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Abstract

This document is a collection of results on planar S-systems. Without explanations. It is based on the paper “Planar S-
systems: Global stability and the center problem” by Baldzs Boros, Josef Hofbauer, Stefan Miiller, and Georg Regensburger in
Discrete and Continuous Dynamical Systems - Series A, 39(2):707-727, 2019.
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i = x?nx.gm . 51 x?uxéblz

S g21 ,.922 ha1 . ha2
Ty = ag x{ x5 — Po 2] 4

T ay(z}) (x5)92  Bu(ay) (wp)"2
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1
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1 az = 71921 bz = Y2(g22 — 1)
“:gbgy as = 11ha by = y2(h22 — 1)
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o= ea1u+b1v _ ea2u+b2v
D= ea3u+b3v . ea4u+b4v
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3 Number of equilibria

ODE state space number of equilibria
i1 = oq Mg — Byl ghne 1, if det(G — H) #0
R
Ty = gz x5 — B z'lexg” 0oroo, if det(G—H)=0
E=m (xglly-‘h? _ xhuyhlz) 1, if det(G — H) #0
R
U= <x921y922 _ thlyh”) 00, if det(G — H) =0
i = et thy _ guautbay 1, if detJ #0
R2
O = e8utbav _ gaautbev oo, if detJ =0
Assume for the rest that
det(G—H) #0
or, equivalently,
det J # 0.

The equivalence is a consequence of the equality

J=(G-H)T.



4 The unique equilibrium

ODE

unique equilibrium

gi1 912

&1 = ag xf — Byl ghe

921 ,,922

To = agx{t x5 — B th h”

922 —hoo

By \ det(G—H)
(%)

912 —h12 921 —h2

B2 T det(G—H)
as )

B T det(G—H)
(%) (

B2

a2

11—h13

) det(G H)

)

t=m (xglly.(hQ _ Cljhuyh”)

U= (xyzlygn _ CEthyh”)

(a:*,y*) = (17 1)

U= ea1u+blv _ ea2u+b2v

D= Ca3u+bgv _ Ca4u+b4v

(u”,v7) = (0,0)

5 The Jacobian matrix at the unique equilibrium

ODE Jacobian matrix
O, gi1 912 hi1 h12
1 = oq i — B ] 1
o (1-1‘)911 (I§)912 0 G_ K F 0
0 Qs (I’{)QZI (z;)gm : ( - ) Vo L*
iy = Qo xgn g22 — By Ihmxgzz T2

. h h
T=m (xglly-‘h? — gy 12)

T (G- H)
U= (xgzlygn _ a:’myh”)
U = ea1u+b1v _ ea2u+b2v
J
1} _ ea3u+b3v _ ea4u+b4v




6 The dihedral group D, acts on our family of ODEs

v id 1 0 a1 az a3 a4
0 0 1 by by by by
S 0 -1 —by —bs —by —bo
ry +90
1 0 ay as ai as
-1 0 —as —a; —a4 —as
r +180°
2 0 -1 ~by —by —by —bs
0 1 bs by by by
rs +270°
-1 0 —a3 —a4 —Qag —aj
. 1 0 ay a2 ay as
S I-axXl1S
0 (o ~1 —by —by —by —bg
. 0 1 bs by by b
s1 | = =y line 300
1 0 az a4 a1 a2
. -1 0 —Qy —ap —as —ay4
S -ax1s
2 Y < 0 1 by b by by
. 0 -1 —by —bs —by —b;
S: = —z line
3 Y (—1 0 —Q4 —Aa3z —a3 —aq
L Tj =Tt i Sj = Sitj
o Iy TIp T3 So S1 S2 83
o | To Iy T2 I3 o | So 81 S2 83
rr|rn rz T3 Tp rs | s1 S2 S3 Sp
Iro Iro rs ro Ir Iro S92 S3 So S1
rs rs Iro rp Iro rs S3 So S1 So
S;-T; =8;—j S; 85 =Ij—j
Iro I ro rs So S1 So S3
So | So S3 S2 Si So | Yo T3 T2 I
S1 S1 So S3 S2 S1 | Tt TYo I3 T2
S2 | 82 S1 So S3 Se | T2 Iy To I3
S3 S3 So S1 So S3 rs Iro r Iro

ro, I'y, 'y, '3, So, S1, S2, S3

To, So
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/
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\

To

\r

/
\
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r

r
0

T

2, I's

/

2
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T

To, S3



7 Local asymptotic stability for all rate constants

In the rest, we consider only

aiu+biv asu+bsv

u=e —e

azu+bsv agu+byv

v=e —e

However, in Theorems 1 and 4, we think of a1, as, as, as and by, bo, b3, by as
a; = ’71(911 - 1), b1 = Y2912,
as = v1(h11 — 1), be = y2hi2,
az = 71921, bz = 72(g22 — 1),
ag = y1ha1, by = v2(ha2 — 1).

