

o < simws T < (A—B)2+ ™ 2VAB | it . /B
sinwy < sinw+ — — = —,
° k= A+B) IJABM A+B ABM A
14 ug 1k IVABM
19(0)| = —— T (uo)| ' : > VM
and
(5.4)
Figure 5.2: Construction of polynomial in Lemma 76
To finish proving property (b) we show that

Tk(x) /
— < 2|T, 5.5
S < Ty ) (55

for all z € [—1,1], * # wo. Let let u; = cosw; and uy = coswy be the two
neighboring local extrema of Tj(x) around ug (see Figure 5.2). Consider an
arbitrary point x € [—1,1], © # ug. If Tx(z) = 0 then inequality (5.5) is trivial.
Otherwise, choose the point y = cos ) € [uy, ug] such that x and y lie on the same
side of uy and |Tx(y)| = |Tk(x)|. Then 0 < |y — up| < |z — up| and by Cauchy’s
mean value theorem, there exists a £ € (wp,w;) such that

Ti(@) | | Te(y) = Tio(uo) | _ —ksinke| K _

T —uy| Y — Ug —siné sin wy

cos kv — cos kwy

cos ¥ — coswy
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5.4 Construction of the polynomial

= T
D o)
Since w < wp < § and wy = wy — o7,
Sin woy >Sin<x}0—% _q_ o5 > 1 o5 > 1 NIV >1
sin wy sin wy sinwg sinw — 2VAB 2
A+ B
and inequality (5.5) follows.
Applying inequality (5.5) on polynomial g(x),
14+uy | Th(up + 2w 1+ ug
o)) = 120 | Tl 0 | 1t i) — 200
A
and
= (20) < (5:6)
€T fr . .
9(0)
Inequalities (5.4) and (5.6) prove property (b). O

Lemma 77 For sufficiently large n there exist a convex lattice polygon P, with
the following properties.

(a) P, contains a square of size n X n in its interior, with horizontal and
vertical sides;

(b) The side lengths of P, lie in the interval [n'/3,2n'/3];

(¢) The sides of P, do not contain any lattice point other than the vertices;

Proof: Denote by N(R) be the number of lattice points (x,y) in the circle
2? +y? < R? which are visible from the origin (i.e. x and y are relatively prime).

It is well-known that

_N(R) 6
AR

Let Ry = n'/3 and R, = 2n'/® and consider the lattice vectors (z,y) where
and y are relatively prime integers and R? < 22 + 3? < R2. Choose these vectors
to be the sides of P,; i.e. sort the vectors by direction and merge them to obtain

the convex polygon. Obviously, properties (b) and (c) hold.
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5.4 Construction of the polynomial

Figure 5.3: Construction of P,

The perimeter of P, is at least

(N(R2) — N(Ry)) - Ry > (g — g> R3R, — (g + s) R} = (§ — 5g> n > 4v/2n.

™

By the symmetry of P,, property (a) follows. O

Lemma 78 Let ¢ be an arbitrary line intersecting P, and let {1 and {5 be the
two supporting lines of P,, parallel to {; denote the distance between € and ¢; by
d; (i =1,2). Assume that ¢ has a common point with a side S of P, such that
the angle between £ and S is ¢ = arc sinn~'/3 (see Figure 5.4). Then

min(dy, dy) < 15n'/3.

Figure 5.4: Estimate for min(dy, ds)
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5.4 Construction of the polynomial

Proof: Without loss of generality, we can assume d; < dy. Consider the side
vectors of P, which lie completely or partially between the lines ¢ and ¢;. Trans-
lating these vectors to start from the origin, the end-points lie in a region D which
is bounded by two concentric circular arcs of radii By = n'/? and Ry = 2n'/3 and

two radii of the same circles. The central angle of the arcs is 2¢ (see Figure 5.5).

Figure 5.5: Regions D and D’

Drawing a unit square around the endpoints of the vectors, these squares do
not overlap and they lie in a region denoted by D’ in the Figure. The central angle
of this region is less than 4¢ and its area is less than ((Ry+1)% — (R —1)?) -4 <
15n'/3. Therefore, the number of sides of P, which have at least one end-point
between the lines ¢ and ¢; is less than 15n/3. Since the side lengths of P, do

1/3

not exceed 2n'/® and the angles between ¢ and the mentioned sides do no exceed

arc sinn~'/3, this implies d; < 15n'/3. O

Lemma 79 For sufficiently large n, for an arbitrary nonempty set H C {1,2,...
...,n}? there exists a point a = (a1,as) € H and a polynomial p(x,y) such that
degp < 38n%? and

plar, a) > > p(z,y)l- (5.7)

(x’y)€H7 (‘Tvy)#(al’a@)

Proof: Translate the polygon P,, provided by Lemma 77, to polygon P! such
that the set H is contained in P! and at least one point of H lies on the boundary

of P!. By the choice of the side vectors, any side of P! may contain at most two
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5.4 Construction of the polynomial

lattice points; if a side contains two lattice points, they must be the two end-
points. Since set H cannot contain all vertices of the polygon P!, there is a side
S which contains exactly one element of H. Let a = (a1, as) be this element.

The desired polynomial will be constructed as a product of two polynomials
p1 and ps. To construct the first polynomial, rotate the side vector of S by 90
degrees such that it points inside P.; let this vector be u = (uy,ug); by the
construction of P,, the coordinates u; and us are relatively prime integers and
n'/3 < Ju| < 2n'/3 (see Fig. 5.6).

t(;l L1,

Figure 5.6: Construction of the first polynomial in Lemma 79

Let f1(t) be the polynomial provided by Lemma 74 for M = 19 and A = 2n*/3
and define

91(7,y) = wi (v — ar) + ua(y — ag), p(z,y) = fi(g1(z,y)).

For each integer k, let ¢, be the line where gi(z,y) = k. Line ¢ is the ex-
tension of side S and the distance between lines ¢, and txyq is 1/|u] for ev-
ery k. Since the diameter of set H is at most v/2n and |u| < 2n'/?, we have
gi(H) C{0,1,2,...,[2v2n"3] }.

To construct the second polynomial, take a unit vector v which encloses an
angle ¢ = arc sinn~'/3 with u. Let ¢ be the line through (a;,as) which is
perpendicular to v and let ¢; and ¢, be the two supporting lines of the set H,
parallel to ¢. Let d; be the distance between ¢ and ¢; (i = 1,2). We can assume
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5.4 Construction of the polynomial

d, < dy. Moreover, by Lemma 78, we have d; < 15n'/% and dy < v/2n since the
diameter of H is at most v/2n (Fig. 5.7).

Figure 5.7: Construction of the second polynomial in Lemma 79

Let fo(t) be the polynomial by Lemma 76 for parameters A = max(dy, 1),
B = max(dy, 1) and M =1 and define

92(7,y) = vi(x — a1) + v2(y — az), p2(z,y) = f2(g2(x,9)).

For an arbitrary integer k, consider the lattice points on line ¢;. The lattice
points are distributed uniformly; the distance between the consecutive pairs is
|u|. Hence, the values gs(x,y) on these points form an arithmetic progression
lying in the interval [—d, dy] with difference |u|/sinp > 1.

Since | f2(t)| < min(4, 1/¢?) in the interval [—dy, d], this implies

[max(dy,d2)] . 1 2
(W)GZHmtk Ip2(z,y)| < 2 hZ:O min (4, ﬁ) <8+ 3
Now let
p(z,y) = pi(z,y) - pa(, y).
Then

pla,az) = f1(0) - f(0) =19-1 =19
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5.4 Construction of the polynomial

and
[2v/2n/3]
> Z > nz )l pa(zy) =
(z,y)€H, (%y)sé(ahaz) (x,y)eHNty,
m m m
= Y Wl Y el > g (34 F) <5 (54 F) <
k=1 (z,y)EHML, k=1

< 19 = p(ay, as)

so the polynomial p(z,y) satisfies (5.7).
The degree of the polynomial is

degp = degpi+degp, < (ﬁv 2n4/3+/ 19—1—2) + (7\/ 15n1/3 - \/§n+2> < 38n%/3,

O

Proof: [Proof for Theorem 72| Let Dy = Hy \ Hy and Dy = H, \ H;. By
Lemma 79, there exists a point (a1, as) € D1 U Dy and a polynomial p(x,y) such
that degp < 38n%? < k and

plai, az) > > Ip(z, y)l.

(x7y)€D1UD2, (xvy)7é(a17a2)

Without loss of generality we can assume that (a1, as) € D;. Then

Z p(x,y)— Z p(ﬁ,y): Z p(I,y)— Z p(l’,y):

(x,y)eHy (w,y)eH2 (z,y)eD1 (z,y)€D2

:p(a1;a2>+ Z p(x,y)— Z p(x,y)Z
(z,y)€D2

(z,y)€D1, (z,y)#(a1,a2)

> play, az) — > [p(z, y)| > 0.
(z,y)€D1UD2, (z,y)#(a1,a2)
Therefore
. pey) > Y p
(z,y)€H: (z,y)EH2
and the sets H; and Hy are k-distinguishable. [ |
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5.5 Conclusion

5.5 Conclusion

Here we collect all of our results concerning the reconstruction from the k-deck
consisting of the multiset of its submatrices (Problem 59) and from the sum-
matrix (Problem 60) both. Let denote the minimal £’s in Problem 59 by symk,,;,
O kpmin; and in Problem 60 by symk' . or k'

min min’

resp.

Corollary 80 There exist positive constants cq, ca, c3 such that:

n2/3

logn

(sym)kpin < c3 - n?/3,

< oy 23

I

< (sym)k,

€1 - min

Clearly (sym)kpi, < (sym)k?

min)

yielding the second inequality, however the

question (sym)ki, < (sym)k’. is not a trivial one neither for words. The
authors made computer tests for small word and subword-lengths (i.e. n < 20),
but did not find words which are additively k-equivalent but not k-equivalent

(the equivalences can be defined analogously to the 2-dimension case).