J = a1 —az by —by
C\az—as by =1y
and assume throughout that det J > 0. (Observe that both det J and tr J are invariant under the symmetries rg, ry, ra, rs, So, s1,

S2, 53-)

Theorem 1. The following are equivalent.

Recall that

1. Local asymptotic stability for all rate constants, i.e., for all y1,7v2 > 0.
2. Either

W=7 7)
ma=(2 7).
@=(4 2).
(d)J—<jr 8),07’

@1=(2 3).

8 Non-existence of periodic solutions

Lemma 2. Assume that a; < ag and bz < by hold with (a1 — az,bs — by) # (0,0). Then there is no periodic solution.

9 Boundedness of all the solutions (in positive time)

Lemma 3. (a) If J = (; j) then boundedness holds.

(b1) If J = (j j:) then boundedness implies az < as < a1 < ay.
(b2) If J = (E t) then boundedness is equivalent to az < as = a1 < ay.
(c1) If J = (i _) then boundedness implies ay < as < a1 < az.
(c2) If J = (_?_ :) then boundedness is equivalent to as < as = a1 < as.
(d1) If J = (; :L) then boundedness implies by < by < by < bo.
(d2) If J = (_T_ 6) then boundedness is equivalent to by < by = bg < bs.
(el) If J = (_ I) then boundedness implies by < by < bz < by.
(e2) If J = (: —5) then boundedness is equivalent to by < by = bz < by.



10 Global asymptotic stability for all rate constants

Theorem 4. The following are equivalent.

1. Global asymptotic stability for all rate constants, i.e., for all v1,~v2 > 0.

2. Fither
wi=(, 7).
(b) J= (g t) and az < a1 = as < ay,
(c) J= <_?_ :) and ay < a1 = as < as,
(d) J = ( g) and by < by = by < by, or
(e) J = <jr 6) and by < by = by < by.
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11 Local center problem

case condition constant of motion Dulac
S a; = as elas—ai)u B elaa—a1)u B e(b1—ba)v B e(b2—ba)v o—arubeo
53:b4 az — ap aq — ap bl—b4 bg—b4
p=a —az
a; = a p(u—v) qu (&)
1 ! ° —‘re + S , where ¢ g =a4 —as e~ azu—bsv
by = b3 D q r
T = b2 — b4
p=a1—a2
a1 = a p(utv) qu rv
2 1 4 _6 + 67 i e 7 where g=as—as e—(LQ?L—bg'U
by = b4 p q
r= bg — b3
p=a1— a2
a a p(—u+v) qu rv
I3 S 48 ~ % 4% where g=as—a e—a1u—bzv
by = by D q r
r= b1 — b3
p=ap —az
ao = a p(—u—v) qu rv
I4 2 3 _87 _ ei _ 67’ where qg=a4—a; e—alu—b4v
by = b3 P q r
r = bl — b4
R1 a1 +b1 =a4+ by ? )
az + by = az + b3
R2 a; — by = a3z — b3 . )
as — b2 = a4 — b4
a1+ by =ag by {1 + er(u+v)} [ +e9°] "7, where emaru—bav (oqu | eqv)—% where
as + by = asg + bs ’
RLAR2 a1 — by =ag —bs q=a4—a1=az—az=>by—by=1b —by gq=as—ay=az—az3=>by—by =01 — by
as —by = ay — by r=a3—a; =az —ag = by — by =b3 — b r=a3—ay=day—ag=by—by=b3—b

In the above table, % is understood as z whenever v = 0.




ro, I'y, Iz, I's, Sg, S1, S2, S3

a; = ag
S:
bs = by
ro, S1 Tg, S3
rs, So
a1 = as » a1 = a4
I1: P .
b1:b3 « ri, So b1:b4
A
rs, So rs, S2
v
ri, So
a9 = asg » a9 = Q4
14: P TI3:
bg = b3 - r3, So b2 - b4
Tp, S3 Ip, S1
a1 +by =as+bsy 11,73, 50, S2 ay — by = a3z — b3
rg, Iz, S1, S3 R1: <«—» R2: Iog, Iz, S1, S3
az + by = az + b3 ag — by =ay — by