5.6 Open problems

Problem 81 Reconstruction from the k-deck consisting of different submatrices.

Finding the smallest k£ such that every square matrix can be reconstructed from
the k-deck consisting of its different submatrices is very difficult in the symmetric
and the non-symmetric case both. (Remember that the reconstruction from the
n — 1-deck in the non-symmetric case is proved in Lemma 17.)

In the symmetric case k > [%41] as the following pair of matrices of size 2k+1
show (the kth and the k£ + 1th element of the last rows is 1):

0 0 0 0 0 0
0 0 0 0 0 0
)

0 0 1 0 0 0 0 0o 1 0

In the non-symmetric case the situation is slightly better: it is easy to prove
that £ < [%] in a special case of matrices with different number of 1 entries using

simple graph-theoretical arguments and pigeonhole principle.
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Chapter 6

An algorithm for words and its
application to genome

rearrangement

6.1 Motivation and notation

The differences between the order of genes in two genomes have been used as
a measurement of evolutionary distance already more than six decades ago [56].
The rediscovery of inversion distance is dated back to the eighties [50], and since
then a large set of papers on optimization methods for genome rearrangement
problems has been published. However, except the case of sorting signed per-
mutations by inversions [5; 8; 25; 29; 52; 57| or by translocations [24], only
approximations [7; 9; 21; 23; 30] and heuristics [10] exist. Most of the methods
concerning with more types of mutations either penalize all the mutations with
the same weight [23], or exclude a whole set of possible mutations due to a special
choice of weights [21]. (A nice exception can be found in [6].)

Among the numerous parsimony approaches that try to obtain the shortest
sequence of rearrangement operations sorting one genome into the other, Bayesian
Markov chain Monte Carlo methods have been introduced a few years ago. They
define different models where genomes can evolve by reversals [33; 61], reversals

and translocations [18] or reversals, transpositions and inverted transpositions
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6.2 Preliminaries

[46; 48]. It has been shown that transpositions and inverted transpositions could
happen in unichromosomal genomes [47], therefore it is natural to incorporate
such events into the Bayesian model. So far the available computer program for
the model accommodating transpositions and inverted transpositions used O(n?)
memory and had O(n*) running time per MCMC step [48] where n is the length
of the genome. Though this memory usage and running time allowed the analysis
of short genomes (for example, Metazoan mithochondrial genomes), the program
suffered memory problems with large genomes containing hundreds of genes.
We introduce an algorithm for characterizing and sampling transpositions and
inverted transpositions. The algorithm characterizes the mutations by the change
in the number of cycles in the graph of desire and reality and samples from a
distribution in which cycle-increasing mutations are preferred, which is equivalent
with searching fixed 3-long signed permutations starting in every positions of
a signed permutation of length n. The algorithm runs in O(n) time and has
O(n) memory usage. Since linear running time algorithms for characterizing and
sampling reversals have already been developed earlier [47; 48], an MCMC step in
the reversals, transpositions and inverted transpositions accommodating model
takes only O(n?) running time (the sampling algorithm might be repeated O(n)
times in an MCMC step), and needs only linear memory with this algorithm.
Let us remark that one can make other kind of linear algorithm which char-
acterizes the mutations by the number of breakpoints in the graph of desire and
reality and samples from a distribution in which breakpoint-removing mutations
are preferred. We disregard the full discussion of this algorithm because it is not
related to the subject of the thesis, we present however the comparison of the two

approaches when we think it is necessary.

6.2 Preliminaries

6.2.1 Mathematical description of genome rearrangement

Let us remember that a genome can be considered as a signed permutation 7,
and the evolutionary distance between two genomes 7y, 5 is the minimal number

of mutations transforming 7; to me. There are different types of mutations acting

79



6.2 Preliminaries

on genomes, here we present the ones which will take into consideration in our
mathematical model, there are however other types (e.g. translocations, etc.)
which we eliminate in the following. Let’s denote the genes by ~;-s, the examined

mutations are:

e inversions: this type of mutations reverses a consecutive block of the genome
and changes the reading directions of all genes in the block, i.e.:

R -—
R R 10 B I s A (A A [ E S N VR R I

e transpositions: this type of mutations interchanges two consecutive blocks

of the genome, i.e.:

e ViVi e YV VR YR e T Y VR Y YR

e inverted transpositions: this type of mutations can be considered as a con-
catenation of a transposition and an inversion on one block of the transpo-
sition performed, i.e.:

-
.. .’)/,L"}/Z'Jrl C.. "‘/j“)fijJrl .. ."\/]{’}/k+1 e, —— .. ’)/Z—“)/L s — “/J‘Jrl"yiJrl .. .’Yj"}/kJrl Ce

Note that an inversion can be considered as an inverted transposition where
the second block is empty, since we will deal with transpositions and inverted
transpositions only.

Since mutations are actions on the group of signed permutations, transforming
a genome 7 to a genome Ty is equivalent with sorting 7, 'm; to the identical
permutation, and thus, we are going to talk about sorting permutations instead
of transforming one into another.

By following the convention, a signed permutation of length n is represented
as an unsigned permutation of length 2n + 2, +i is replaced by 2¢ — 1,2¢, and
—1 is replaced by 2¢,2¢ — 1. This unsigned permutation is then framed to 0 and

2n + 1. Here we present a short example:
(3,-2,—1,4,-5) — (0,5,6,4,3,2,1,7,8,10,9, 11). (6.1)

To properly mimic the signed permutation case, only segments [2i + 1,2j] are

allowed to mutate in the unsigned representation.
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6.2 Preliminaries

6.2.2 The graph of reality and desire

The graph representation of a signed permutation is called graph of reality and
desire, whose vertices are the numbers from 0 to 2n + 1, and edges are the
reality and desire edges. The reality edges connect every second position in the
permutation starting with 0. Mutations act on the reality edges, a reversal acts
on two reality edges, while a transposition or an inverted transposition on three
ones. The desire edges are arcs connecting 2¢ with 2¢ + 1 for each i. In the
present model all edges are unoriented, however the method based on the change
of breakpoints used oriented edges as well: a desire edge is unoriented if it spans
even number of points otherwise it is oriented (we will need this notion to an
open problem in 6.5). Since each vertex has a degree of 2, the graph of desire
and reality can be unequivocally decomposed into cycles. A reality edge is a
breakpoint if its cycle is longer than 2. The graph of reality and desire of the
example seen in 6.1 is the following (in the figure the desire edges are the blue

ones and the reality edges are the black ones):

0 5 6 43 21 78 109 11

Figure 6.1: The graph of reality and desire of the signed permutation
(37 _27 _17 47 _5)

The identity permutation has 0 breakpoints and n + 1 cycles (see Figure 6.2
on the next page), all other mutations have more breakpoints and less cycles .
Therefore the sorting of a permutation is equivalent with increasing the number

of cycles to n 4+ 1 or decreasing the number of breakpoints to 0.
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HEAREAE

9 10 11

Figure 6.2: The graph of reality and desire of the identity permutation
(1,2,3,4,5)

Mutations can be characterized by the number of breakpoints they remove or
the change in the number of cycles. We will talk about e.g. -3-b-transpositions
meaning that they remove 3 breakpoints or +1-c-inversions, which increase the

number of cycles by 1.

6.2.3 Stochastic modeling and Bayesian MCMC

Time-continuous Markov models have been the standard approaches for stochas-
tic modeling of molecular evolution. Unlike the case of nucleic acid substitution
models, modeling genome rearrangements is computationally demanding and no
analytical solutions is known for transition probabilities. What we can calculate
is the likelihood of a trajectory, which is the probability that a given sequence of
mutations happened in a time span conditional on a set of parameters describing
the model [46; 47; 48].

To sample trajectories from the posterior distribution, we apply Bayesian
Markov chain Monte Carlo (MCMC) [39; 45] which is a random walk on the pos-
sible trajectories, and whose stationary distribution is the posterior distribution
of trajectories. The random walk is constructed in two steps. In the first step,
a new trajectory is drawn from a proposal distribution, and in the second step,
the discrepancy between the proposal and the target distribution is corrected by
accepting the proposal with probability

) P(X|Y)n(Y)
min {1 , —P(Y|X)7T(X)} (6.2)

where P is the proposal distribution, 7 is the target one, X is the actual state
of the chain, and Y is the proposal, and the chain remains in state X with

the complement probability [27; 45]. The proposal step replaces a part of the
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trajectory. The new sub-trajectory is obtained step by step, each mutation is
drawn from a distribution that mimics the target distribution we would like to
sample from, and the new proposal is independent from the old sub-trajectory.

The mixing of the Markov chain depends on how well the proposal distribution
can mimic the target distribution. When proposing a new sub-trajectory step
by step, published methods measure the departure of the actual rearrangement
from the rearrangement where the sub-trajectory must arrive to, and propose
mutations decreasing the measurement of the departure (’good’” mutations) with
high probability and propose other ones ('bad’ mutations) with low probability.
This philosophy seems to be essential since random mutations would reach the
target rearrangement with a very small probability.

Since there are 3(";1) transpositions and inverted transpositions and (”'ZH)
reversals, an algorithm that spends only constant time with each possible muta-
tion to decide its goodness will already run in ©(n?) time. Therefore it is not
a trivial problem how to characterize and sample mutations in less time. Below
we show an algorithm characterizing and sampling transpositions and inverted
transpositions in linear time, for cycles, but it is easy to construct a simpler one

for breakpoints.