12 Intersections of the seven center manifolds

case ODE J detJ >0
SNl 321:22; (_Oq —OP> pg <0
SNI2 ZZ;;EP: (2 _Op) pq >0
SNI3 Zizzz:i (2 8) pq <0
SN ZZipi;qlu (_Oq g) pg >0
SN RI1 ZZEZ:EZ (qop p6q> P#q
S N R2 zzg::_eq:,qu (qu p0q> p#4q
S 11N R2 Zitg’im <2 —OP) p#0
SAI2MRI Z:;:i <2 —Op) p£0
SN 13N R2 Ziiip;il (_Op ’5) p#0
SNI4NRL Zip_;ju (Op 75) p#0

u=el’ —e™PY
SN RI1NR2 (0 21’) p£0

v =e P¥ Pt

mnme 0T () | e
I N R2 Z _ 1 :Epuq:qvpv (qp pr> Il < gl
2 N R1 Z z iq:iuiv (qp pq) Ip| < lql
more | CZTC (2, %) | bi<u
14N R1 Z _ ip:qﬁj ( i _qp> Ipl < lal

10



13 Global center problem

case clockwise version(s) anticlockwise version(s)
g az < a; =az < ay g 0 + as < a;p =az <ag g 0
by <b3=1by < by S \- 0 by <b3=1bs < by S\t
i ag =a1; <az < ayg g~ + ag < ax < ay =ag g +
by < by < b3 =0 -+ by = b3 < by < by +
o az < az < ay = ay g_(t * ag = a1 < az < ag g (-
bggb _b4:bl - - b1:b4<b3<b2 +
3 az < ap < ax =ay e + ag =az < ay < ag g +
by = by < b3 < by -+ by < b3 < by =by +
I ag =az < a; < ayq g (* + ag < a1 < ag = ag g (-
by = b3 < by < by - - by < by < b3 =0y +
az <az <ap <ay J_(t aqg < ay <az <ag g (-
by < by < by <by T \- - by < by < by < by T \+
R1
az <ap <az <ay g_(— * aqg <az <ap <ag g (Tt
by < by < bg < by C\- by < bz < by < by \+
az <az <a; <ay J_<—|— —|—> as <ap <az <ag J—(_
by < b3 <by <y C\- - by < by < b3 < by \+
R2
az < ap <az <ay J—<_ —|—> ags <az <a; <ag J_(—i-
by < by < b3 < by C\- f by < b3 <by <by S\t

Theorem 5. A local center is

1. a global center if and only if

min(as,as) < min(aq, az) < max(ai,as) < max(as,aq) and
min(by, by) < min(bs, by) < max(bs,by) < max(by, ba),

2. a clockwise global center if and only if

as < min(ay,as) < max(ay,as) < aq and
b2 S min(b?)) b4) S max(bg, b4) S bl)

3. an anticlockwise global center if and only if

as < min(ag, az)
bl S min(bg, b4)

<m
<m

11

ax(ay,as) < ag and
aX(bg, b4) < b2.




14

Ig, I'y

o, I'z
a3 >~ a2 > a1 > a4 G4 >~ 02 > 041 > a3
by < bz <by <b b1 < b3 <by <by

S0, S2
R1: + + <—» R2: 7 + -
= =, _
clockwise anticlockwise
A S1, S3 A
ry, I3 St 83 ry, s
\4 \ 4
a3 =~ a; > a2 > a4 4 = 0a1 =02 > 43
by < by <bs <y by < by < b3z < by
R2: 7 - + > R1: 7 -
= 0, O2 =
- + + +
clockwise anticlockwise
rg, 'y Ip, I'z
ro, I's o, I'2
a3 >~ a2 > a1 > a4 4 =~ A2 > 01 > G3
by < b3z <by <by b1 < b3 <by <by
Sp, S2
R2: + 4+ <«—» R1: 4+ -
J = J =
+ —
clockwise anticlockwise
A S1, S3 A
ry, r3 Sty 83 ry, Is
\ 4 \ 4
az < ay < az < ay ag < ay <ag <ag
by <by < b3 <y by <bs <b3 < by
R1: g (~ + §0 S§R2: g_(— —
-+ 7 “\+ o+
clockwise anticlockwise
ro, I' rp, I'

Ultimately monotonic unbounded orbits

12
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