6.3 Characterizing and sampling transpositions

and inverted transpositions

Figure 6.3 a) and b) shows the two decision trees that the two algorithms (based
on the change of breakpoints and on the change of the cycles resp.) use to sample
random mutations. At an internal node, a random decision is made only if both
subtrees are non-empty. If one of the subtrees is empty, then the algorithm
chooses the other subtree with probability 1. For example, on Figure 6.3 a),
if there is no transposition or inverted transposition decreasing the number of
breakpoints by 3, and there is no reversal decreasing the number of breakpoints
by two, then there is no random decision at the root of the tree, the algorithm

will go to the right subtree with probability 1.
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+1-¢-T| +1-c¢-R

‘rest’-h-T ‘rest-h-R ‘rest’-b-T ‘rest’-b-R

a) b)

Figure 6.3: Decision trees used by the introduced algorithms

T stands for transpositions and inverted transpositions, R stands for reversals.
Numbers on the edges means probabilities, p is between 0.5 and 1. In practice,
p = 0.8 gives a proposal distribution which is reasonably close to the target

distribution, acceptance ratio is about 20 — 30%.

6.3.1 Sampler based on the change of cycles

The proposed algorithm characterizes the mutations by the change in the number
of cycles. Though this algorithm does not tell the exact number of mutations
falling into a given class, it does tell for each category and for each reality edge
whether or not there exists a mutation that falls into the given category and its
leftmost edge is the given one. This is enough for using the decision tree on Figure
6.3. b) and for sampling from a distribution for which the sampling probabilities
can be calculated. (We would like to mention for non-experts that the ability of
sampling from a distribution does not imply that sampling probabilities can be
calculated, see for example [39] and [47].)

It is easy to show that cycle-increasing mutations act on one cycle. If three

reality edges are in one cycle, they are in one of the eight possible configurations
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on Table 6.1.

alternating paths of reality end desire edges.

Dotted arcs on the table are not necessarily reality edges but

Configuration | transpos. | inv. tr. to the left | inv. tr. to the right

+2-c +1-c +1-c
+1-c +2-c “rest”

+1-c “rest” +2-c

+1-c “rest” “rest”

“rest” +1-c +1-c

“rest” +1-c “rest”

7m0y “rest” “rest” +1-c
Sy “rest” “rest” “rest”

Table 6.1:

category of mutations acting on them.

The possible configurations of three reality edges in a cycle and the

The idea of the algorithm is that for each configuration and reality edge, the
algorithm decides whether or not there are other two reality edges to the right
being in the given configuration with the third edge. If so, then the reality edge
goes to a set from which the algorithm chooses a random leftmost reality edge.
Once the algorithm has chosen the mutation type and the leftmost reality edge, it
decides for each reality edge on the right hand side of the leftmost edge whether
or not it can be together with a rightmost reality edge in a configuration that is
good for the given mutation type. After choosing a random middle edge from the
ensemble of possible middle edges, the algorithm finally chooses a random good

leftmost edge. This method also takes only O(n) time and memory.

6.3.1.1 Preprocessing

The algorithm works on each cycle independently. Starting with the leftmost
edge of the cycle, the algorithm traverses the cycle and stores the visiting order
of reality edges, as well as the direction of the reality edges on the cycle-traversing.

7(7) tells the visit order of the reality edge in the ith position, and pos(i) tells
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the position of the edge which was the ith in the cycle tour and sign(i) tells the
direction of the edge.(We will denote by plus sign the left to right direction and
by minus sign the right to left direction.) These arrays can be trivially calculated
in O(n) time.

The pseudocode of this stage can be found in Algorithm 1.

Algorithm 1 Preprocessingl {calculating the arrays ©(), sign(), pos()}
for 1 =1ton do

7(i) < j; if the edge i is the j;-th in the cycle tour

if the edge 7 has left to right direction in the cycle tour then
sign(i) «— +

else
sign(i) «— —

1—1+1

for ) =1ton do
pos(j) « m~(j)
Je—J+1

After this, the algorithm traverses the reality edges in reverse position order
(namely, from right to left), and calculates s max(:) = max;>;{m(j)|sign(j) = s}
and s min(¢) = min;>;{7(j)|sign(j) = s} both for positive and negative signs.

The pseudocode of this stage can be found in Algorithm 2.
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Algorithm 2 Preprocessing? {calculating the arrays s max(),smin()}
for s € {+,—} do

smax(n) < null, smin(n) « null

fori=nto1ldo
if sign(i) = s then
if smax(i) = null A smin(i) = null then
smax(i) = smin(i) < m(7)
else
if 7(i) € [smin(¢), smax(¢)] then
smax(i) « smax(i + 1), smin(i) < smin(i + 1)
else
if 7(i) < smin(i) then
smin(i) « (1)
else
smax(i) « m(7)

1—1—1

6.3.1.2 Existence of mutations

Each configuration on Table 6.1 can be traversed in six possible ways, see for
example on Figure 6.4 how the first configuration on Table 6.1 can be traversed.
Eight configuration times the six possible traversing gives 48 cases, and this is the
3! possible permutations of the visiting order of the three edges multiplied by the
23 possible signs of the three edges. Instead of configurations and traversing, we
will talk about visiting permutations and signs, there is a one-to-one correspon-
dence between them. Therefore the problem is to tell in constant time for each
permutation, sign pattern and reality edge whether or not there are other two
reality edges to the right being in the given permutation and sign pattern. Any
sign pattern can be discussed in a general way, the three signs will be denoted by
s1, So and s3 from left to right.

Another observation is that it is enough to give algorithms for the 1,2, 3, the
2,1,3 and 1, 3,2 permutations since the cycle can be traversed with starting the

tour on the leftmost edge in the other direction. This will cause a change in the
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Figure 6.4: The possible visiting order of three reality edges on which a transpo-

sition increases the number of cycles by two

permutation such that 3 and 1 will be swapped, and all signs will change to the
other sign. For example, on Figure 6.4 the cases on the right column will turn to
the cases on the left column if the cycle is traversed in a reverse order. Dotted
arcs are not necessarily reality edges but alternating paths of reality and desire

edges.

6.3.1.3 The 1,2,3 case

The 1,2,3 permutation is the easy case for any signs. The algorithm traverses

again the reality edges in a reverse position order, and calculates

So max s3 max (i) = rglgzx{ﬂ(j)]ﬂ(]) < sgmax(j) & sign(j) = s2} (6.3)

There is a 1,2, 3 permutation with a good sign pattern for a position i if sign(i) =
s1 and (i) < sy max s3 max(4).

The pseudocode of the 1,2, 3 case can be found in Algorithm 3.
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Algorithm 3 The 1,2,3 case
execute Preprocessingl, Preprocessing?2

So max sz max(n) «— null
for:=nto1ldo
if sign(i) = sy then
if 7(i) < s3max(i) then
if s, max s3 max(:) = null then
So max s3 max (i) «— (i)
else
if 7(i) > s max s3 max(i) then
So max sz max (i) «— ()
else
So max s max (i) «— sy max s3max(i + 1)
t—1—1
for :=1ton do
if sign(i) = s1 A (i) < sy max s3max(i) then
return There is a requested signed permutation starting in pos(7).
else
return There is no requested signed permutation starting in pos(i).
1—1+1

6.3.1.4 The 2,1,3 case

The algorithm runs an index ¢ from 1 to n and is in the rightmost position j for
which 7(j) < i, sign(j) = s2 and s3max(j) > i. If pos(i) < j and sign(i) = sy,
then there is a 2, 1, 3 case with proper signs starting in position pos(i), otherwise
such configuration does not exist in that position. Knowing the pos() and s3 max()
arrays, it is easy to jump to the proper rightmost position until i > s3 max(j).
Then the algorithm must go back to the proper position j for which 7(j) < i <
ssmax(7). Directly traversing back the positions would take O(n) time and such
traversing back might be necessary O(n) times, giving the algorithm an O(n?)
running time. Therefore some preprocessing is necessary.

In the preprocessing, the algorithm marks the anchor points of the s3max
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threshold function (rectangles on Figure 6.5). Then for each interval between
two consecutive anchor points, it traverses backwards the interval, and creates
the chained list of the local s, min anchor points (black circles on Figure 6.5,
locality also means that it checks only points which are smaller than the right
anchor s3 max value). For the local minimum, it finds on the previous chained list
the first anchor point which is smaller than the actual local minimum, traversing
the chain from up to down. The actual list is then augmented with the rest of
the list, however, with up-to-down search, each anchor point is visited only once

while searching, providing the O(n) running time of the preprocessing algorithm.

Figure 6.5: Explanatory figure for the 2,1, 3 algorithm

Increasement of ¢ is indicated with a double line on Figure 6.5, jumping in
positions is indicated with a dashed line. While there is no j for which = (j) <
i < s3max(j) and sign(j) = s2, the algorithm remains in position 1 and marks
all pos(i) having no good 2, 1,3 configuration. The algorithm jumps positions
toward the right end of the permutation whenever a good position j appears,
until ¢ > s3max(j). Then it jumps to the next s3 max anchor point to the left,
and slides down on the s min chained list until for the current position j, 7(j) < 1.
Each edge of the sy min anchor chains is used at most once for back-traversing. To
see this suppose, that we are in the position j of an sy min anchor chain, such that

7(7) <1 < s3max(j). Increasement of i ensures the validity of condition 7(j) < 1,
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but it can indicate that i > s3 max(j). However in this case the algorithm jumps
the next s3 max anchor point to the left, and in the following it uses only the
edges of the sy min anchor chain starting in this s3 max anchor point, which are
unused edges all. Since the total size of the chained sy min anchor list is O(n),
the algorithm spends only O(n) time with back-traversing, and hence, has only
O(n) running time altogether

The pseudocode of the 2,1, 3 case can be found in Algorithm 4.

Algorithm 4 The 2,1,3 case
execute Preprocessingl, Preprocessing?2

create ChainedList(s3 maxAnchor) and ChainedList(Locals, minAnchor)
j—1
for :=1ton do
if 7(j) < i < s3max(j) then
if pos(i) < j A sign(i) = s; then
return There is a requested signed permutation starting in pos(i).
else
return There is no requested signed permutation starting in pos(i).
else
increase j in ChainedList(s3 maxAnchor) until ¢ > s3 max(j)
jump to Prevss maxAnchor
decrease j in ChainedList(Locals; minAnchor) until 7 (j) < i
if pos(i) < j A sign(i) = s; then
return There is a requested signed permutation starting in pos(i).
else
return There is no requested signed permutation starting in pos(i).
te—1i+1

6.3.1.5 The 1,3,2 case

For this case, the preprocessing creates a double chained list of the numbers form
1 to n, and if sy # s3, then the the signs of the numbers in the permutation
are also denoted on the chained structure, and there are pointers to the next

and previous numbers both with the same and with the other signs. Then the
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preprocessing traverses the positions of the permutation from left to right, and
pulls out the visited numbers from the chained list. Before pulling out a number
7 having sign s,, it checks which number is the next number in the chained list
with sign s3. This is the biggest number on the permutation with sign s3 which
is smaller than ¢ and whose position is bigger than pos(i). These numbers are
stored in an additional array maxmin(i). After the preprocessing, the algorithm
traverses the permutation in reverse position order, and notes the maximum of
the maxmin values, denoted by M. There is a proper configuration for position
i if sign(i) = s; and 7(i) < M.
The pseudocode of the 1, 3,2 case can be found in Algorithm 5.

Algorithm 5 The 1,3,2 case
execute Preprocessingl, Preprocessing?2

maxzmin(n) «— —1, maxmin(n — 1) «— —1, M «— —1
create DoubleChainedList(7()) with SignPointers(ssPrev, ssNext)
fort=1ton—-2do
if sign(i) = s, then
read s3Next from DoubleChainedList(m())
maxmin(i) <« s3Next
else
mazxmin(i) «— —1
pull out 7(7) from DoubleChainedList(())
t—1+1
forir=n—-2to1ldo
while maxmin(i) = —1 do
1—1—1
if maxmin(i) > M then
M — mazxmin(i)
if sign(i) = s1 A7(i) < M then
return There is a requested signed permutation starting in pos(i).
else
return There is no requested signed permutation starting in pos(7).

1—1—1
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6.4 Discussion

6.3.1.6 Mutations with leftmost reality edge of position 1, and sam-
pling the middle and rightmost edges

The abovementioned algorithms work for the reality edge in position 1, with
the notation that the given permutation patterns must be compared with the
configurations in Table 6.1.

Once we choose a rightmost edge in position ¢ and the type of the mutation,
deciding whether or not a reality edge can be in a pattern being good for the
prescribed mutation is very easy, one should only check the s3min and s3 max
values with the possible restriction they might not be bigger or smaller than 7 (7),
depending on the searched permutation pattern. Similarly, once the rightmost
and middle edge have been chosen, it is very easy to find the list of possible

leftmost reality edges.

6.3.1.7 Weighting the reality edges

Sampling from the uniform list of possible rightmost edges might lead to a very
skewed distribution where mutations on the right ends of cycles are preferred.
This is because at the left end of a cycle, there might be significantly more
mutations of a category with a leftmost reality edge than at the right end of
a cycle. Therefore some sophisticated weighting yields better distribution also
in terms of acceptance ratios. However one can get algorithms of running-time

O(nlogn) arising this purpose using some divide-and-conquer arguments.

6.3.1.8 “Rest” mutations

We must mention that mutations acting on more than one cycle all fall into the
“rest” category. Knowing whether or not there are reality edges being in other
cycles, it is trivial to decide whether or not mutations acting on different cycles

and having the current reality edges as leftmost edge exists is a trivial problem.

6.4 Discussion

We introduced a new strategy for efficient sampling of transpositions and inverted

transpositions. The algorithm runs in O(n) time and memory, and can be used
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in Bayesian MCMC. With this sampling algorithm, one MCMC step can be
performed in O(n?) time and in linear memory, which is a significant improvement
to the so far available algorithm having O(n?*) running time and O(n?) memory.

We hope that we could convince the readers that designing Markov chain
Monte Carlo methods in bioinformatics is not only a statistical problem but an

at least as important algorithmic problem, too.

6.5 Open problems
Problem 82 Other approaches of genome rearrangement.

As a finishing of the thesis we present a problem of theory of graph-algorithms
which is equivalent with a statistical problem of genome rearrangement.

Suppose that there is a connected graph with two kinds of vertices: the black
ones and the white ones, furthermore there is an operation on the black vertices.
The operation changes an arbitrary black vertex to white and alters both the
colors and the adjacencies of all of its neighbors. Bergeron [8] showed that every
graph with at least on black vertex can be transformed into isolated white vertices
only via a series of operations above and determined the minimal number of such
operations.

The problem is to determine the number of the different operation-series being

of minimal.

Surprisingly, this question is motivated by genome rearrangement. To see this
consider the breakpoint graph G of the permutation m with oriented desire edges
and presence of transpositions only: every vertex of G corresponds to a desire
edge, which is black if the edge is oriented and white otherwise. Two vertices
are connected in G if the corresponding desire edges intersect. It is easy to see,
that an operation toward isolated white vertices only in GG can never increase the
number of breakpoints in the graph of desire and reality, hence it is equivalent to
sorting the permutation 7.

As we mentioned in 6.3.1.7, the number of different sortings of a permutation
is a necessary quantity in the statistical examination of genome rearrangement

which equals to the number of different minimal operation-series in a graph G.
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Summary

Combinatorics on words is a relatively new research area of discrete mathematics
partly inspired by problems in theoretical computer science and other fields of
mathematics, such as number theory, group theory and probability theory.

In mathematics, there is a notable number of problems that deal with recon-
struction either of an object by some incomplete information about it or of a
whole by its parts. In a substantial part of this thesis we will examine different

generalizations and applications of the following reconstruction problem:

Basic problem Let the length n of a word and an alphabet 32 be given. Determine
the smallest k such that every word w € X" can be reconstructed from the k-deck

of its subwords.

In Chapter 2 we examine the most simple version of reconstruction from dif-
ferent subwords in the case of DNA-words and matrices (i.e. the reconstruction
from the n — 1-deck) and as an application of these kind of results we deter-
mine the automorphism groups of posets consisting of DNA-words and matrices
partially ordered by the substrand and the submatrix relation, resp.

In Chapter 3 we give an improvement of the result of Simon [53] and Lothaire
[40] (i.e. the reconstruction from different subwords of length at most [2]) for a
general alphabet and with lower and upper bounds for the number of occurrences
of letters in the words.

In Chapter 4 we examine the reconstruction of DNA-words from set of its
different substrands. We prove that every DNA-word of length n can be recon-
structed from its different substrands of length at most L@j

In Chapter 5 we consider the reconstruction of square matrices from the mul-
tiset of its square submatrices and from its sum-matrix. The main results of this
chapter are an asymptotical upper bound of order of magnitude O(n%?) and a
lower bound which differs in a factor O(y/logn) only from the upper bound.

In Chapter 6 we present an algorithm on words which has an application to
bioinformatics which determines the evolutionary distance between two organ-
isms. The algorithm runs in O(n) time and uses O(n) memory, where n is the
size of the genome. This is a significant improvement compared with the so far

available brute force method with O(n?®) running time and memory usage.



(")sszefoglalé

A szavak kombinatorikaja egy viszonylag fiatal kutatasi aga a diszkrét mate-
matikanak, melyet részben szamelméleti, csoportelméleti, valdszinliségszamitasi,
valamint elméleti szamitastudomanyi problémék ihlettek.

Matematikai problémak sokasaga foglalkozik egy objektum rekonstrualasaval
annak részeibol, vagy a ra vonatkozé informaécio-toredékekbdl. Az értekezés
legnagyobb részében az alabbi rekonstrukcios feladat altalanositasaival és alkal-

mazasaival foglalkozunk:

Alapprobléma Legyen adva egy 3 abécé és eqy n szohossz. Hatdrozzuk meg a
legkisebb k értéket, amire tetszoleges X feletti n hosszi szot rekonstrudlni lehet a

k-hosszu részszavaibol!

Az 2. fejezetben a kiillonboz6 részszavakbol rekonstrualasnak a leheto leg-
egyszerliibb esetének - rekonstrualas az n—1-hosszu részszavakbol - altalanositasait
vizsgaljuk DNS-szavak es matrixok esetén. Ezen allitasok alkalmazasaiként kiilon-
boz6 részbenrendezett halmazok (réviden poset-ek) automorfizmus csoportjait
hatarozzuk meg.

A 3. fejezetben a kiilonb6z6 részszavakbol torténo rekonstrudlasnal a Simon
53] és Lothaire [40] altal adott [2F1]-es korldtot javitjuk meg tetszéleges méretii
abécé, valamint a szavakat alkoté betilik szédmadra eldirt (alsé és felsd) korlatok
esetén.

A 4. fejezetben DNS-szavaknak kiilonb6zo részszalaibdl torténd rekonstruala-
sat vizsgaljuk. Megmutatjuk, hogy minden n hosszi DNS-sz6 rekonstrualhato a
legfeljebb | 2 | _hossztt részszalaibol.

Az 5. fejezetben egy négyzetes matrixot a sorainak és oszlopainak tetszoleges-
, vagy szimmetrikus torlésével keletkezo részmatrixaibdl, illetve ezek 6sszegébdl
kivanunk rekonstrualni. A fejezet f& eredményei egy aszimptotikusan O(n?/3)-os
fels6 korlat, valamint az 0sszeg-méatrixbdl valo rekonstrukciora adott alsé korlat,
mely ett6] mindossze egy O(+/logn)-es szorzéban tér el.

A 6. fejezetben célunk két faj kozotti evolicids tavolsag meghatarozésa egy
szo-algoritmus segitségével. F6 eredményiink egy, a genomok hosszaban linearis
idot és tarhelyet haszndlé algoritmus, melynek segitségével az evolicios tavolsagot
meghatarozé MCMC mddszer egy lépéséhez sziikséges futdsi id6 O(n?)-re, a
téarhely pedig O(n)-re csokken, az eddigi O(n?), illetve O(n?)-r6l.
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